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PREFACE 


'This  volume  contains  the  papers  presented  at 
the  second  symposium  on  Numerical  and  Physical 
Aspects  of  Aerodynamic  Flows,  held  at  the  Calif¬ 
ornia  State  University,  Long  Beach,  from  17  to  20 
January  1983.  The  symposium  was  organized  with  an 
emphasis  on  the  calculation  of  flows  of  relevance 
to  aircraft,  missiles  and  ships.  The  subj'ect  of 
viscous/inviscid  interactive  calculation  proced¬ 
ures  is  especially  contentious  at  the  present  time, 
with  many  groups  and  Individuals  working  In  thjd 
area.  As  a  consequence,  the  greatest  proportion 
(-of  time  was  made  available  for  this  subject  with 
''six  sessionSvaevoted  to  the  numerical  procedures 
«nd  to  the  related  experimental  Investigations. 
Three-dimensional  boundary  layer  and  Invlscid  flows 
constitute  the  remaining  four  sessions  and  are  each 
essential  components  for  the  understanding  and  a 
Pciori  calculation  of  wings,  ship  hulls  and  other 


aerodynamic  and  hydrodynamic  shapes,  it  is  hoped 
that  this  volume  will  be  of  value  toTresearchers , 
engineers  and  designers,  and,  in  particular,  will 
provide  a  better  understanding  of  aerodynamic  flows 
and  the  development  of  related  calculation  methods. 


The  symposium  was  made  possible  by  the  finan¬ 
cial  support  provided  to  the  California  State  Uni¬ 
versity  in  part  by  the  National  Science  Foundation, 
Naval  Air  Sea  Systems  Comtiand,  U.S.  Army  Research 
Office,  NASA  Ames  and  NASA  Langley,  and  by  the  co¬ 
operation  of  the  authors,  session  chairmen,  partic¬ 
ipants  and  colleagues  at  the  University.  Particu¬ 
lar  thanks  are  due  to  Professors  James  H.  Whitelaw 
of  Imperial  College,  Keith  Stewartson  of  University 
College,  Mr.  Dennis  Bushnell  of  NASA  Langley  and 
Professor  Hillar  Unt  of  the  University. 
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TIME-DEPENDENT  FINITE-DIFFERENCE  SIMULATION  OF  UNSTEADY  INTERACTIVE  FLOWS 
George  S.  Deiwert*  and  Harry  £.  Bailey* 

NASA  Ames  Research  Center,  Moffett  Field,  California  94035 


Abstract 

The  solution  of  the  time-dependent,  Reynolds- 
averaged,  Navler-Stokes  equations  for  unsteady. 
Interacting  flows  by  finite-difference  algorithms 
is  discussed.  Specific  examples  include 
1)  unsteady  transonic  flow  over  a  thick  biconvex 
airfoil,  2)  determination  of  buffet  boundaries 
for  a  transonic  lifting  airfoil,  3)  the  simulation 
of  aileron  buzz  and  4)  dynamic  stall.  Algorithms 
considered  include  explicit  methods,  mixed  (or 
hybrid)  methods,  and  fully  implicit  methods. 
Consideration  of  time  scales  for  computational 
stability,  computational  accuracy,  and  physical 
accuracy  and  the  use  of  time-dependent  adaptive 
meshing  to  realize  computational  efficiency  are 
also  discussed. 


Introduction 

During  the  past  decade,  advances  to  computer 
hardware  and  numerical  methods  have  permitted  the 
development  of  computer  programs  capable  of  simu¬ 
lating  unsteady  interactive  flows.  The  physical 
realism  of  the  simulated  unsteady  flows  has  been 
validated  by  comparison  with  experimental  mea¬ 
surements.  The  promising  results  obtained  so  far, 
coupled  with  continued  improvements  in  both  com¬ 
puter  performance  and  algorithm  efficiency, 
encourage  further  development  of  these  methods 
and  their  implementation  to  study  unsteady, 
interactive  aerodynamic  flows. 

This  paper  reviews  die  development  of  time- 
dependent  numerical  simulations  of  unsteady 
interactive  flows  of  an  aerodynamic  nature.  It 
focuses  primarily  on  compressible  flows  at  flight 
Reynolds  numbers  and  noniterative  schemes  based 
on  the  Navler-Stokes  equations.  In  the  following 
sections  the  governing  equations  are  outlined, 
time  and  length  scales  are  discussed,  and  numer¬ 
ical  methods  currently  in  use  are  reviewed.  A 
selection  of  computed  results  and  their  compar¬ 
ison  with  experiment  are  presented,  followed  by 
some  concluding  remarks. 


Governing  Equations 

The  equations  of  motion  for  continuous  fluid 
mechanics  are  the  Navler-Stokes  equations.  For 
many  flows  of  aerodynamic  Interest,  these  equa¬ 
tions  can  be  greatly  simplified,  for  example,  for 
inviscid  flows  (Euler  equations),  lrrotatlonal 
flows  (potential  equations),  or  simple  thin 
shear  layers  (boundary-layer  equations).  For 
unsteady  interactive  flows,  however,  such  simple 
uncouplings  are  not  possible  and  the  full  form 
of  t ho  equations  is  generally  considered.  Inter¬ 
act  Ions  between  the  inviscid  externul  flow  and 
the  viscous  wall-bounded  flow  are  typified  by 
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rapid  thickening  of  the  shear  layer  with  strong 
streamline  curvature.  This  is  often  accompanied 
by  separation  or  flow  reversal.  Streamwise 
pressure  gradients  can  be  quite  larj'v  and  shock 
waves  may  exist  that  penetrate  the  shear  layer. 

In  addition,  interaction  between  two  vlscous- 
dominated  flows  occurs  at  the  trailing  edge  of 
bodies  or  between  elements  of  multielement  config¬ 
urations.  Here  two  (or  more)  shear  layers, 
with  different  upstream  histories,  interact  and 
form  a  complex  shear  layer.  Further  complexity 
exists  at  flight  Reynolds  numbers  in  the  form 
of  turbulence,  which  extends  the  range  of  length 
and  time  scales  that  require  consideration. 

For  unsteady  interactive  flows  of  aerodynamic 
interest,  some  simplification  of  the  full  Navier- 
Stokes  equations  for  compressible  flow  can  be 
made.  One  is  to  time-average  the  equations  over  a 
time-scale  that  is  small  compared  with  the  aerody¬ 
namic  time-scale  for  unsteady  flow,  yet  large  com¬ 
pared  with  the  time-scale  of  the  turbulent  eddies. 
This  results  in  the  Reynolds-averaged  form  of  the 
Navler-Stokes  equations  which  contain  Reynolds- 
stress  terms  that  must  be  modeled  empirically. 
Another  simplification  that  is  sometimes  used  is 
the  thin-shear- layer  approximation.  Here,  all 
streamwise-  and  cross-derivatives  of  the  viscous, 
as  well  as  turbulent  stress  terms,  are  neglected. 
The  momentum  equation  across  the  shear  layer  is 
still  retained,  however,  so  that  the  critical 
coupling  between  the  wall-bounded  shear  flow  and 
the  inviscid  external  flow  is  not  lost. 

It  is  generally  convenient  to  cast  the  equa¬ 
tions  in  conservation- law  form  to  facilitate  the 
capture  of  discontinuities  and  so  that  global 
conservation  of  the  dependent  variables  can  be 
easily  maintained.  The  conservative  form  of  the 
differential  equations  avoids  fictitious  sources 
along  discontinuities  and  permits  the  numerical 
attainment  of  the  weak  solution  to  the  equations. 
It  is  highly  desirable  to  write  the  equations 
for  a  body-oriented  coordinate  system  so  that 
the  description  and  modeling  of  Reynolds  stress 
terms  in  the  wall-bounded  shear  layers  are  not 
unnecessarily  compLex  and  so  that  empirical 
models  developed  for  thin  shear  1  avers  can  be 
easily  used  and  modified.  There  are  two  possible 
ways  to  write  equations  for  generalized  geom¬ 
etries  while  maintaining  strong  conservation-law 
form.  One  is  to  write  the  equations  in  integral 
form,  using  Cartesian  momentum  components,  Car¬ 
tesian  space  coordinates,  and  cont ravariaut  veloc¬ 
ity  components.  These  equations  are  applied  to 
volume  elements  of  arbitrary  shape  and  are  commonl 
referred  to  as  the  finite-volume  formulation.1-10 
The  other  way  to  write  the  equations  Is  to  use 
Cartesian  momentum  components  and  contravar lant 
velocity  components  and  transform  the  space  coor¬ 
dinates  to  a  generalized  system.  Whin  the  Navler- 
Stokes  equations  In  conservation- law  form  are 
transformed  from  the  Cartesian  coordinates  to 
arbitrary  curvilinear  coordinates,  they  do  not 
generally  retain  the  conservn t Ion- 1  aw  form;  how¬ 
ever,  following  the  method  proposed  bv  Vivland,41 
they  can  again  be  put  in  conservation- law  form. 


The  two-dimensional,  Reynolds-averaged, 
Navier-StoWes  equations  for  compressible  flow  are 
written  below  in  strong  conservative  form  in 
generalized  coordinates  as 
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The  coordinates  £  and  r.  are  generalized 
curvilinear,  whereas  the  dependent  variables, 
u  and  v,  are  Cartesian  velocity  components  cor¬ 
responding  to  the  x  and  y  directions,  respec¬ 
tively.  The  metric  terms  relating  Cartesian 
space  to  the  generalized  curvilinear  space  are 
given  by 
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The  Reynolds  stresses  and  turbulent  heat- 
flux  terms  have  been  included  in  the  stress  tensor 
and  heat-flux  vector  by  using  the  eddy-viscosl ty 
and  eddy-conductivity  concept,  whereby  the  coef¬ 
ficients  of  viscosity  and  thermal  conductivity  are 
the  sum  of  the  molecular  (laminar)  part  and  an 
eddy  (turbulent)  part : 
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It  is  also  possible  to  model  the  Reynolds 
stresses  directly  rather  than  relating  them  to 
the  mean  field  gradients  via  an  eddy-viscosity 
concept,  but  this  has  received  little  attention 
to  date  for  unsteady  interactive  flows. 

The  accuracy  of  numerical  simulations  with 
the  Reynolds-averaged,  Navier-Stokes  equations 
depends  principally  on  the  accuracy  of  the  tur¬ 
bulence  modeling.  The  eddy  coefficients  are 
given  by  empirical  expressions  which  can  range 
from  fairly  simple  algebraic  expressions,  based 
on  mixing-length  concepts,  to  fairly  complex 
expressions,  based  on  empirical  transport  equa¬ 
tions,  to  determine  length  and  velocity  scales. 
Most  unsteady  interactive  computations  to  date 
(except  some  used  only  to  approach  a  steady  state 
in  a  timewise  manner)  have  relied  on  the  simpler 
algebraic  expressions  for  eddy  viscosity  and  a 
constant  turbulent  Prandtl  number  to  determine 
eddy  conductivity.  These  algebraic  models  are 
developed  from  boundary-layer  concepts  and  In 
general  have  not  been  validated  for  other  than 
thin  shear  layers.  In  recent  work  by  Shamroth,17 
a  differential  expression  for  turbulent  kinetic 
energy  combined  with  an  algebraic  length  scale 
to  describe  the  eddy  viscosity  was  used  to  study 
subsonic  flow  over  an  oscillating  airfoil  where 
the  influence  of  vlscous/invisc Id  Interactions  Is 
small . 


Time  and  Length  Scales 

To  simulate  unsteady  flows.  It  is  necessary 
to  know  what  time  and  length  scales  are  Important 
and  thus  require  resolution.  Time  scales  exist 
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that  range  from  the  very  short  periods  associated 
with  the  high-frequency  dissipative  turbulence 
structure  (the  Kolomogorov  microscale)  to  the  very 
long  times  associated  with  slow-moving  signals 
propagating  along  upstream  characteristic  paths  in 
a  transonic  flow  field.  (For  example,  pressure 
waves  propagate  upstream  at  a  speed  equal  to 
(1  •  Ko)a»  which  for  Mach  numbers  close  to  unity 
can  be  quite  slow.)  Length  scales  exist  that 
range  from  the  very  small  microscale  structure  of 
the  dissipative  turbulent  eddies  to  the  very  long 
scales  that  extend  from  the  aerodynamic  body  to 
the  outer  boundaries  of  the  computational  control 
volume.  Many  unsteady  flows  of  aerodynamic 
interest  have  important  time  and  length  scales 
that  are  somewhere  in  the  middle  of  this  vast 
range,  and  numerical  schemes  can  be  selected  such 
that  they  neglect  the  very  short  scales  yet  remain 
sufficient  to  resolve  the  scales  of  concern. 

Strong  interactive  effects  occur  when  the 
range  of  flow  conditions  and  airfoil  motion  param¬ 
eters  produces  unsteady,  shock-induced,  boundary- 
layer  separation,  trai ling-edge  separation,  or 
various  combinatloas  of  Interactions  that  result 
In  separation-induced  transonic  flutter,  buffet, 
aileron  buzz,  and  dynamic  stall.  In  the  absence 
of  forced  motions,  the  characteristic  speed  that 
drives  the  unsteady  behavior  is  the  free-s Cream 
velocity  OO.  and  the  characteristic  length  is 
the  body-length  scale  (L)  or  separation  scale 
(S).  A  nondimens ional  frequency  parameter  (ft) 
can  be  defined  that  describes  the  characteristic 
time  scale  as  ft  -  fL/U^,  where  f  is  the  dimen¬ 
sional  frequency  of  unsteady  motion.  For  forced 
frequencies,  such  as  occur  with  propellers  and 
helicopter  rotors,  the  dominant  driven  frequency 
is  sinusoidal,  with  higher  harmonics  becoming 
important  ns  the  blades  pass  through  the  trailing 
vortices  of  the  preceding  blades.  These  flows 
are  characterized  by  a  nondimens ional  frequency 
parameter  defined  as  k  -  WC/2U,*,  where  w  is  the 
circular  frequency  and  c  la  the  chord  of  the  air¬ 
foil  section. 

An  important  consideration  concerns  how 
high  the  frequencies  f  or  u>/2tt  can  be,  relative 
to  the  mean  frequency  fy  of  the  turbulent 
eddies,  for  realistic  simulations  with  the 
Reynolds-averaged  equations.  For  the  concept  to 
be  valid,  the  averaging  time  interval  must  be 
long  compared  with  the  characteristic  time  fy1 
of  the  principal  turbulent  eddies  and  short  com¬ 
pared  with  the  characteristic  time  f”1  of  the 
unsteady  mean  flow.  Hence,  f  should  be  much 
smaller  than  fy.  In  order  to  obtain  a  perspec¬ 
tive  on  this  question.  Chapman13  assembled  some 
relevant  data  for  unsteady  aerodynamic  flows. 

These  are  reproduced  In  Fig.  1,  which  maps  typ¬ 
ical  unsteady  aerodynamic  flow  and  turbulent 
eddy  domains  as  functions  of  nondimensional  fre¬ 
quency  parameter  ft  and  flight  Mach  number  M,„. 

The  lines  representing  the  mean  frequency  of  the 
turbulent  eddies  are  based  on  flat-plate  experi¬ 
ments  and  correspond  to  f6/U<*  •  0.2,  the  exper¬ 
imentally  observed  mean  turbulent-burst  period. 

Also  shown  are  domains  representative  of  airfoil 
buffet,  wing  buffet,  leading-edge  separation, 
vortex  shedding  behind  bluff  bodies,  supercriti¬ 
cal  diffusor  stall,  low-speed  dlffusor  transitory 
stall,  dynamic  stall,  transonic  wing  rock,  and 
unsteady  boundary-layer  experiments.11*  Almost 
all  of  the  frequencies  of  these  unsteady  aero¬ 
dynamic  flows  are  one  to  two  orders  of  magnitude 


smaller  than  fy.  The  two  open  elrcli  points  in 
Fig.  1  represent  airfoil  buffeting  ami  aileron  buzz 
for  which  frequencies  the  Reynolds-averaged  equa¬ 
tions  have  provided  good  simulations  when  using 
turbulence  models  developed  for  stoudv  flows.  The 
unsteady  frequencies  In  these  cases  are  two  orders 
of  magnitude  less  than  fy.  At  the  highest  fre¬ 
quencies  tested,  the  usual  steady-flow  luroulenoe 
models  supported  accurate  descriptions  of  the 
time-varying  changes  in  amplitude  and  phase  of  the 
velocity  profiles  and  turbulence  Intensity.  Thus, 
for  these  frequencies,  just  one  order  of  magnitude 
less  than  fy,  the  Reynolds-averaged  equations  art- 
adequate  for  unsteady  simulation;  hence,  for  manv 
unsteady  flows  of  practical  aerodynamic  Interest 
their  validity  can  be  expected.  A  partial  explan¬ 
ation  for  this  fortunate  situation  can  be  seen  as 
follows:  Although  the  average  frequency  of  the 
large-scale  eddies  passing  a  gLven  point  on  a  sur¬ 
face  is  fy,  the  average  frequency  of  eddies 
passing  a  given  spanwise  station  on  an  airfoil,  say 
with  a  span  of  one  chord  length,  would  be  of  the 
order  of  100  fy.  For  such  conditions,  the  Reynolds 
concept  for  tinte-averap,ing  may  be  realistic  for 
frequencies  f  of  the  order  fy.  However,  for 
highly  three-dimensional  flows  with  large  spanwise 
variations,  f  may  need  to  be  much  smaller  than 
fy  for  realistic  simulations  with  the  Reynolds- 
averaged  equations. 

Another  important  consideration  concerns  the 
ability  of  the  Reynolds-averaged  Navier-Stokes 
equations  to  simulate  unsteady  flows  with  a  wide- 
range  of  frequency  spectra,  such  as  can  occur  In 
rotating  machinery  or  helicopter  rotors  in  which 
the  multiple  elements,  each  of  which  generates  and 
Interacts  with  vortices,  induce  higher  harmonics. 
Applications  to  date  have  been  conducted  for  two- 
dimensional  flows  without  the  complications  of 
three-dimensional  effects,  free-s t ream  turbulence, 
airfoil  vibrations,  or  structural  oscillations. 
These  have  resulted  in  essentially  cyclic  unstead¬ 
iness  with  a  single  narrow-band  frequency.  It  Is 
well  known  from  experimental  observations  that  many 
flows  have  complex! ties  resulting  In  broader-band 


distribution*  of  frequencies.  A  capability  to 
simulate  these  type*  of  flow  would  permit  the 
study,  for  example,  of  unsteady  Inlet  flows  feed¬ 
ing  into  compressors,  compressor  stall,  certain 
flutter  problems,  gust  loading,  and  wing  buffet. 
Such  unsteady  flow  simulations  would  probably 
necessitate  removal  of  the  Reynolds-aversging 
restriction  and  use  Instead  a  large-eddy  simula¬ 
tion  scheme  In  which  only  the  fine-scale  turbu¬ 
lence  associated  with  dissipation  would  be  empir¬ 
ically  modeled.  Such  computations  which  are  not 
yet  feasible  with  today’s  algorithms  and  compu¬ 
ters,  must  await  a  later  generation  of  computa¬ 
tional  power  and  sophistication. 

To  determine  finite-difference  solutions 
to  the  Reynolds-averaged  equations,  a  computa¬ 
tional  grid  must  be  constructed  about  the  aero¬ 
dynamic  shape  of  interest.  The  grid  must  be 
capable  of  resolving  all  the  essential  length 
scales  and  at  the  same  time  be  efficient  ao  as 
not  to  over  resolve  the  flow  field  and  saturate 
computer  storage  systems  and  processing  times. 
Stretching  and  clustering  of  grid  points  are 
used  extensively  and  dynamic  remeshing  during 
transient  phases  of  the  solution  is  desirable  to 
ensure  adequate  resolution  of  high  gradient 
regions. 

The  primary  variable  determining  the 
required  minimum  number  of  grid  points  is  the 
boundary-layer  thickness,  6.  This  thickness  can 
be  estimated  from  flat-plate,  turbulent  boundary- 
layer  behavior  as  6  *  0.37  L/Re£#1  For  steady 
attached  turbulent  boundary  layers,  the  well- 
known  "law  of  the  wall"  describes  the  boundary- 
layer  behavior  near  the  body  surface.  In  inter¬ 
active  regions,  however,  the  log-law  region  of  the 
turbulent  boundary  layer  can  be  annihilated,  and 
it  is  necessary  to  resolve  the  boundary  layer  to 
the  scale  of  the  viscous  sublayer,  if  accurate 
simulations  of  separation  and  surface  shear  are 
to  be  expected.  To  ensure  this  resolution,  the 
first  grid  line  off  the  surface  should  lie  within 
the  sublayer  where  the  velocity  varies  linearly 
with  distance  from  the  surface  (i.e.,  u+  •  y+  . 
where  u+  -  u/uT,  y+  -  HUj/v,  and  uT  •  (tw/pw)‘  . 
This  occurs  for  values  or  y+  *  8  and  can  be 
estimated  from  the  free-stream  Reynolds  number 
and  body  length  scale  by  Anmin  *  0.08L/ (Re) 1 '  2 , 
where  Anmin  is  the  distance  away  from  the  body 
surface  to  y+  *  8.  From  this  first  point,  addi¬ 
tional  grid  lines  can  be  distributed  away  from  the 
body,  with  exponentially  Increased  spacings  to  a 
distance  somewhere  Just  outside  the  boundary 
layer.  An  external  grid  can  be  further  con¬ 
structed  to  extend  the  computational  field  to  the 
outer  edge  of  the  computational  control  volume, 
again  using  either  geometric  or  algebraic  pro¬ 
gressions  to  increase  grid  spacings  away  from 
the  body. 

Unsteady  flows  typically  contain  regions  of 
high  gradients  that  move  about  in  space;  shock 
waves  and  shear  layers,  for  example.  Resolution 
of  these  high-gradient  regions  requires  a  tight 
clustering  of  grid  lines,  and  efficient  use  of 
grid  lines  is  best  achieved  by  moving  or  adapt¬ 
ing  the  clustered  grid  with  the  moving  region. 
Fortunately,  in  many  instances,  this  can  be  rea¬ 
lised  by  adapting  just  one  family  of  grid  lines, 
for  example  lines  of  constant  n  for  shear 
layers  and  lines  of  constant  C,  for  shocks 
normal  to  the  streamwise  direction.  When  there 


are  interacting  shocks  that  result  in  structures 
not  aligned  with  a  principal  coordinate,  the 
problem  of  adaptive  meshing  becomes  much  more 
cumbersome  and  complex.  Unsteady  Interactive 
computations  with  completely  general  adaptive 
meshing  of  this  kind  have  not  yet  been  attempted. 
Examples  of  one  coordinate  adaptive  meshing  for 
shocks  are  given  by  MacCormack  and  Baldwin,7 
Schlff,18  and  Delwert,”  and  examples  tor  near-wake 
flows  (moving  shear  layers)  by  Delwert.15  Note 
that  in  the  equations  presented  in  the  previous 
section  the  time-varying  metrics  have  been 
Included  to  facilitate  adaptive  meshing. 


Numerical  Methods 

Finite-difference  methods  for  solving  the 
Reynolds-averaged,  Navler-Stokes  equations  can 
be  classified  by  type:  explicit,  implicit, 
or  some  hybrid  combination  of  the  two.  Explicit 
methods  offer  the  advantage  of  low  cost  per 
step  and  ease  of  formulation  and  computer  pro¬ 
gramming.  Associated  with  them  are  time-step 
stability  constraints  based  on  convection  of 
signals  (the  Courant  condition)  and  on  diffusion 
of  signals  (the  viscous-stability  condition). 

The  Courant  condition  restricts  the  time-step 
At  to  values  less  than  Ax/(U  +  a),  where  Ax  is 
the  mesh  spacing  and  (U  +  a)  is  the  local  convec¬ 
tion  speed  in  the  x-dlrection  plus  the  local 
speed  of  sound.  A  similar  restriction  exists 
for  the  y-directlon  (or  £  and  ?i  directions). 

The  viscous-stability  condition  restricts  the 
time-step  to  values  less  than  Ax'/2u  (or  Ay?/2v, 
etc.).  If  these  time-step  constraints  are  compat¬ 
ible  with  the  unsteady  frequency  of  the  flow  being 
computed  (i.e.,  if  At  from  stability  considera¬ 
tions  Is  not  orders  of  magnitude  less  than  f~*), 
then  explicit  methods  are  a  good  choice.  Examples 
of  an  explicit  method  used  to  compute  unsteady 
transonic  flow  past  an  airfoil  section  are  given 
in  Refs.  1-3;  the  method  is  of  the  Lax-Wendrof f 1 6 
type  and  solves  the  equations  in  the  finite- 
volume  formulation. 

Generally,  however,  at  die  high  Reynolds 
numbers  associated  with  actual  flight  conditions, 
the  shear  layers  are  so  thin  and  require  such 
finely  spaced  meshes  that  the  time  constraints 
imposed  by  both  the  Courant  condition  and  the 
viscous-stability  condition  are  prohibitively 
small.  To  circumvent  this  problem,  either  semi- 
implicit  schemes  are  used  (e.g.,  MacCormack1' ’  ), 
whereby  the  diffusion-dominated  regions  are 
treated  Implicitly  and  the  convective  dominated 
regions  explicitly,  or  fully  implicit  schemes 
are  used  for  the  entire  flow  field  (c.g.,  Beam 
and  Warming17  and  Briley  and  McDonald1").  Thu 
MacCormack  hybrid  scheme  requires  the  solution 
of  simple  tridiagonal  matrices  for  the  viscous 
terms  and  characteristic  equations  for  seme  el 
the  convective  terms  In  the  diffusion-dominated 
regions,  and  retains  an  explicit  formulation 
for  convectlve-demlnated  regions.  Heeausi  ol 
the  programming  logic  required  to  hybridize  the 
method,  it  Is  difficult  te  vectorize  this  pro¬ 
cedure  for  modern  array  processors.  The  fully 
Implicit  method  of  Hearn  and  Warming  requires 
the  solution  of  block-trldiagonal  matrices,  and 
hence  requires  more  computation  per  grid  point 
per  time-step  than  the  hybrid  method  on  the 
average,  but  is  readily  vcrtoriziJ  when  approx¬ 
imate  factorization  of  the  differencing  operator* 
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is  used.  The  MacCormaek  hybrid  method  still 
requires  satisfaction  of  a  Courant  condition  for 
stability.  Since  this  is  based  on  the  convective- 
dominated  flow  regime,  where  mesh  spacings  are 
large  relative  to  the  diffusion-dominated  regime, 
the  time-steps  are  not  restrictive  for  unsteady 
flow  computations.  The  fully  implicit  method  of 
Beam  and  Warming  is  neutrally  stable  and  has  no 
formal  time-step  constraint.  However,  when  arti¬ 
ficial  dissipation  is  included  to  make  the  scheme 
robust,  stability  time-constraints  dependent  on 
both  the  coordinate  transformation  and  the  mean- 
flow  variation  occur.  Because  there  is  yet  no 
straightforward  way  to  estimate  these  constraints, 
the  solutions  must  he  monitored  for  violation  of 
the  stability  condition.  This  is  generally  done  by 
tracking  the  development  of  the  residuals  at  each 
step  of  the  solution. 

An  important  consideration  concerns  the 
frequency  range  supported  by  a  finite-difference 
solution  method.  Finite  grids  can  support  only 
a  finite  number  of  frequencies  in  a  discrete 
Fourier  series.  Higher  frequencies  than  the  grid 
will  support  are  aliased  to  lower  frequencies. 

For  example,  on  an  equispaced  grid  of  n  points, 
k  -  n/2  harmonics  of  the  form  ei^cx  can  be  accur¬ 
ately  supported.  Frequencies  higher  than  k  reap¬ 
pear  as  lower  frequencies.  In  unsteady  flows  with 
moving  shocks,  high  frequencies  are  continually 
generated  by  nonlinear  convective  Interactions. 

For  example,  the  product  of  waves  eimx  e*nx 
arises  due  to  terms  such  as  uU  and  vU,  and  these 
produce  two  harmonics,  a  lower  one  proportional 
to  m  -  n  and  a  higher  one  proportional  to  ra  +  n. 
The  numerical  problem  that  occurs  in  this  situa¬ 
tion  has  been  described  by  Mehta  and  Lomax19  and 
is  illustrated  in  Fig.  2  (taken  from  their 
paper).  Schematically,  amplitude  is  shown  as  a 
function  of  wave  number.  The  frequencies  to  the 
right  of  the  mesh  cutoff  line  are  subgrid  fre¬ 
quencies  that  alias  back  to  the  low-frequency 
range  and  introduce  numerical  error.  This 
error  can  be  sufficient  to  cause  numerical 
instability.  Artificial  numerical  dissipation 
is  generally  introduced  to  remove  the  high- 
frequency  terms  before  significant  aliasing 
occurs.  Additionally,  mesh  clustering  is  gen¬ 
erally  used  In  the  vicinity  of  shocks  where 
high-frequency  terms  are  generated,  and  this 
reduces  the  magnitude  of  aliasing  that  would 
otherwise  occur  on  a  coarse  grid. 

A  second  consideration  concerns  the  use  of 
shock-capturing  methods  to  describe  a  discontin¬ 
uity  as  It  moves  about  in  the  mesh.  When  such  a 
technique  is  used,  the  shock  profile  is  "smeared" 
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over  a  few  mesh  points.  For  most  applications,  the 
shock  strength  and  Location  are  adequate Lv  repre¬ 
sented  and  '.n  fact,  for  shock/boundary-laycr  inter¬ 
actions  the  smeared  shock  structure  in  the  inter¬ 
action  region  is  preferred  to  a  discontinuous  repre¬ 
sentation.  Alternatively,  shock-fitting  may  be 
esthetically  more  attractive  in  the  inviscid  regions. 
However,  shock-capturing  is  practically  more  advan¬ 
tageous,  with  no  real  loss  of  accuracy  near  the 
body,  although  it  must  be  recognized,  of  course, 
that  shocks  really  are  essentially  discontinuities 
in  the  exterior  flow  field. 

A  third  consideration  concerns  the  compu¬ 
tation  of  turbulence  or,  rather,  the  effect 
of  turbulence.  No  real  attempt  is  made  to 
resolve  the  full  range  of  scales  inherent  in  a 
turbulent  shear  flow,  nor  is  there  any  attempt 
to  account  for  the  inherent  three-dimensional 
structure  of  turbulent  fields.  There  is,  however, 
an  interaction  between  the  numerical  procedures 
and  the  computation  of  turbulence  effects.  Two 
different  issues  are  involved.  One  is  the  manner 
in  which  the  subgrid  scales  are  accommodated  and 
the  other  is  the  manner  in  which  the  turbulence 
model  is  implemented.  Subgrid  scales  are  con¬ 
tinually  generated  by  the  larger  scale  structure 
by  means  of  nonlinear  wave  interactions  in  the 
convective  terms.  Numerical  control  of  the  sub¬ 
grid  energy  production  is  achieved  by  the  addi¬ 
tion  of  dissipation,  either  through  approximations 
to  spatial  derivatives  or  by  artificial  terms. 

In  either  instance,  the  <^ssipation  Is  arbitrary 
to  the  extent  that  it  must  lie  within  the  error 
band  of  the  large-scale  resolution  and  it  must 
prevent  the  accumulation  of  energy  in  the  highest 
frequencies  supported  by  the  mesh.  This  artifi¬ 
cial  dissipation  is  not  related  to  the  eddy  vis¬ 
cosity  that  is  empirically  modeled  and  must  not 
be  of  comparable  order.  Nonetheless,  even  though 
its  detaiLed  form  is  somewhat  arbitrary.  Its 
presence  is  essential  to  prevent  the  flow  of 
subgrid  scale  energy  to  the  large-scale  terms 
where  it  would  not  have  physical  meaning. 

The  second  interaction  is  more  subtle  and 
is  related  to  the  manner  in  which  the  turbulence 
model  is  Incorporated  into  ti*c  computer  code. 

Although  the  analytical  forr  of  a  given  eddy- 
viscosity  model  is  well  desc  lbed.  Its  Imple¬ 
mentation  and  the  means  by  wh.ch  < ertain  key 
parameters  (particularly  length  scales)  are 
evaluated  are  not  clear.  Every  code  developer 
practices  the  art  of  model  implementation.  fhe 
numerical  effect  of  the  complete  model  is  the 
sum  of  all  its  parts,  including  grid-distribution 
effects,  metric  evaluation  techniques,  dif¬ 
ference  approximations,  and  the  adaptation  of 
"thin-shear- layer"  models  to  describe  complex 
shear  layers.  Because  the  models  are  empirical, 
a  wide  degree  of  freedom  is  often  exercised  in 
their  implementation.  The  accuracy  of  the 
models  with  all  these  Ingredients  is  difficult 
to  evaluate  and  the  final  assessment  of  the 
method  must  be  based  on  comparisons  with  exper¬ 
iments  and  benchmark  computations. 

Result  s 

We  mention  here  five  examples  ol  unsteads 
interactive  flow  which  have  hecui  computed: 

1)  flow  past  a  biconvex  airfoil;  2)  buffet  boun¬ 
daries;  3)  aileron  buzz;  4)  stall  boundaries; 


and  3)  dynamic  stall.  In  each  case  the  flow  is 
transonic  and  there  are  In  each  instance  some 
experimental  results  with  which  comparisons  are 
made.  In  each  of  che  five  cases  the  time  scale 
of  interest  is  narrow-banded  and  is  long  com¬ 
pared  with  che  mean  frequency  of  che  turbulent 
eddies . 


Biconvex  Airfoil 

First,  che  experiments  of  McDevlec  et  al.,20 
in  which  the  transonic  flow  past  an  18%-thlck, 
biconvex,  circular-arc  airfoil  at  zero  angle  of 
incidence  was  investigated,  are  considered.  The 
circular  arc  was  placed  in  a  high-Reynolds-number 
channel  with  walls  contoured  to  match  streamlines 
predicted  from  a  transonic  Navier-Stokes  code.6 
Both  Mach  number  and  Reynolds  number  were  varied. 

At  a  Mach  number  of  0.72,  the  flow  was  steady, 
che  viscous/lnviscld  interaction  was  somewhat 
weak,  and  flow  separation  occurred  just  ahead  of 
the  trailing  edge.  Ac  a  Mach  number  of  0.783, 
che  flow  was  quasl-sceady ,  and  che  viscous/ 
lnviscid  interaction  was  strong  and  resulted  in 
shock- Induced  separation  well  ahead  of  the  trailing 
edge,  with  reattachment  in  the  wake  of  the  air¬ 
foil.  At  Mach  numbers  In  between  these  values, 
che  flow  was  observed  to  be  highly  unsteady,  with 
shock  waves  and  separation  points  oscillating 
fore  and  aft  with  a  dimensionless  frequency  of 
0  -  0.49  (Ref.  21'. 

Levy,22  using  a  code  written  by  Deiwert8 
based  initially  on  the  explicit  MacCormack 
method  and  subsequently  the  hybrid  MacCormack 
method,6  simulated  the  same  flow  conditions  and 
observed  the  same  cyclic  behavior  for  the  same 
Mach  number  range  as  was  observed  experimentally. 
The  computed  frequency  of  che  oscillations  and 
the  magnitude  of  the  shock  excursions  agreed 
remarkably  well  with  experimentally  measured 
values.  Shown  in  Fig.  3  are  the  Reynolds-number 
and  Mach-number  domains  for  which  the  flow  was 
observed  to  be  weakly  Interacting,  steady; 
strongly  interacting,  quasl-sceady;  or  strongly 
interacting,  unsteady.  Experimentally,  as 
Mach  number  is  Increased,  the  onset  of  unsteady- 
flow  regime  occurs  for  Mach  numbers  near  0.76; 
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Fig.  3  Experimental  flow  domains  for  16-  circular- 
arc  airfoil.20 
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it  terminates  at  values  near  0.78.  As  Mach 
number  is  decreased,  the  unsteady  regime  per¬ 
sists  down  to  values  near  0.73.  The  hysteresis 
region  showing  this  difference  in  the  unsteady 
flow  domain  with  increasing  and  decreasing  Mach 
numbers  is  shaded  in  Fig.  3.  The  computations 
of  Levy  are  for  fixed  Mach  numbers  of  0.72, 

0.754,  and  0.783,  all  for  a  Reynolds  number  of 
11  x  106.  These  Mach  numbers  arc  denoted  by 
the  square  symbols  in  the  figure.  For  the 
Mach  number  0.72,  the  computed  flow  is  steady 
as  observed  in  the  experiment;  for  0.754,  it  is 
unsteady!  and  for  0.783,  it  is  quasi-steady;  again 
as  observed  experimentally. 

Figure  4  shows  a  comparison  of  computed  and 
measured  surface-pressure  distributions  for  the 
three  computed  cases.  Mean  experimental  results 
are  denoted  by  the  circular  symbols  and  mean  com¬ 
puted  results  by  the  solid  line.  The  amplitude 
and  range  of  the  unsteady  pressure  variation  is 
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indicated  by  vertical  bars  for  experiment  and 
by  shaded  regions  for  the  computation.  For  the 
Mach-number-Q. 72  case*  the  agreement  between  com¬ 
putation  and  experiment  is  excellent  except  for 
disparities  near  the  trailing  edge  where  the 
flow  has  separated.  For  0.754,  the  pressure 
distributions  are  highly  unsteady.  The  amplitude 
of  both  the  experimental  and  computed  oscilla¬ 
tions  are  quite  similar,  with  the  computed  oscil¬ 
lations  showing  somewhat  greater  excursions  on 
the  high-pressure  side.  For  Mach  number  0.783, 
the  agreement  ahead  of  the  shock  is  excellent, 
but  the  computation  predicts  a  strong,  nearly 
normal  shock  as  opposed  to  the  weak,  oblique  shock 
observed  experimentally.  Subsequent  studies23 
suggest  that  the  strong-shock  solution  is 
the  result  of  improper  downstream  boundary  con¬ 
ditions  on  pressure  and  that  if  experimentally 
observed  pressures  are  imposed  at  the  downstream 
boundary,  the  weak-shock  solution  will  be  rea¬ 
lized.  The  amplitude  of  the  pressure  oscillation 
in  this  quasi-steady  flow  is  the  same  for  both 
computation  and  experiment. 

Figure  5  shows  a  comparison  of  the  surface- 
pressure  variation  with  time  at  four  different 
locations  on  the  airfoil:  at  the  midchord  on 
both  the  upper  and  lower  surface  and  at  77.5% 
chord  on  both  upper  and  lower  surface.  The 
oscillations  on  the  upper  and  lower  surfaces  are 
a  half  period  out  of  phase  with  each  other.  The 
frequency  of  the  computed  and  measured  oscilla¬ 
tions  agrees  to  within  20%.  It  is  of  special 
interest  to  note  the  agreement  between  some  of 
the  details  of  the  pressure  oscillations.  For 
example,  at  the  midchord  position,  both  experi¬ 
mental  and  computed  pressures  show  a  very  rapid 
rise  and  then  a  slower,  almost  exponent iai-like 
decay.  At  the  77.5%  position,  the  pressure 
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rise  is  less  rapid  and  there  is  almost  a  pressure 
plateau,  with  fine-scale  structure,  before  a  decay 
to  a  pressure  minimum  again.  Some  of  this  fine- 
scale  strucrure  is  indicated  in  the  computed 
results,  as  well  as  in  the  experiments. 

Finally,  in  Fig.  6  is  shown  a  comparison  of 
experimental  shadowgraph  pictures  and  LompuUd 
Mach  contours  over  the  upper  aft  portion  of  the 
airfoil  at  four  different  times  during  one  period 
of  oscillation.  Except  for  the  Jifferetue 
between  a  weak  experimental  shock  wave  and  a 
strong  computed  shock  wave,  as  noted  earlier,  t  lie 
agreement  between  measured  and  computed  flow-! ield 
features  is  excellent. 

Buffet  Boundaries 

Another  unsteadv  flow  application  of  the  same- 
code  used  above  was  the  determination  of  bufur 
boundaries  for  the  Korn  1  airfoil.-'4  Figure  ' 
shows  a  lift-drag  polar  and  a  lift  curve  for  t  he 
Korn  1  supercritical  airfoil  for  a  nominal  Mach 
number  of  0.75.  The  computations,  perfo*"- .d  lor 
angles  of  incidence  ranging  from  -L.S40  tu  4.U°, 
are  compared  with  the  experimental  data  of 
Kacprzynski  and  Ohman.25  The  computed  drag  polar 
Indicates  the  onset  of  buffet  somewhat  after 
maximum  lift  has  been  realized;  it  is  illustrated 
by  two  different  Cj  -vs-C^  branches  for  angles  ol 
3.25°  and  4.34°.  The  lift  and  drug  vary  period¬ 
ically  along  the  branch  cor respond ing  to  the  par¬ 
ticular  angle  of  incidence.  Other  angles  of 
incidence  greater  than  3°  (not  shown)  would 
exhibit  different  paths  of  periodic  variation. 

The  lift  curve  indicates  that  the  onset  of  buffet 
occurs  at  an  angle  of  incidence  of  nearly  3°  to 
the  free  stream.  Here,  for  a  given  Incidence,  the 
minimum  and  maximum  lift  values  define  a  buffet 
envelope.  The  computations  were  performed  assuming 
free  boundaries  at  the  nominal  wind-tunnel  tost 
conditions  and  no  adjustments  were  made  to  account 
for  Mach-number  or  flow-angularity  corrections 
caused  by  wall  interference.  Neglecting  Mach- 
number  corrections,  comparisons  with  the  lift-curve 
data  suggest  equivalent  angle-of-attack  corrections 
of  about  -0.3a  and  -1.3*  for  the  tv.  and  20.5"  wall- 
porosity  experiments,  respectively.  Tills  compares 
with  corrections  of  -0.89°  suggested  by  the  exper¬ 
imental  investigators  in  a  subsequent  study.26 

Aileron  Buzz 

Another  unsteady  phenomenon,  this  time  asso¬ 
ciated  with  a  moving  boundary,  is  represented  by 
the  performance  characteristics  of  tin*  aileron  of 
a  P-80  aircraft.  This  conf igurat ion  was  exhaust¬ 
ively  investigated  experimentally  in  the  mid- 
1940’s  by  Erikson  and  Stephenson.'  The  flow  has 
been  simulated  by  Sieger  and  Hallev,''  using  the 
fully  implicit  algorithm  of  Beam  and  Warming*  and 
a  method  that  couples  the  solution  of  an  ordinary 
differential  equation  describing  the  motion  of  the 
aileron  with  the  flow-field  solution.  The  inter¬ 
rupted  shock-wave  motion  over  the  aft  portion  of 
the  airfoil  causes  a  shift  in  phase  of  tin  aero¬ 
dynamic  hinge  moment  with  respect  to  the  movement 
of  the  aileron,  thereby  exciting  an  oscillation  of 
the  aileron  (buzz)  in  one  degree  of  freedom.  ! n 
the  experiment,  for  a  Mach  number  of  0.82  and  an 
angle  of  incidence  to  the  free  stream  .if  -1.0r, 
the  initially  undefected  aileron  was  released 
(i.e.,  the  one  degree  of  freedom  was  made  avail¬ 
able)  and  it  would  oscillate  22.2®  aoeut  a  mein 


Fig.  5  "Buffeting"  flow,  surface-pressure  time 
histories  for  18/  clrcuiar-arc  airfoil.21 
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Fig.  7  Computed  and  measured  transonic  drag  pola 


incidence  of  -1.1®  at  a  frequency  of  22.2  Hz. 
Computationally,  this  unsteady  behavior  was  not 
obtained  for  an  initially  undeflected  aileron, 
but  when  the  aileron  was  released  from  an  initial 
position  of  4°,  it  experienced  oscillations  of 
18.4®  about  a  mean  incidence  of  -3.0°  at  a  fre¬ 
quency  of  21.2  Hz.  Similar  computations  for  an 
airfoil  angle  of  incidence  of  -1.0°  were  made  for 
a  free-stream  Mach  number  of  0.79;  they  showed 
that  even  with  an  initial  deflection  of  4°,  the 
oscillations  would  damp  out  in  a  few  cycles.  The 


and  lift  curve  for  a  supercritical  airfoil.24 


results  of  these  computations  compared  with  exper¬ 
iment  in  Fig.  8,  which  shows  both  the  buzz  boundary 
as  a  function  of  free-stream  Mach  number  and  air¬ 
foil  angle  of  incidence,  and  aileron  deflection 
angles  as  a  function  of  time  for  free-stream  Mach 
numbers  of  0.79  and  0.82  for  the  airfoil  at  an  inci¬ 
dence  of  -1.0®.  Shown  in  Fig.  9  are  computed  Mach 
contours  for  both  the  upper  and  lower  deflection 
limits  of  the  buzz  cycle.  Note  particularly  the 
relative  positions  of  the  upper  and  lower  surface 
shocks  in  each  of  these  limiting  configurations. 
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8  Computed  and  measured  characteristics  of  transonic  aileron  buzz. 


(b)  AILERON  6  NEAR  LOWER 
LIMIT  OF  BUZZ  CYCLE 


(a)  AILERON  6  NEAR  UPPER 
LIMIT  OF  BUZZ  CYCLE 


Fig.  9  Mach  number  contours  of  flow  fields  for  transonic  aileron  buzz:  M  ■  0.82, 


Stall  Boundaries 

A  fourth  example  is  the  computation  of  the 
stall  boundary  of  a  given  airfoil.  Levy  and 
Bailey,29  using  both  the  hybrid  MacCormack  algo¬ 
rithm  and  the  fully  implicit  Beam  and  Warming 
algorithm,  performed  a  series  of  computations  for 
a  wide  range  of  Mach  numbers  and  angles  of 


incidence  for  both  a  NACA  65-213  airfoil  (the  P-80 
airfoil  section)  and  the  Korn  1  supercritical  air¬ 
foil.  Shown  in  Fig.  10  is  the  boundary  for  the 
onset  of  unsteady  flow  as  a  function  of  lift  coef¬ 
ficient  and  free-stream  Mach  number  for  the  Korn  1 
section.  Comparison  with  experimental  data  of 
Ohman  et  al.30  for  the  same  configuration  show  gen 
erally  good  agreement,  especially  for  the  higher 
values  of  Mach  number  and  lower  lift  coefficients. 
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n*.  1.0  A  performance  characteristic  in  maneuver  of  Korn-l  airfoil  at  Re  •  J 1  x  10' 


values  oi  Mach  number  and  lower  lift  coefficients, 
where  the  shock-wave  system  determines  a  buffet- 
onset  boundary.  For  the  lower  Mach  numbers  and 
high  lift  coefficients  (correspond i ng  to  high 
angles  of  incidence),  the  stall  boundary  is  sim¬ 
ilar  to  that  of  classical  low-speed  traillng-edge 
separation,  as  opposed  to  shock-wave/boundarv- 
layer  interactions.  Phis  is  illustrated  by  the 
computed  Mach  contours  for  both  a  high-incidence 
and  low- incidence  conf igurat ion  in  the  figure. 
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Several  studies  of  dynamic  stall 
performed  using  the  compress Ible  Nuvie 
equations.  In  most  instances  the  Impi 
of  Brilev  and  McDonald19  was  used  to  s 
with  froe-stream  Mach  numbers  low  enou 
there  were  no  regions  of  supersonic  fl 
no  shock/boundary-laver  interactions, 
these  works  arc  the  laminar  dynamic  sc 
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Shamroth12  also  used  a  one-equation,  d 
eddy-vtsroslty  model  Co  study  an  oscll 
foil  without  stall. 
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Morc  recently,  Chyu  and  Kuwahara  used  the 
Beam  and  Warming  implicit  method  to  study  the  tran¬ 
sonic  flow  over  .in  oscillating  airfoil  with  shock- 
induced  separation.  Both  the  full  Navier-Stokes 
equations  and  the  thin-layer  approximation  were 
considered.  Shown  In  Fig.  11  is  a  comparison  of 
computed  and  experimental  mean-value  pressure  dis¬ 
tributions  over  an  NACA  64A010  airfoil  section 
that  Is  oscillating  between  3°  and  5°.  These 
results  indicate  a  significant  influence  of 
cross-  and  transverse-shear  terms  in  the  full 
Navier-Stokes  equations  and  suggest  the  importance 
of  their  inclusion  to  realize  good  agreement  wLth 
the  experimental  oscillating  airfoil  data.  In 
view  of  the  relatively  coarse  streamwise  grid 
spacing  used  in  the  computations  jnd  corresponding 

•  UPPER  , 

1  EXPERIMENT 
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Fie..  II  Me, in  value  of  un  .le.idy  pressure  over 
oscillating  NACA  04 AO  10  airfoil. 


lack  or  re*.oIut  ion  .  :  the  add.tien.il  siio.ir  rer"is 
relative  to  the  thin- layer  terms,  tin  reu.—  ui  1  a 
the  significant  difference  ehserv*  J  or  the  two 
computations  Is  not  compiet*  iy  ’ear  .  Even  t  a  uich 
the  additional  terms  were  included  in  the  eqa  i- 
tions,  any  f ini te-di r ference  evaluation  o*  then: 
with  the  coarse  grid  considered  should  result  in 
negligibly  small  values.  Studies  by  other 
investigators  (e.g.,  Degani  and  Steger'*'  and 
Hung  and  Kurasaki1  indicate  that  these  terms  are 
negligible  and  do  not  ini luence  the  t low-field 
solut  ion . 


C one  1  ud I ng  KerriaiKs 

In  the  preceding  sections  so:-.-  ■>:  the  con¬ 
siderations  and  problems  asso. latea  with  numeri¬ 
cal  Lv  simulating  unsteady  ini  era.  live  :  lows 
aerodynamic,  interest  iiave  been  dismissed.  Atten¬ 
tion  was  focused  on  solutions  to  tin*  time-depen¬ 
dent,  compressible,  Keyno]  ds-averaged  ,  Navier- 
Stokes  equations,  using  empirical  eddy-v iscos 1 1 v 
models  to  account  for  the  effects  of  turbulence. 
The  importance  «  f  writing  the  equations  in  strong 
conservat  ion- law  form  for  a  general  i/ed  h«.dv- 
orlented  coordinate  system  was  pointed  out.  S«*me 
considerable  discussion  of  time  and  length  scales 
inherent  in  the  class  of  flows  considered  was 
given.  To  date,  simulations  have  been  perlormed 
for  unsteady  Mows  with  narrow  frequency  bands. 

The  treatment  of  many  flows  with  broad-band 
unsteadiness  has  not  been  .it  tempted  vet  and  poses 
a  serious  challenge  tu  state-of-l  lie-art  methods. 
The  numerical  schemes  used  to  solve  the  governing 
equations  were  classified  as  explicit,  implicit, 
or  hybrid,  and  all  were  seen  to  have  associated 
time-step  constraints  for  numerical  stability. 
There  is  some  degree  of  choice  in  Hi**  implementa¬ 
tion  of  turbulence  models  in  the  compu tat  Iona « 
algorithms,  and  the  final  evaluation  of  an  algo¬ 
rithm  including  the  model  must  be  based  on  compar¬ 
isons  with  experiment  and  henchman*  «  output  at  ions . 
Several  examples  of  simulated  unsteady  interact ing 
flows  were  given  covering  such  aerodvnamic  phen¬ 
omena  as  buffet,  stall,  and  aileron  buzz.  In  each 
case  good  agreement  with  experimental  data  was 
found,  thus  increasing  our  conf idence  in  our  abil¬ 
ity  to  simulate  numerically  these  complex  i lows. 
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NAVIER-STOKES  SOLUTION  OF  SHOCK  BOUNDARY-LAYER  INTERACTIONS  AT  TRANSONIC  SPEED 
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Marietta,  Georgia 

Abstract 


In  this  paper  we  will  compare  numerical  solu¬ 
tions  of  the  Reynolds  averaged  Navier-Stokes  equa¬ 
tions  to  experimental  data  for  flows  over  airfoils 
at  transonic  speed  in  which  a  shock  wave  Interacts 
with,  and  causes  separation  of,  a  turbulent  bound¬ 
ary  layer.  The  numerical  solutions  will  be  gener¬ 
ated  using  Lockheed-Georgia  Navier-Stokes  code 
which  we  have  been  developing  over  the  past  several 
years.  Me1 11  describe  some  of  the  features  of  the 
code.  An  algebraic  turbulence  model  is  used  to 
describe  the  Reynolds  shear  stress.  The  2-0 
Navier-Stokes  equations  are  written  in  a  strong 
conservation  form  in  a  curvilinear  coordinate 
system.  The  computational  plane  is  obtained  using 
grid  generation  based  on  the  Thompson  et  al. 
approach.  The  numerical  scheme  is  based  on  an 
Alternating  Direction  Implicit  (ADI)  procedure. 


Convergence  to  steady  state  is  accelerated  by  the 
use  of  a  variable  time  step  determined  by  the  local 
Courant  number.  The  far-field  boundary  conditions 
are  based  on  the  appropriate  characteristics  com¬ 
bination  of  the  dependent  variables. 


Two  basic  geometries  will  be  analyzed,  the 
NACA64A010  airfoil  and  LG4-612  supercritical  air¬ 
foil.  Detailed  numerical  results  will  be  obtained 
for  both  geometries  at  various  freestream  Mach 
numbers,  angles  of  attack  and  Reynolds  number. 
Cases  will  Include  both  mild  and  strong  separated 
regions.  Numerical  results  will  be  compared  to  an 
extensive  set  of  experimental  data  which  includes 
wall  pressure  distributions,  velocity  profiles  and 
Mach  number  contours. 
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Abstract 

The  unsteady  incompressible  Navier-Stokes 
equations  are  formulated  in  terms  of  vorticity  and 
stream  function  in  generalized  curvilinear  ortho¬ 
gonal  coordinates  to  facilitate  analysis  of  flow 
configurations  with  general  geometries.  The  numeri¬ 
cal  w thod  developed  solves  the  conservative  form 
of  the  transport  equation  using  Che  alternating- 
direction  implicit  method,  whereas  the  stream- 
function  equation  is  solved  by  direct  block  Gaussian 
elimination.  The  method  is  applied  to  a  model 
problem  of  flow  over  a  back-step  in  a  doubly 
infinite  channel,  using  clustered  conformal  coor¬ 
dinates.  One-dimensional  stretching  functions, 
dependent  on  the  Reynolds  number  and  the  asymptotic 
behavior  of  the  flow,  are  used  to  provide  suitable 
grid  distribution  in  the  separation  and  reattachment 
regions,  as  well  as  in  the  inflow  and  outflow 
regions.  The  optimum  grid  distribution  selected 
attempts/'fco  honor  the  multiple  length  scales  of  the 
separatejd-  *low  model  problem.  The  asymptotic 
behavior  ofVhe  finite-differenced  transport  equa¬ 
tion  near  inninitv  is  examined  and  the  numerical 
method  is  carefully  developed  so  as  to  lead  to 
spatially  second-order  accurate  wiggle-free  solu¬ 
tions,  i.e.,  with  minimum  dispersive  error.  Results 
have  been  obtained  in  the  entire  laminar  range  for 
the  backstep  channel  and  are  in  good  agreement 
with  the  available  experimental  data  for  this  flow 
problem. 


1.  Introduction 

The  accurate  simulation  of  moderately  high- 
Revnolds  number  viscous  flows  in  and  around  complex 
internal  configurations  of  importance  in  turbo- 
machinerv  applications,  poses  a  formidable  task. 

The  flow  fields  for  these  complex  configurations  may 
involve  any  or  all  of  the  following  features,  name¬ 
ly,  unsteadiness,  three-dimensionality,  geometrical 
complexities,  streamwise  separation,  recirculation, 
compressibility,  turbulence,  etc.  For  accurate 
orediction  of  aerodynamic  losses  and  heat-transfer 
rates  in  such  configurations,  it  is  Important  that 
the  viscous  flow  field  be  predicted  correctly. 

The  present  study  is  directed  towards  accurate 
simulation  of  viscous  flows  involving  streamwise 
separation  and  unsteadiness,  in  addition  to  other 
features  that  mav  be  present  in  the  flow. 

For  viscous  flows  in  configurations  of  practi¬ 
cal  interest,  the  Reynolds  number  is  generally 
quite  high.  Nevertheless,  the  classical  boundary- 
laver  theory  is  inadequate  for  prediction  of  such 
flows  as  they  contain  regions  of  separated  flow, 
massive  blowing,  etc.,  where  the  boundary  laver  is 
sufficiently  displaced  from  the  body  surface  so  as 
to  alter  the  inviscid  pressure  distribution  signi¬ 
ficantly.  For  this  class  of  problems,  where  a 


significant  displacement  effect  prevails,  two  viable 
approaches  are  available  for  predicting  the  viscous 
flow  fields.  (i)  The  first  method  is  based  on  an 
inviscid-viscous  strong  interaction  analysis  based 
on  localized-flow  regions,  whereas  (ii)  the  second 
method  consists  of  using,  in  the  entire  region  of 
interest,  a  single  set  of  equations  which  have  the 
necessary  mutual  dependence  between  the  inviscid 
and  the  viscous  flow  built  into  them.  Recently, 

Davis  and  Werle  [1]  have  reviewed  the  progress  of 
the  strong-interaction  analysis,  which  is  useful 
in  describing  a  large  class  of  boundary-layer 
departure  flows.  The  theoretical  basis  for  the 
various  strong-interaction  models  lies  in  the 
multi-structured  asymptotic  analyses  [see  2-6].  In 
these  analyses,  the  subscale  flow  structure  embedded 
under  the  boundary  layer-like  region  is  considered 
rigorously  and  the  strong-interaction  approach  is 
formally  shown  to  provide  an  exact  representation 
of  the  flow  for  asymptotically  large  Reynolds 
numbers.  In  the  flow  field  of  interest,  as  the 
displacement-interaction  effects  become  significant, 
the  ‘triple-deck’  theory  aids  in  establishing  the 
relative  orders  of  the  length  scales  required  for 
the  adjustment  of  a  classical  boundary  layer  as 
it  enters  a  region  of  strong  interaction  and 
separation.  However,  for  complex  internal  flows 
at  finite  Reynolds  number,  the  prevailing  flow  may 
differ  significantly  from  the  predictions  of  the 
strong-interaction  model. 

The  second  class  of  methods  used  in  obtaining 
solutions  for  internal  flows,  in  which  viscous 
phenomena  considerably  alter  the  inviscid  pressure 
field,  is  the  fully  viscous  analysis.  In  these 
analyses,  a  single  set  of  equations,  valid  in  the 
entire  flow  field,  is  used,  thus  avoiding  the  need 
for  dividing  the  flow  field  into  inviscid  and  vis¬ 
cous  regions.  Of  the  three  prominent  approaches 
available  in  this  category,  two  are  based  on 
reduced  forms  of  the  Navier-Stokes  equations, 
whereas  the  third  uses  the  complete  Navier-Stokes 
equations,  (i)  In  the  first  approach,  the  time- 
dependent  thin-shear-layer  equations  are  used 
(Steger  [7])  to  successfully  compute  separated 
flows;  this  approach  has  been  widely  used.  Rubin 
and  co-workers  have  also  calculated  separated  flows 
using  the  steady  thin-layer  form  of  the  Navier-Stokes 
equations  with  the  streamwise  pressure-gradient 
term  represented  by  a  forward-difference  approxi¬ 
mation.  The  results  obtained  using  this  approach 
have  been  summarized  by  Rubin  [10].  (ii)  In  the 
second  approach,  the  complete  pressure  interaction 
is  included  by  using  a  Poisson  equation  for  pressure, 
in  lieu  of  the  continuity  equation.  This  has  been 
termed  a  semi-elliptic  formulation  by  U.  Ghia 
et  al.  [8]  who  employed  it  to  successfully  compute 
separated  flow  inside  a  doubly  infinite  channel 
with  an  asymmetric  constriction  using  primitive 
variables.  Recently,  K.  Ghia  and  U.  Ghia  [9]  have 
proposed  yet  another  semi-elliptic  formulation  for 
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compressible  viscous  flow,  which  efficiently  com¬ 
putes  separated  flow.  Uii)  Finally,  separated, 
internal  flows  are  calculated  using  the  complete 
Navier-Stokes  equations  bv  many  researchers  (see, 
e.g.  [11-14]).  With  this  last  approach,  it  is 
possible  to  compute  flows  with  large  separated 
regions,  where  shear  layers  are  not  necessarily 
aligned  with  any  one  of  the  coordinates.  Moreover, 
since  the  solution  of  the  complete  Navier-Stokes 
equations  are  generally  based  on  the  time-dependent 
equations,  both  unsteady  as  well  as  steady  solu¬ 
tions  can  be  determined  numerically  by  explicit  or 
implicit  methods. 

In  general,  implicit  numerical  methods  display 
improved  stability  characteristics  as  compared  to 
explicit  methods,  at  the  expense  of  increased 
arithmetic-operations  count.  Therefore,  an 
implicit  method  for  the  solution  of  algebraic  equa¬ 
tions  is  recommended  whenever  the  step-size  limi¬ 
tation  imposed  by  the  stability  requirement  for  an 
explicit-method  is  significantly  less  than  the 
step-size  limitation  imposed  by  the  time-scale 
resolution  of  the  physical  problem.  Furthermore, 
the  presence  of  multiple  scales  in  a  separated  flow 
contributes  to  increased  stiffness  of  the  nonlinear 
system  of  discretized  algebraic  equations,  and  may 
also  suggest  the  use  of  implicit  solution  tech¬ 
niques.  Recently,  Osswald  and  Ghia  [14]  have 
developed  a  direct  method  for  the  solution  of  two- 
dimensional,  unsteady,  incompressible  Navier-Stokes 
equations  in  generalized  orthogonal  coordinates. 
This  unsteady  analysis  was  formulated  using  the 
derived  variables,  namely,  vorticity  -o  and  stream 
function  .  .  In  this  method,  the  stream  function 
equation  was  solved  using  a  block  Gaussian  elimi¬ 
nation  ( BGE)  technique.  This  direct  Dirichlet 
Poisson  solver  in  generalized  orthogonal  coor¬ 
dinates  is  very  accurate  and  efficient,  with  com¬ 
putational  gains  of  an  order  of  magnitude  over  the 
corresponding  iterative  schemes.  In  a  recent 
review  of  fast  solvers  for  elliptic  equations, 
Stuben  [15]  has  shown  that  the  Dirichlet  Poisson 
problem  with  a  (256,  256)  grid  in  Cartesian  coor¬ 
dinates  required  one  to  two  orders  of  magnitude 
higher  computing  time  when  solved  by  iterative 
schemes  such  as  the  alternating-direction  implicit 
(ADI)  method  and  the  successive  over  relaxation 
(SOR)  method,  respectively,  as  compared  to  the  time 
required  by  a  direct  solver  such  as  that  of 
Buneman.  The  efficiency  and  accuracy  of  the  fast 
solvers  make  them  very  well  suited  for  the  solu¬ 
tion  of  the  Poisson  equation  in  the  unsteady 
analysis  of  flows  using  the  complete  Navier-Stokes 
equat ions . 

The  primary  objective  of  the  present  study  is 
to  provide  an  accurate  and  efficient  direct  method 
for  the  solution  of  two-dimensional  unsteady 
incompressible  Navier-Stokes  equations  using 
orthogonal  curvilinear  coordinates.  To  achieve 
this  goal,  it  was  decided  to  refine  the  method 
developed  by  Osswald  and  Ghia  (14}  by  incorporating 
in  it  the  following  improvements  which  could  lead 
to  a  more  realistic  simulation  of  physical  pro¬ 
blems  and  increase  the  accuracy  and  efficiency  of 
the  overall  solutions: 

i.  For  a  class  of  internal-f low  configurations, 
with  the  length  in  the  streamwise  dimension 
very  large  compared  to  the  length  in  the 
normal  dimension,  an  estimate  is  made  of  all 
the  local  scales  of  the  flow  problems  in  >rder 
to  provide  a  clustered  grid  distribution  which 
honors  these  individual  seaLes. 


ii.  With  the  aid  of  an  estimate  of  the  asymptotic 
metric  coefficients,  a  reduced  form  of  the 
governing  equations  are  obtained  near  infinity 
and  Che  numerical  solutions  of  these  equations 
are  used  to  provide  consistent  inflow  and  out¬ 
flow  boundary  conditions. 

iii.  The  separated-f low  model  problem  selected  is 
one  for  which  reliable  experimental  data  are 
available,  so  that  the  results  obtained  using 
the  present  analysis  can  be  meaningfully 
assessed  by  comparison  with  these  data. 


2.  Governing  Equations  in  Generalized 
Orthogonal  Coordinates 


A  considerable  number  of  numerical  simulations 
of  2-D,  laminar  incompressible  viscous  flows  have 
been  obtained  using  the  vor ticitv-stream  function 
(->,.)  system.  There  are  definite  advantages  as  well 
as  disadvantages  in  using  this  system  as  compared 
to  the  primitive-variable  (u,v,p)  system.  In  this 
study,  it  has  been  preferred  to  employ  the  (.*,;/) 
system.  The  form  of  the  governing  differential 
equations  and  the  notations  used  parallel  the 
study  of  Osswald  and  K.  Ghia  [14].  The  conservation 
form  of  the  two-dimensional,  unsteady,  incompressible 
Navier-Stokes  equations,  in  terms  of  the  vorticity 
and  the  stream  function  consist  of  a  temporally 
parabol ic-spatially  elliptic  vortici ty-transport 
equation 
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together  with  an  elliptic  Poisson  equation  for  the 
stream  function 

72,  =  -  j  .  (2.2) 


Here,  Re  is  the  Reynolds  number  of  the  flow  and 
the  stream  function  is  defined  through  the  relation 

V-^-k  ,  (2.3) 


where  k  is  the  unit  vector  normal  to  the  plane  of 
the  flow  and  ?  is  the  total  velocity  vector.  A 
general  orthogonal  curvilinear  coordinate  system 
1  2 

(i  , )  is  used  in  this  study  to  provide  non-uniform 
surface-oriented  coordinates  for  arbitrary  geome- 
1  2 

tries.  The  new  (J  )  coordinates  can  be  related 

1  2 

to  the  inertial  Cartesian  coordinate  system  (x  ,x  ) 
by  an  admissible  coordinate  transformation 

-^(x1  ,x“)  *—  x-*(e\e“),  i,j*l,2.  In  this  coor¬ 
dinate  system,  Eqs.  (2.1)  and  (2.2)  take  the  fol¬ 
lowing  form: 
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Here,  g,.  are  the  elements  of  the  covariant  metric 
'  tj 

tensor  and  are  defined  as 
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(2.6a) 


and  g  is  the  determinant  of  the  metric  tensor. 
1  7 

Since  the  (£  coordinate  system  is  assumed 

orthogonal  in  the  present  study. 


812  =  g21  =  ° 
so  that 

8  ~  ®11  ®22  * 


,  (Orthogonality  Condition) 


,  S11  822 
and - 
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(2.6b,c) 


Thus,  the  region  R  is  comprised  of  (N+l)  and  (M+l) 
computational  intervals  along  the  and  r2 
coordinate  directions,  respectively.  The  cell 
aspect  ratio  £  in  the  computational  plane  is  given 
1  2 

as  8  =  (A£  /.!£*■),  and  is  maintained  constant.  For 
convenience,  the  following  nomenclature  is  intro¬ 
duced  for  the  metric  coefficients: 


c  -  ,  Gil  =  811/','g  =  ■/811/822  . 

G22S  =g22/(/i  S2),  C22  =  .'i ~/  .1^  (3.2) 


For  a  general  orthogonal  coordinate  transformation, 
the  metric  coefficients  /g,  g. .  /  /g  and  g^/Zg 

1  1J.  2 

will  be  functions  of  both  £  and  £  ,  so  that  Eqs. 
(2.4)  and  (2.5)  are,  in  general,  not  separable. 

For  orthogonal  coordinates,  the  metric  elements 

are  related  to  the  scale  factors  as  / 3  and 

r>®22  =  ^2*  ^ence»  c^e  metric  coefficient  fg 

and  §22^ ^  can  writCen  as 


811 
t — 

>g 


g22 
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(2.6d,e) 


These  ratios  in  Eq.  (2.6d,e)  represent  the  aspect 
ratio  of  a  general  curvilinear  element  in  the 
physical  plane  corresponding  to  an  infinitesimal 
square  element  in  the  transformed  plane.  Also, 
the  elemental  area  dA  in  the  physical  plane  is 
related  to  the  corresponding  area  in  the  trans- 

1  2 

formed  plane  as  dA  *  d;  dq  . 

Use  of  Eqs.  (2.4)  and  (2.5),  together  with 
appropriate  boundary  conditions  for  w  and  tp  can 
lead  to  the  formulation  of  an  appropriate  boundary- 
value  problem  for  the  flows.  However,  the  dis¬ 
cussion  on  the  boundary  conditions  will  be  deferred 
until  the  model  flow  problem  to  be  analyzed  has 
been  selected.  The  governing  Eqs.  (2.4)  and 
(2.5)  form  a  coupled  set  of  nonlinear  equations 
and  the  numerical  method  used  to  obtain  their 
solutions  is  discussed  next. 


3.  Numerical  Analysis  of  the  Discrete  Equations 
3. 1  Preliminaries 


The  coordinate  transformation  referred  to  in 
Section  2  is  so  chosen  as  to  transform  the  physical 
region  R  to  a  unit  square  in  the  computational 

plane  (y^,  y2).  A  uniform  (N+l,  M+l)  finite- 
difference  grid  A  is  used  and  is  defined  as 


'?>■ 


KAO, 


’j 


](«*)■! 


0<  if(N+l),  0^j^(M+l)  (3.1) 


with 


The  spatial  derivatives  are  approximated  by 
appropriate  finite-difference  quotients,  using 
at  most  three  grid  points  in  a  given  direction. 
Keeping  the  spatial  differences  compact  facilitates 
the  implementation  of  the  boundary  conditions  to 
second-order  accuracy  and  aids  in  the  overall  sta¬ 
bility  of  the  algorithm.  Consequently,  central 
differences  are  used  for  both  convective  and  diffu¬ 
sive  derivatives  in  the  governing  equations.  It 
is  significant  to  note  that,  in  this  study,  even 
with  central-difference  approximations  for  all 
spatial  derivatives,  no  artificial  dissipation  is 
added  to  dampen  the  high-frequency  errors,  but  the 
latter  are  carefully  annihilated  through  appropriate 
resolution  of  the  various  length  scales  of  the 
problem. 

3.2  Alternating-Direction  Implicit  (ADI)  Method 
for  Transport  Equation 

The  conservative  form  of  the  two-dimensional 
vorticity-transport  Eq.  (2.4)  is  differenced  using 
a  uniform  (N+l,  M+l)  grid  A  defined  by  Eq.  (3.1) 
and  the  resulting  nonlinear  algebraic  equations  are 
solved  using  the  ADI  technique  as  described  by 
Osswald  and  K.  Ghia  [14].  In  this  method,  the 
transport  equation  at  time  level  t^+^  is  discretized 

with  the  stream  function  being  frozen  at  the  tin  . 
level  tn.  Due  to  this  linearization,  the  formal 
temporal  accuracy  of  the  scheme  is  0(Atn).  For 
spatial  discretization,  a  typical  computational 
cell  is  shown  sketched  in  Figure  1.  For  con¬ 
sistent  differencing  of  the  conservation  form  of  the 
differential  equations,  the  metric  coefficients 

(Gil).  .  and  (G22S).  .  are  evaluated  at  the  staggered 
1  >  J  1 » J 

half-grid  point  locations,  whereas  the  metric 

coefficient  G.  the  solution  field  functions  a.  ., 
i.j  i-J 

h.  .  and  the  source  term  S.  .  are  evaluated  at  the 
i.j  i.J 

cell  corners.  The  ADI  form  of  the  discrete  equations 
is  arrived  at  by  approximate  factorization,  which 
simplifies  the  computational  algorithm  to  a  sequence 
of  the  one-dimensional  solution  processes.  First, 
the  intermediate  vorticitv  field  a*  ,,  with  its 

t.  j 

appropriate  boundary  conditions,  is  described  bv  a 
tridiagonal-matrix  problem.  Similarly,  the  final 

vorticitv  un+^ ,  with  its  own  boundarv  conditions, 

1  >  J 

forms  a  second  tridiagonal-matrix  problem.  These 
matrix  problems  are  solved  sequentially  using  the 
Thomas  algorithm,  which  is  a  special  form  of  the 
direct  Gaussian  elimination  procedure.  This  cal¬ 
culation  requires  | 28(N-M) +  24 (N) ]  floating-point 


3 


mult ipl ications.  The  solution  of  the  discrete 
transport  equation  provides  a  transient  flow 
simulation  with  a  formal  truncation  accuracy  of 


o [  it  .  (A51)',  (a;-)'] 


3. 3  Block  Gaussian  Elimination  (BCE)  Method 


•\  Bi  u  0 

Bi  A;  Bj  0 

0  B3  A2  b; 


For  the  solution  of  the  discrete  Poisson  pro¬ 
blem  on  a  rectangular  domain,  considerable  effort 
has  been  focused  on  the  efficient  direct  methods 
of  Buneman  and  Hockney  as  presented  in  References 
[lfc-19]  using  Cartesian  coordinates.  Schumann 
and  Sweet  [20]  extended  Buneman's  cyclic-reduction 
technique  to  include  a  very  special  class  of 
separable  non-Cartesian  coordinates,  whereas 
Schwarctrauber  [21]  has  provided  the  extension  of 
Buneman's  method  to  treat  the  general  separable 
elliptic  equacion.  For  the  discrete  Poisson  pro¬ 
blem  in  completely  general  orthogonal  coordinates, 
Osswald  and  K.  Ghia  [14]  have  provided  the  highly 
competitive  direct  block  Gaussian  elimination  (BGE) 
method,  which  is  accurate  and  efficient  and  is 
briefly  summarized  next. 

3.3.1  The  Matrix  Dirichlet  Poisson  Problem  in 
Generalized  Orthogonal  Coordinates 
The  Dirichlet  Poisson  problem  is  formulated 
using  a  general  scalar  field  function  ♦  in  some 
arbitrary  orthogonal  curvilinear  coordinate  system 

1  2 

(5  ,  5  )  such  that 

3  ,®22  3f>  ,  3  ,811  3d  ,  r  ,1  2, 

sc  Ji  35  n  35 


where  the  individual  blocks  and  are  square 

(MxM)  submatrices  dependent  only  upon  the  metric 
coefficients  of  the  transformation  given  in  Eq. 
(3*2).  In  particular,  the  diagonal  blocks  of  A  are 
the  symmetric  (MxM)  tridiagonal  matrices  given  as 


Gil.  .  0 

1,1 


Ai  \  0 


Gil ,  .  a .  0 
i,l  i, 2 


i  ,  a. . 

i,2  i,3 


G11i ,M-1  ai,N 


where  the  diagonal  elements  of  are  given  as 


*i.j  =-(G226i-l,j  +GUi,j-l  +G11i,j  +  G22Si.j)' 


with  t  »  d(52,52) 


on  3R  . 
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In  this  equation,  s(5  ,5  )  is  the  known  source 
1  2 

term  and  d(5  ,5  )  represents  the  given  Dirichlet 
boundary  conditions.  Use  of  the  grid  A  and  central- 
difference  approximations  for  the  spatial  deriva¬ 
tives  appearing  in  Eq.  (3.3a)  results  in  tr.e 
discretized  equation 


G22B.  Gil. 

i-1 > J  i-l, J  i.j-1  i,j-l 


(C22fll-l,J  +  Glli.J-l  +  C11i.J+C2«i.J>*i.J 


Further,  the  off-diagonal  blocks  of  A  are  the  (MxM) 
diagonal  matrices  given  as 


G22B.  , 

i,2 


G11i,j  *i,j+l  +  G226i,J  *14-1,3 


(a?2)2Gi,j  si,j 


The  Dirichlet  boundary  conditions  are  given  as 
j  *  d  -  d(5^,  52)  on  3A  .  ( 


The  formal  truncation  accuracy  of  Eq.  (3.4)  is 

i  2  ,  2 

0[(A5i)  ,  (A5^)  ]•  Equation  (3.4)  can  be  written 
symbolically  in  matrix-vector  form  as 


To  arrive  at  the  form  of  the  matrix-vector  equation 
represented  by  Eq.  (3.6),  the  unknown  solution 
field  t  has  been  arranged  as  a  block-vector  P 

1  *  J 

such  that  the  individual  block  entries  of  P  are  the 
column  vectors  of  the  matrix  t.  ..  This  is 
expressed  as  1  ’ J 


P  =  (Px,  P2,  ....  Pjj)' 


Pi  *  (ti,l’  * i , 2 ’  •••’  * i , M ^ 


The  coefficient  matrix  A  in  Eq.  (3.6)  is  a  symmetric 
(NxN)  block-trldiagonal  matrix  of  the  form 


Thus,  the  column  vector  P  contains  a  total  of  (N'M) 
unknowns.  Similarly,  the  source  vector  S  is  given 


(3.4a) 


S  -  (Sr  •  •  •  ,  S^,) 


where 


Si  =  (qi,l’  qi,2 . qi,M) 

with 


(3.9b) 


q.  .  =  (A52)“  G.  .  s.  .  -  5  ,  G22Sn  .  d„  . 
i,j  i,j  i,j  ll  0,j  0,j 

-  5..,  G22B„  .  d  .  .  -  5,  .  Gil.  „  d.  „ 
lN  N,j  N+1,J  lj  1,0  1,0 


aMj  GU i,M  di,M+l 


(3.9c) 


Here,  5.  .  is  the  Kronecker  delta  function, 
ki 

Equation  (3.7)  shows  that  each  diagonal  block 
element  A^  of  the  matrix  Dirichlet  Poisson  operator 
A  is  itself  diagonally  dominant.  Also,  since  the 
metric  coefficients  of  Eq.  (3.2)  are  always  posi¬ 
tive  for  any  admissible  coordinate  transformation, 
each  block  element  A ^  will  be  negative  definite 
and,  consequently,  nonsingular.  Such  a  symmetric 
block-tridiagonal  matrix,  whose  diagonal  blocks  are 
tridiagonal  submatrices  and  whose  off-diagonal 
blocks  are  diagonal  submatrices  is  very  well  suited 
for  efficient  direct  inversion  by  the  BGE  technique 
of  Osswald  and  K.  Ghia  [14]  as  described  next. 


Indeed,  it  is  preeiselv  because  onlv  the  second 
phase  of  the  BGE  procedure  need  be  repeated  to 
solve  Eq.  (3.6)  for  various  source  terms  that  rea¬ 
sonable  computational  efficiency  may  be  expected. 
This  is  particularly  true  in  the  context  of  an 
unsteady  Navier-Stokes  calculation  during  which  the 
Dirichlet  stream-function  Poisson  problem  must  be 
solved  many  times  in  a  given  coordinate  system  for 
a  progression  of  updated  source  terms. 

It  is  important  to  note  that  the  difference 
between  the  technique  of  Osswald  and  K.  Ghia  [14] 
described  above  and  the  block-Caussian  elimination 
algorithm  given  by  Dorr  [17]  is  the  recognition  of 
the  natural  splitting  of  the  BGE  method  into  two 
separate  phases.  Indeed,  it  is  precisely  this 
splitting  which  allows  the  block-Gaussian  elimina¬ 
tion  procedure  to  remain  competitive  with  other 
techniques  available  for  the  solution  of  the 
Dirichlet  Poisson  problem  for  the  stream  function  . . 

In  view  of  this  discussion,  it  should  be 
stated  that  the  combined  ADI-BGE  method  developed 
here  is  very  well  suited  for  studying  unsteady 
flows  governed  by  the  unsteady  Navier-Stokes 
equations;  it  is  also  useful  in  obtaining  time- 
asymptotic  solutions  of  the  steady  Navier-Stokes 
equations. 


4.  Model  Problem  for  Incompressible 
Separated  Flow 


3.3.2  The  BGE  Technique  for  the  Dirichlet  Poisson 
Problem 

The  block  Gaussian  elimination  technique  is 
a  direct  extension  of  the  Gaussian  elimination 
procedure  to  matrices  whose  individual  elements  are 
themselves  matrices  or  blocks.  The  efficiency  of 
the  block  elimination  approach  is  enhanced  when  the 
block  matrix  is  sparse.  The  BGE  technique  provides 
the  effective  inversion  of  an  (N-M*  N*M)  matrix 
through  the  actual  inversion  of  a  predetermined 
sequence  of  N  (MxM)  submatrices;  the  choice  M  <_  N 
leads  to  the  best  computational  efficiency.  Thus, 
BGE  may  be  viewed  as  a  "multi-level"  technique 
since  it  reduces  the  level  of  the  matrix  problem 
to  a  series  of  N  (MxM)  subproblems. 

The  BGE  approach  naturally  divides  itself  into 
two  separate  calculation  phases.  In  the  first 
phase,  a  sequence  of  N  (MxM)  matrices  is  formed 
and  individually  inverted  by  simple  scalar-Gaussian 
elimination.  This  phase  is  the  most  time-consuming 
part  of  the  calculation  and  the  multiplication 
count  performed  shows  that  approximately 

[■j  (N)  (M)  +  2(N)  (M)  *■  -  -j(M)  d  ]  floating-point  multi¬ 
plications  are  required  to  complete  this  phase  for 
the  Dirichlet  Poisson  operator  of  Eq.  (3.7a). 
Fortunately,  this  preliminary  phase  need  be  executed 
only  once  for  a  given  coordinate  choice,  its  result 
being  permanently  stored  as  a  series  of  coefficient 
matrices  for  later  use  in  the  second  phase  of  the 
block-elimination  procedure. 

The  second  phase  consists  of  the  actual  solu¬ 
tion  of  the  block  matrix  problem  given  by  Eq.  (3.6) 
for  a  prescribed  source  term  S  through  a  set  of 
recursion  relationships.  These  recursion  relation¬ 
ships  use  che  coefficient  matrices  precalculated 
in  phase  one  and  require  approximately 

( 2 (N) (M)  +  2(N) (M)  -  (M)^]  floating-point  multipli¬ 
cations.  This  count  shows  that  the  second  phase 
of  the  procedure  is,  bv  far,  less  time-consuming. 


The  separation  phenomena  caused  by  abrupt 
changes  in  flow  geometries  in  internal  flows  are 
well  known.  Any  insight  gained  for  this  class  of 
separated  flows  will  lead  to  improved  analyses, 
and  will  aid  in  developing  effective  design  tools. 
In  general,  separated  flows  become  unstable  at 
relatively  moderate  Reynolds  number  and  an  unsteady 
analysis  which  can  accurately  predict  these  types 
of  flows  would  be  most  desirable.  The  flow  over 
a  backward  facing  step  inside  a  channel  has  been 
used  by  many  investigators  as  a  model  problem  for 
viscous  separated  flow,  due  to  the  simplicity  of 
the  geometry.  Careful  experimental  data  [22,  23] 
as  well  as  theoretical  analyses  [24,  25]  are 
available  for  this  flow.  Hence,  this  configuration 
has  also  been  used  in  the  present  study  of  incom¬ 
pressible  separated  flow. 

4. 1  Details  of  Geometry  and  Transformations 

Figure  2  shows  the  configuration  of  a  backward 
facing  step  inside  a  doubly  infinite  channel.  For 
brevity,  the  configuration  will  be  referred  to  as 
a  backstep  channel.  The  origin  of  the  physical- 
plane  coordinates  is  placed  at  the  location  of  the 
step  transition.  The  channel  height  at  the  outlet 
is  chosen  as  the  reference  length  Lr,  and  the 
mean  outflow  velocity  is  taken  as  the  reference 
velocity,  U  .  Therefore,  the  Reynolds  number  is 

defined  as  Re  =  pU  L  /u.  Clearly,  this  flow 
r  r 

configuration  has  a  geometric  similarity  parameter 
H  as  shown  in  Fig.  2.  Here,  H  is  the  ratio  of 
the  throat  opening  or  pre-transition  channel  height 
to  the  post-transition  channel  height  and  may  be 
viewed  as  a  throttling  mechanism  for  reference  out¬ 
flow  conditions.  The  mean  velocity  t'in  at  inlet 
is  related  to  the  outflow  velocitv  by  the  relation 
U^n  =  U^/H.  Thus,  for  fixed  outflow  conditions, 

diminishing  the  throat  opening,  i.e.  decreasing  H, 
will  increase  the  mean  inflow  velocity,  and  sub¬ 
sequently,  produce  a  larger  separated  flow  fieid 


at  r  i>;ed  Re,  Hence,  similarity  tor  the  baekstep 
channel  requires  not  only  Reynolds  number  equality, 
but  also  equality  the  throat  opening  ratio  H, 
which  is  bounded  between  0  and  1. 

4.1.1  Conformal  Transformation  -  Tg 

The  "natural*1  coordinate  system  for  the  back- 
step  channel  is  obtained  using  an  analytical  con¬ 
formal  transformation.  This  coordinate  transfor¬ 
mation  is  not  only  convenient  to  align  the  boun¬ 
daries  of  the  channel  with  the  new  curvilinear 
coordinates,  but  also  allows  accurate  implementa¬ 
tion  of  the  boundary  conditions  while  maintaining 
formal  second-crder  spatial  accuracy.  The  desired 
conformal  transformation  Tg  is  given  by  the 
relation 

l.  21/2  -7  1/2 

z  •  ”  •  «.  n  [  1'  +  (t  -1 )  ]  -  H  . n ( V  +  (V“-l)  7  ]  }  . 


The  various  quantities  appearing  in  this  equation, 
as  well  as  those  used  in  subsequent  definitions, 
are  given  as 

_  2W-  (k+1)  _  (k+1 ) W  -  2k 

L  -  —7; — ,  ,  ,  \  *  ■,  . ,  ,  w  =  e  , 

(k-i )  ( k-1 )  a 


x  +  iv  and  i  j 


This  transformat  ion  maps  the  doubly  infinite 
baekstep  channel  geometry  )f  Fig.  2  onto  a  doubly 
2  '  *> 

infinite  strip  .  i*‘,  •  *  •  ,  0  1  ]  in 

the  conformal  1- plane.  An  additional  trans¬ 
formation  is  needed  to  make  the  domain  in  the 
direction  bounded  for  computational  purposes. 

-.1.2  jT id-Cluscer ing  Trans  format  ion  -  Tc 

„  +  A  second  transformation  is  used  to  map  this 
doubly  infinite  strip  in  the  plane  onto  a 

unit  square  in  the  computational  domain  R.  Here, 
two  independent  one-dimensional  stretching  trans¬ 
formations  are  used  to  provide  the  desired  grid 
clustering  in  the  boundary  layers  and  separated 
regions  of  the  flow  field.  The  use  of  two  separate 
1-D  stretching  trans formations  provide  the  flexi¬ 
bility  needed  to  resolve  the  multiple  scales  of 
this  flow  problem.  These  grid-clustering  trans¬ 
formations  are  given  as 


11  -11  -1  1  2  1 

%  =  y-  [tan  ^-y-^  +  tan  X(-y— -))+y  ,  (4.2a) 

,  2  1 

2  1  ^  ^  “  2  1 

"  =  [2  tan(T-)]  tan( - )  +  -r  .  (4.2b) 

2c  c  2 


The  parameters  and  represent  the  two  n 

locations  where  grid  points  are  to  be  clustered  in 
the  streamwlse  direction,  while  the  parameters 
and  D.,  control  the  degree  of  this  clustering. 

Similarly,  the  parameter  c  controls  the  degree  of 
grid-point  clustering  in  the  normal  direction. 

The  degree  of  clustering  can  also  be  interpreted 
in  terms  of  a  stretching  ratio  SR,  e.^.,  for  the 

normal-coordinate  clustering,  SR  2 - '  \  - 

dTnl)  „2  „0(1 


.  L .  3  Combined  Trans  format  ion  -  T  =  T  •! 

_ _ _ _ D  C 

The  metric  coefficients  given  in  Eq.  (3.2)  can 
now  be  determined  for  the  overall  coordinate  trans¬ 
formation,  which  is  obtained  bv  combining  the 

transf ormat ions  T  and  T  given  in  Eqs.  (4.1)  and 
B  C 

(4.2).  The  metric  coefficients  become 


Oil  -  ,  (n  )/y?U') 


The  quantities  >.(r,  )  and  >,(;*)  are  defined  as 


Y  L  ( n 1  >  =  2n/ [ — y - - 


Dl+(n'V~  (D;>'  +  (i1-!,)' 


Y2(C2)  =  2c  tan(iy)/{l+ [2(C2- j)  tan(^)]' 


and  h  is  the  scale  factor  of  the  conformal  trans¬ 
formation  given  as 


h  =  |S*|  .  (4.4c) 

,  d;  i 

For  the  overall  transformation  given  in  Eq.  (4.3), 

^  is  a  function  of  n1  only  and  y^  depends  only  on 

r2.  In  this  sense,  the  coordinate  transformation  is 
considered  separable.  Indeed,  this  was  expected 
because  of  the  choice  of  the  individuai  transforma¬ 
tions  T  and  T  .  However,  it  should  be  noted  that 
D  L 

the  analysis  developed  here  is  valid  even  when  the 
coordinate  transformation  is  merely  orthogonal, 
i.e.,  neither  conformal  nor  separable  in  the  sense 
just  stated. 

4.2  Selection  of  Transformation  Parameters  to 
Resolve  Multiple  Scales 

For  the  baekstep  channel  geometry  as  shown  in 
Fig.  2,  the  region  extending  from  slightly  upstream 
of  the  backward  facing  step  to  the  furthest  reattach¬ 
ment  point  is  referred  to  as  the  "trans i tion" region . 

In  this  region,  convection  dominates  over  diffusion. 
On  the  other  hand,  the  regions  upstream  and  down¬ 
stream  of  this  "transition' region  become  increasingly 
diffusion-dominated  as  the  inlet  and  outlet  sections 
at  t  58  of  the  channel  are  approached.  In  an  exper¬ 
imental  study  of  the  "trans it  ion" region  of  the  back- 
step  channel  geometry,  Armally  and  Durst  [23]  have 
shown  the  existence  of  one  or  more  separation 
bubbles  in  the  channel,  for  a  fixed  value  of  H,  as 
the  value  of  Re  is  increased  gradually.  If  such  a 
separated  flow  has  to  be  computed  accurately,  the 
scaling  in  the  normal  direction  is  no  longer  of 
-1/2 

0(Re  ).  As  given  in  References  [3,  4],  at  high 
Re,  the  correct  scaling  for  the  separated  flow 

-3/8 

around  the  separation  points  is  of  0(Re  )  in  the 

—  5/8 

streamwise  direction  and  0(Re  )  in  the  normal 
direction. 

In  the  grid  clustering  transformation  T^,  five 
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parameters  ,  i  ,  0^*  D,  and  SR  are  embedded  in 

Eq.  (4.4).  These  parameters  facilitate*  to  a 
reasonable  extent,  the  desired  grid  clustering  in 
the  physical  plane  to  resolve  the  multiple  scales 
of  this  separated-f law  model  problem.  To  resolve 
the  scales  in  the  streanwise  direction  near  the 
separation  points,  the  parameters  and  D,  are 

chosen  to  provide  the  desired  grid  clustering 
around  the  proper  locations  a.  and  such  that 

•3/8 

the  separation  scales  of  0(Re  )  in  the  stream- 
wise  direction  are  appropriately  resolved.  The 
mathematical  expressions  which  determine  these 
four  parameters  are  given  as 


in  the  computat ional  coordinates.  Consequently, 
in  becomes  a  small  parameter  in  the  proximity 
of  the  inflow  section,  where  ^  *  0,  and  near  the 
out t Low  section,  where  % x  =  1.  With  the  use  of  a 
small  parameter  defined  as 


Osswald  [26]  has  determined  the  scale  factor  h  near 
the  inflow  and  outflow  sections  and  has  shown  that 


.1  ,  ..  u  ,  2wk-l.  tt/e 

As  n  -  ®:  h  =  H  -  H  cos(Trn  )  (-j^— )  e 


T  /  c  2 

+  0(e  /£) 


n  ( wx  ) 


^  +  c,  [- 


11  -1  0t2™al  -1 

D1  *  mi  -5  1  +  tan  (— — -)-tan  (-^)  ] 


,  u  i  /  2.  ,k-l.  — 7T / e 

+  00 :  h  =  1  -  cos(^n  )  (— ^— )  e 

+  0(e-"/£)2  . 


Thus,  the  backstep  channel  approaches  a  straight 
channel  near  the  inflow  and  outflow  sections  in  an 
exponential  manner.  Sear  these  sections,  the 
function  y  of  Eq.  (4.4a)  takes  the  form 


D0  =>  (oi2— Ca.n  [  2  -r  (m2  -  ny  4$  )]  . 


Here,  is  an  integer  denoting  the  number  of  45  - 
intervals  placed  on  the  step  height  BO  and  m-j  is 
the  total  number  of  451-  intervals  between  the 
inflow  boundary  and  point  0.  The  quantity  m2  is 
taken  to  be  1/2  in  order  to  map  the  points  B  and  0 
onto  mid-points  of  451  intervals;  this  allows  for 
circumventing  the  singularity  in  the  metric  coef¬ 
ficients  at  these  corner  points.  The  values 
selected  for  ny  and  try  are  such  that  the  resulting 

overall  grid  satisfies  two  requirements.  First, 
between  the  corner  point  B  and  the  reattachment 
point  xQ,  the  streamwise  grid  spacing  is  required 
co  be  nearly  uniform  as  the  distance  B-xQ  is  a 
measure  of  the  convection  scale.  Second,  the 
near-infinity  diffusion  scale  must  also  be  resolved. 
Hence,  the  grid  is  stretched  in  the  streamwise 
direction  only  after  the  flow  has  become  diffusion 
dominated . 


4w(a1D1+a2D2) 


(DyK^K 


(f)  +  0(1)  ,  (4.8; 


whereas  the  function  y2  of  Eq.  (4.4b)  remains  un¬ 
affected.  Considering  only  the  leading  term  in 

X  2 

Eq.  (4.8)  yields  y,  =  T  • (— )  ,  where  P  =  const. 

1  00  £  00 

This  asymptotic  behavior  of  y^  is  representative  of 
the  wide  class  of  internal  fiow  problems  referred 
in  the  beginning  of  this  subsection. 

The  grid-clustering  transformation  Tc  maps  the 
region  -»  <  ql  <  »  onto  the  i-  e'-val  [0,11  in  the 

direction  in  such  a  mannc-  t  y*  appro„-  “* 
infinity  like  1/e.  Hence,  /.etric  coefficients 

given  in  Eq.  (4.3)  take  the  form 

2 

G  =  h2  P  Y,(i)  -  O(-)  ,  (4.9a) 


In  Che  normal  direction,  the  parameter  SR  aids 
in  resolving  the  scales  of  0(Re“^®)  around  the 
lower  and  upper  separation  points  as  well  as  the 
wall  shear  layers.  The  actual  choice  of  a  parti¬ 
cular  grid  for  a  given  configuration  is  arrived  at 
by  numerical  experiments  with  the  grid  generator 
in  which  the  various  parameters  are  so  selected 
as  to  yield  the  desired  grid.  The  grid  distri¬ 
butions  used  in  this  study  will  be  presented  in  the 
next  section. 

4.3  Asymptotic  Flow  Near  Channel  Infinities 


Gil  -  —  (i)  -  0(-) 


y2  ?  3 

G22  -  ~  (e)  +  0(e)  , 


1  2" 

where  h  *  Lim  [h]  and  T  =  lim  [ — - — 7]  *  ■  -77 

»  ,  ”,  W  Di  ^ 

(4. 10a, b) 


The  analysis  to  be  presented  here  is  valid  for 
a  class  of  internal  flow  problems  in  which  the 
normal  coordinate  is  bounded  and,  asymptotically 

at  »  i  ■»,  the  configurations  have  straight  inflow 
and  outflow  sections,  with  any  desired  shape  of  the 
connecting  transition  section.  The  grid-clustering 
transformation  T  was  selected  so  as  to  map  the 

inflow  and  outflow  boundary  conditions  at  r  ”  to 
the  finite  values  5*-  =  0  and  *  1,  respectively. 


In  light  of  this  analysis,  near  upstream  and 
downstream  infinity,  the  governing  differential 
equations  (2.4-2. 5)  take  the  following  form 

2 

2  ,  .  y^e  . 

[-§ -  +  0(c))  — -y[-? —  ~  +  0(cJ)  ^y! 
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f-  [4 -  -  0(E3)]  i-y  [4— ^V+0(e3)  -4-] 

Re  h;r  Y,  j;1  •  »  3C1  it1 


1  r*-*"  ,  ,  ,  3  N  ,  3  r‘*  dtu  -.1.  3u), 

rT  l~2 -  +  °<e  >J  —  [ - T  — 2"  °y  —9)' 

h"r=Y,  3fT  y,e"  35  35 


(4.11b) 


Since  is  a  function  of  5^  only. 


~  (CZ)  =  -2£34\)  =  -  2e3Y  =  -  2F.E  +  0  (e  2 ) 

H  dC 


^  (4>  =  0  . 


(4. 12a ,b) 


Thus,  Eqs.  (4.11)  simplify  to  the  following  form 
near  the  channel  inflow  and  outflow  sections: 


S  (f^l  +o(e)  , 

35  2  3^ 


(4.13a) 


and  its  derivatives  at  the  boundarv  itself.  The 
consistent  treatment  of  the  higher  derivatives  of 
3*735*  at  the  boundary,  including  the  use  at  the 
reduced  form  of  the  governing  equation  (2.3), 
leads  to  the  desired  expression  for  the  wall  vorti- 
city.  ^Thus,  the  boundary  conditions  on  the  lower 
wall  5" *  0  are 


(45-)  [3CL.L  +  GL+rL+1] 


=  8  Cll, 


[  ^ L-i-3  "  3lL+2  ”  21'L+1  +  23i,Li 


(iq-)  — r  [G22  2^_]  +  0(25‘)  (4.14a) 

35  35  L+l 


*L  =  ° 


(4.14b) 


A  similar  expression  can  be  obtained  for  the  vorti- 
city  at  the  upper  wall  =  1,  where  the  stream 
function  -p  =  1. 

The  boundary  conditions  for  m  and  U>  at  inflow 
and  outflow  sections  are  determined  from  the 
asymptotic  form  of  the  governing  differential 
equations.  These  are  obtained  from  Eqs.  (4.13)  as 


1 _  d _  .  1 _  3(d  . 

2  2  2* 
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(4.15a) 
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(4.15b) 


It  Is  observed  that  Eqs.  (4.11)  are  5  -diffusion 
dominated  near  channel  inflow  and  outflow  sections. 
The  most  significant  terms,  namely,  those  of  0(1) 
as  well  as  0(e)  are  associated  with  the  5^-diffu- 
sion  operator,  whereas  the  convection  terms  are 

2  1  3 

of  0(e  )  and  the  5  -diffusion  terms  are  of  0(e  ). 

If  terms  of  0(e)  are  to  be  considered  negligible 
in  the  asymptotic  equations  (4.12),  4  must  be 
large  enough  such  that  4  -  0(l/e).  For  large  n  , 
the  present  class  of  geometrical  configurations 
are  such  that  x*-  -  4.  Hence,  there  exist  regions 
of  0(l/e)  in  the  physical  plane  near  the  inflow 
and  outflow  boundaries  in  which  the  flow  simply 
diffuses  In  the  4-direction  normal  to  the  channel 
walls.  These  regions  isolate  the  infinity  boun¬ 
daries  from  the  convection-dominated  transition 
region  since  any  disturbance  entering  these  regions 
is  totally  damped  within  the  regions.  Equations 
(4.13)  enable  plane  Poiseuille  flow  to  be  esta¬ 
blished  near  the  inlet  and  outlet  sections,  with¬ 
out  any  special  treatment  of  the  interior  differ¬ 
ence  operators  at  these  boundaries. 


For  consistency  with  the  numerical  solutions  in  the 
interior,  numerical  rather  than  analytical  solutions 
of  the  steady  form  of  Eqs.  (4.15)  are  used  to  provide 
the  boundarv  conditions  for  x>  and  ijj  at  inflow  and  outflow 
sections.  The  appropriate  wall  boundary  conditions 
for  these  asymptotic  equations  are  obtained  from 
Eqs.  (4.14)  by  dropping  out  the  4-derivative  term. 
Equations  (4.15a,b)  were  solved  simultaneously 
using  a  block  Gaussian  elimination  method,  which 
in  effect  is  identical  to  solution  by  a  modified 
Thomas  algorithm  for  this  coupled  set  of  equations. 

For  the  Initial  conditions,  the  flow  inside 
the  backstep  channel  was  assumed,  everywhere,  to 
consist  of  the  numerical  solution  of  the  steady 
form  of  Eqs.  (4.15)  obtained  at  4  ■»  1  »  .  In 
the  physical  plane,  this  corresponds  to  parabolic 
velocity  distributions  at  x^  -  t «  ,  while  in  the 
region  of  the  backstep,  these  are  scaled  by  the 
conformal-transformation  scale  factor.  This  pro¬ 
cedure  avoids  discontinuities  in  the  initial 
conditions  at  the  backstep. 


.4  Boundary  and  Initial  Conditions 


To  maintain  consistent  second-order  spatial 
accuracy  of  the  overall  solution,  the  wall  vorti- 
clty  boundary  conditions  must  also  be  implemented 
with  second-order  spaclal  accuracy.  The  earlier 
analysis  of  K.  Ghia  et  al.  [27]  was  generalized 
by  Ossuald  [26]  to  provide  the  second-order 
accurate  form  of  the  wal 1-vor t ic itv  boundarv  con¬ 
dition.  This  analysis  expands  the  function 
at  the  mid-point  of  a  boundary  cell  using  a 
Taylor's  series  expansion  in  terms  of  the  function 


5 .  Results  for  Backstep  Channel 

The  unsteady  Navier-Stokes  analysis  and  solu¬ 
tion  procedure  discussed  in  sections  2  and  3  are 
applied  to  the  flow  in  a  doubly  infinite  backstep 
channel.  This  separated  flow  problem  has  been 
classified  by  Kumar  and  Yajnik  [28]  to  have  a 
streamwlse  length  scale  Lx  of  0(Re)  and,  in  the 
limit  of  high  Reynolds  number,  is  governed  bv  para¬ 
bolic  equations.  This  implies  that  the  upstream 
Influence  is  confined  to  a  relativelv  short  distance. 
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whereas  the  extent  of  the  region  of  downstream 
influence  increases  with  Re.  The  singularity  at 
the  sharp  convex  corner,  as  well  as  the  difficulties 
associated  with  the  simulation  of  high-Re  flows, 
have  been  circumvented  in  the  present  analvsis  by 
exercising  care  in  the  formulation  of  the  discre¬ 
tized  problem.  Hence,  the  results  obtained  are 
anticipated  to  be  accurate.  For  all  of  the  flow 
configurations  listed  in  Table  1,  the  predicted 
results  have  asvmptoted  to  steadv  state. 

5 .1  Quality  of  Grid 

Application  to  flow  configurations  for  which 
experimental  data  are  available,  together  with 
the  face  thac  the  Navier-Stokes  equations  (2. sl¬ 
id. 5)  asymptote  to  the  diffusion-dominated  equations 
(4.15)  near  the  inflow  and  outflow  boundaries, 
aided  in  the  choice  of  appropriate  values  for  the 
parameters  m^  and  m^.  Numerical  experiments  with 

various  grids  for  these  configurations  enabled 
careful  examination  of  the  length  scales  near  the 
separation  points,  as  well  as  the  near-infinity 
scale.  This  latter  scale  is  assumed  to  be  cor¬ 
rectly  represented  if  the  flow  solution  in  the 
interior  smoothly  approached  Che  inflow  and  outflow 
boundary  values.  This  requires  that  grid  points 
be  appropriately  distributed  in  the  diffusion- 
dominated  regions  near  these  boundaries.  The  degree 
to  which  the  (^-diffusion  coefficient  G^/lCRe) 

dominates  over  the  convection  coefficient  G  in  the 
grid  cells  adjacent  to  these  boundaries  provides 
a  quantitative  measure  of  the  appropriateness  of 
the  near-infinitv  grid-point  distribution.  Hence, 
a  quantity  Q  is  defined  as 


region.  In  each  case,  the  numerical  procedure 
continued  to  vield  consistent  and  stable  solutions. 

Central  differences  are  used  throughout  the 
flow  field,  so  that  the  overall  accuracy  of  the 
present  method  is  0(lt,  (1(1)-,  (!•;-)■].  By 
satisfactorily  resolving  the  multiple  scales  pre¬ 
sent  in  the  problem,  the  resulting  solutions  are 
totally  wiggle-free. 

The  relative  computational  efficiency  of  the 
present  algorithm  was  measured  in  terms  of  the  CPC 
time  r  required  to  advance  the  solution  by  one 
time  step  per  spatial  grid  point,  i.e., 

_ CPU  seconds _ 

number  of  mesh  points  x  number  of  time  steps 

where  r  represents  the  "computational  effort."  For 
the  present  algorithm,  :  =  2.67  x  10~4  seconds  for 
the  AMDAHL  470V/7  computer.  The  corresponding 
value  for  the  implicit  method  of  Beam  and  Warming 
[29]  is  4.4  x  10~4  seconds  for  the  compressible 
Navier-Stokes  equations  using  the  CDC  7600  computer. 

5. 3  Comparison  of  Steady  State  Flow  Results  with 

Experimental  Data 

Table  1  shows  the  eight  flow  configurations 
which  have  been  analyzed  in  the  present  study. 

These  include  the  configurations  for  which  experi¬ 
mental  data  are  available  from  Denham  and  Patrick 
[22]  or  Armaly  and  Durst  [23],  The  published 
experimental  data  provide  one  or  more  of  the 
following  results 


Q  ■ 


convection 

~) 

C  -  diffusion 


near 


inf inity 


max  [ 


Re 


Gil 


N,j 


] 

(5.1) 


and  is  required  to  be  as  small  as  possible  near 
,  *  0  and  1.  In  the  present  study,  Q  was  monitored 

for  each  grid  distribution  used  and  maintained  to 
be  of  0(10"5)  or  less.  Two  typical  distributions 
with  (85,33)  and  (195,33)  grid  points  used  in  some 
of  the  present  computations  are  shown  in  Figs.  3a 
and  3b. 


5.2  Criterion  for  Steadv  State,  Accuracy  and 
Computational  Efficiency 


The  steady  state  results  were  generated, 
wherever  possible,  as  the  time-asymptotic  limit  of 
the  unsteady  analysis.  The  criterion  used  to 
define  the  steady  state  is  given  as 

with  t.  =  10-4  (5.2) 

i,j  max 


:  -  f 

iA _ 


rn+l 


It 


i.  streamline  contours; 

ii.  velocity  profiles  at  various  streamwise 
locations  using  Cartesian  coordinates; 

iii.  locations  of  separation  and  reattachment 
points. 

Although  not  presented  here,  the  present  streamline 
contours  for  the  configurations  with  Re  *  146  and 
458  were  compared  with  those  of  Denham  and  Patrick 
[22]  and  the  agreement  was  very  good  for  Re  s  146 
but,  for  Re  =  458,  the  predicted  results  showed  a 
higher  value  of  the  reattachment  length  Lj  than 
the  corresponding  measured  value.  This  discrepancy 
is  attributed  to  differences  in  the  flow  conditions 
just  upstream  of  the  backstep.  In  the  present 
calculations,  the  flow  exhibits  a  nearlv-parabol ic 
velocity  distribution  almost  up  to  the  backstep. 
This  is  not  the  case  in  the  experiments  where  the 
backstep  channel  was  devised  by  placing  an 
appropriately  shaped  ramp  on  the  lower  wall  of 
the  channel.  This  destroys  the  symmetric  parabolic 
velocity  distribution  and  the  flat  portion  of  the 
ramp  is  not  long  enough  for  the  symmetry  to  be 
restored  by  the  time  the  flow  reaches  the  backstep. 


where  f  represents  either  ^  or  and  the  subscript 
max  denotes  the  maximum  value  encountered  in  the 
grid  1.  It  was  observed  that,  in  general,  .  con¬ 
verged  much  more  rapidlv  than  Much  before  this 
criterion  was  satisfied  everywhere,  the  flow  in  the 
"transition”  region  settled  at  its  steadv  state 
values,  while  the  flow  in  the  regions  near  the 
outflow  boundary  continued  to  adjust  at  rather  slow 
rates  until  it  finally  satisfied  Eq .  (5.2).  Hence, 
the  calculations  were  continued  for  almost  twice  as 
many  characteristic  time  units  as  those  required 
for  steadv  state  to  be  achieved  in  the  transition 


Comparison  of  the  velocity  profiles  at  various 
streamwise  locations  in  the  phvsical  plane  involves 
interpolation  of  the  predicted  results  at  points 
other  than  the  computational  points.  The  process 
has  a  tendency  to  degrade  the  accuracv  of  the 
results.  Hence,  the  comparison  of  velocity  pro¬ 
files  has  been  avoided  in  the  study. 

The  separation  bubble  off  the  backstep  is 
characterized  by  the  length  of  this  eddv,  i.e., 
by  the  corresponding  reattachment  length.  This 
reattachment  length  is  plotted  versus  Re  in  Fig.  -*a. 
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with  the  throat -open inn  ratio  as  a  parameter.  The 
present  results  show  higher  values  of  this  reat¬ 
tachment  length  as  compared  to  the  experimental 
data  of  Denham  and  Patrick.  [22],  The  discrepancy 
is  maximum  tor  Re  =  -*58.  Again,  this  is  attributed 
to  the  differences  in  the  flow  conditions  just 
upstream  of  the  backstep  where  the  experimental 
data  of  Denham  and  Patrick  [22]  show  significant 
departure  from  a  symmetric  parabolic  distribution. 
The  device  used  to  produce  the  backstep  geometry 
distorts  the  flow  in  such  a  manner  that  the  velo¬ 
city  near  the  lower  wall  upstream  of  the  backstep 
is  higher  than  that  for  a  parabolic  distribution. 

Due  to  this  higher  energy  of  the  fluid  in  this 
region,  the  flow  reattaches  in  a  shorter  distance 
than  that  predicted  by  the  present  calculations 
where  the  flow  remains  nearly  parabolic  just  upstream 
of  the  backstep.  The  experimental  data  of  Armaly 
and  Durst  [ 23 1  for  H  =  0.5148  are  also  plotted  in 
Fig.  4a;  the  results  of  the  present  analysis  are 
somewhat  different  in  character  as  compared  to  this 
data.  Armaly  and  Durst  have  predicted  the  laminar- 
flow  regime  to  end  at  Re  -  600,  i.e. ,  at  Re^ »  1200, 
so  that  a  slight  further  increase  in  Re  is  observed 
to  lead  to  the  onset  of  the  transition  regime 
characterized  by  a  sharp  decrease  in  the  reattach¬ 
ment  length  as  shown  in  Fig.  4a.  Their  experi¬ 
mental  results  for  the  location  and  the  extent  of 
the  recirculation  regions  on  the  two  walls  are 
shown  in  Fig.  4b.  It  is  seen  from  this  figure  that 
separation  on  the  upper  wall  first  occurs  at 
Rerj  =  1014  and  further  increase  of  Re  causes  the 
upper-wall  separation  point  to  shift  upstream 
towards  the  backstep.  On  the  other  hand,  the 
results  of  the  present  analysis  show  that  the 
upper-wall  separation  point  continues  to  shift 
downstream  and  away  from  the  backstep  even  for 
Re  =  507  and  600,  which  correspond,  respectively, 
to  Rep  =  1014  and  1200.  Thus,  it  appears  that 
according  to  the  present  predictions, this  flow 
configuration  with  ReD  =  1200  is  still  in  the 
laminar  regime.  It  should  be  noted  that,  in  the 
present  analysis,  the  boundary  conditions  were 
placed  at  true  infinities  and  the  diffusion- 
dominated  regions  of  0(1/0  near  infinities  serve 
to  totally  diffuse  any  disturbances  that  enter 
these  regions.  It  is  possible  that  factors  normally 
affecting  transition  may  have  triggered  it  earlv 
in  the  experiments.  Further  numerical  experiments 
are  planned  to  investigate  this  issue. 

Armaly  and  Durst  (23)  had  shown  the  existence 
of  similarity  between  their  experiments  and  those 
of  Denham  and  Patrick  (22)  by  plotting  the  reattach- 
menc  length  versus  the  Reynolds  number,  using  the 
step  height  as  the  characteristic  length.  The 
results  are  shown  in  Fig.  4c,  along  with  the 
results  obtained  from  the  present  analvsis.  Be- 
ause  the  upper-wall  separation  bubble  continues 
t  '  exist  in  the  present  eompu tat  ions  even  at 
Rer)  =  600,  the  structure  of  the  separated  flow 
according  to  the  present  predictions  is  considerably 
different  from  that  of  Arraalv  and  Durst  [23], 

Hence,  the  present  results  for  configurations  with 
H  =  0.51485  should  nor  show  similarity  with  those 
of  Denham  and  Patrick  (221  who  observed  onlv  a 
single  separation  bubble  on  the  lower  wall.  The 
mechanism  controlling  the  dynamics  of  the  separa¬ 
tion  bubbles  in  the  case  with  two  separation 
bubbles  is  indeed  different  from  that  with  onlv 
me  separation  bubble  ■Mused  by  the  separating 
shear  lover  at  the  step.  In  fact,  Denham  and 
Patrick  felt  that,  in  their  experiments  for  the 
configuration  with  Re^  =  916,  the  flow  was  onlv 


marginally  stable.  The  present  results  show  that 
the  appearance  of  the  upper-wall  separation  bubble 
is  marked  by  an  abrupt  decrease  in  the  slope  of  the 
curve  of  l.j,hs  vs.  Re  ;  nevertheless,  tins  slope 
remains  positive. 


5.4  Steadv-State 


"alts  for  Various  Bac 


Flow  Configurations 

The  steady-state  results  are  presented  here 
for  flow  conf igurations  I,  II,  IV  and  VII  with  Re 
of  1800,  292,  916  and  1014,  respectively.  Figure  5 
(a  through  d)  shows  the  streamline  contours  for 
these  conf igurat ions .  As  seen  in  Fig.  5a,  configu¬ 
ration  I  with  Re^j  =  1800  is  the  one  with  the 
smallest  separation  bubble  and,  hence,  relatively 
simple  to  compute.  This  configuration  was  used  by 
Rubin  and  Khosla  (30]  in  the  development  of  their 
coupled  strongly  implicit  method.  Figures  5b  and  5c 
show  the  streamline  contours  for  conf igurat ion  II 
with  Re^  =  292  and  configuration  IV  with  Re^  =  916, 

respectively.  These  configurations  were  used  by 
Denham  and  Patrick  (22]  in  their  experimental  study. 
As  expected,  the  length  of  the  separation  bubble 
grows  with  increase  in  Re.  Finally,  the  streamline 
contours  are  presented  for  configuration  VII  with 
Rep  *  1014  in  Fig.  5d.  This  configuration  was  used 
by  Armaly  and  Durst  (23]  in  their  study.  To  the 
authors’  knowledge,  the  present  results  constitute 
the  first  detailed  results  computed  for  this  flow 
problem  showing  a  separation  bubble  on  the  upper 
wall.  The  shear  layer  separating  off  the  backstep 
dips  down  and  attaches  to  the  lower  wall,  causing 
sharp  changes  in  the  flow  and,  consequently,  the 
separation  bubble  at  the  upper  wall. 

The  corresponding  vorticitv  contours  for  these 
four  configurations  are  shown  in  Figs.  6a  through 
6d.  As  anticipated,  a  heavy  concentration  of 
contour  lines  occurs  near  the  sharp-convex  corner, 
an  indication  of  the  presence  of  high  velocity 
gradients  in  this  region  of  maximum  generation  of 
vorticitv.  In  the  "transition"  region,  the 
vorticitv  contours  are  swept  downstream  by  the 
stronger  convection  effects. 

Figures  7a  through  7d  provide  the  transverse 
profiles  of  the  total  velocity  vector,  along 
lines,  at  selected  streamwise  locations.  A  region 
of  reversed  flow  is  observed  downstream  of  the 
step  near  the  lower  wall  for  all  of  these  configu¬ 
rations.  Conf iguration  VII  with  Re^  =  1014,  shown 
in  Fig.  7d,  exhibits  a  large  region  of  reversed 
flow  near  the  upper  wall  also. 


5. 5  Transient  Results  for  Backstep  Flow 

Configuration  VIII 

The  transient  results  for  flow  configuration 
VIII  with  Re^  *  1200  are  presented  in  Figs.  8. 
Starting  from  time  t  =  0,  four  values  of  the 
characteristic  time,  namely,  4,  40,  112  and  421, 
are  chosen  to  depict  the  time  history  of  the  flow 
as  it  approaches  steady  state.  The  flow  in  the 
transition  region  reaches  close  to  its  steady-state 
value  at  about  t  =  76,  but  the  adjustments  taking 
place  near  the  outflow  boundary  require  t  =  421 
in  order  to  satistv  the  steadv-state  criterion  of  Eq . 
(5.2).  Figures  8a  through  8d  show  the  streamline 
contours  of  this  transient  flow  as  it  reaches 
steadv  state,  whereas  Figs.  9a  through  9d  show  the 
vorticitv  contours.  The  shedding  of  vortices  at 
the  sharp  . onvex  corner  leads  to  additional 
separation  bubbles  it  the  lower  wall.  The  strong 
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adverse  pressure  gradient  resulting  from  the  sudden 
expansion  near  the  backs tep  also  causes  separation 
on  the  upper  wall.  Armalv  and  Durst  (2ij  had 
^-vr’.vo  idditional  separation  bubbles,  in  the 
t:*  ins  it  ion  regime  of  Re,  downstream  of  the  main 
’■'■ibbie  on  the  lower  wall.  Figures  8a  and  8b  also 

. . .  s*ioh  bubbles  in  the  transient  steps;  but, 

according  to  the  present  prediction,  these  bubbles 
do  not  persist  in  the  steady  state.  The  vorticitv 
contours  shown  in  Fig.  9b  exhibit  the  occurrence 
of  the  bursting  phenomenon  which  may  be  partially 
responsible  for  the  decav  of  the  additional  bubbles 
at  the  lower  wall.  Finally,  the  transverse  pro¬ 
files  of  the  total  velocitv  vector,  along  lines, 
at  selected  streamwise  locations,  are  shown  in 
Fig.  10.  Two  regions  of  strong  reversed  flow  are 
observed  both  on  the  lower  and  the  upper  walls 

b.  Conclusion 

An  anal vs  is  has  been  developed,  using  the 
unsteady  Navier-Stok.es  equations  in  generalized 
curvilinear  coordinates,  to  study  2-D  incompressible 
separated  flows.  The  discretized  problem  is  for¬ 
mulated  using  central  differences  for  the  spatial 
derivatives,  thus  avoiding  artificial  viscosity. 

The  ADI  method  has  been  used  to  solve  the  transport 
equation,  whereas  the  BGE  method  is  used  to  solve 
the  Dirichlet  Poisson  problem.  The  overall  accuracy 
of  the  numeric il  solution  is  0(2>t, 

The  numerical  method  developed  is  applied  to 
the  separated  flow  inside  a  backstep  channel.  The 
results  of  the  present  analysis  are  verified 
extensively  by  comparison  with  the  available  exper¬ 
imental  data  for  Reg  ranging  from  72  to  565.  For 
the  conf igurat ions  with  only  one  separation  bubble 
at  the  lower  wall,  there  exists  a  similarity  with 
respect  to  the  backstep  channel  geometry.  Hence,  the 
reattachment  length  L^/hg  of  the  primary  separation 

'nibble  on  the  lower  wall,  for  various  geometries, 
collapses  into  a  single  curve  when  plotted  versus 
Res.  On  the  other  hand,  the  configurations  with 
an  additional  separation  bubble  at  the  upper  wall 
show  a  marked  change  in  the  reattachment  length 
of  the  lower-wall  separation  bubble.  To  the 
authors'  knowledge, s imilar  results  have  not  been 
previously  reported  in  the  literature. 

The  unsteady  analysis  provides  an  accurate 
and  efficient  determination  of  the  transient  flow 
in  the  backstep  channel.  The  shedding  of  vortices 
at  the  corner  of  the  step,  the  formation  of  addi¬ 
tional  separation  bubbles  at  the  lower  wall,  the 
occurrence  of  the  upper-wall  separation  bubble 
and  the  bursting  phenomenon  are  observed  in  the 
present  results  which  provide  the  detailed 
time-dependent  structure  for  this  flow.  The 
analysis  of  this  separated  flow  in  the  transitional 
regime  of  Re  appears  feasible  with  this  unsteady 
analysis. 
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TABLE  1.  PARAMETERS  FOR  VARIOUS  FLOW  CONFIGURATIONS 
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RATION 
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h 
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Re 

ReD 
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H 

L4 

L5 

(L5-L4) 

Reference 

I 

0.90000 

0.10000 

900 

1800 

100 

0.69 

— 

— 

-- 

Rubin  & 

Khosla  [30] 

II 
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292 

72 

1.69 

__ 

Denham  & 
Patrick  £22 ] 

III 

IV 

0.66667 

0.33333 

250 
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500 
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125 
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2.50 
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— 

— 

— 

V 

150 

300 
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3.23 

_ 

_ 

_ 

VI 

0.51485 

0.48515 

300 

600 

283 

4.96 

4.05 

7.32 

3.27 

Armaly  & 

VII 
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1014 
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6.08 

4.70 

11.45 

6.75 

Durst  [23] 

VIII 

600 

1200 
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6.39 

4.97 

12.96 

7.99 
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Abstract 

Global  or  relaxation  formulations  for  the  re¬ 
duced  form  of  the  Navier-Stokes  equations,  frequent¬ 
ly  referred  to  as  parabolized  Navier-Stokes  (PNS) , 
are  presented.  Difference  procedures  and  relaxation 
solutions  for  the  (u,v,p)  system  are  presented. 

The  continuity  equation  is  satisfied  exactly  at 
each  grid  point  and  a  poisson  pressure  equation  is 
not  required  explicitly.  The  development  of  a  se¬ 
cond  composite  (U,1>,G)  velocity  relaxation  procedure 
for  the  primitive  variable  equations  is  also  dis¬ 
cussed.  For  the  (u,v,p)  system,  several  model 
problems,  e.g.,  finite  flat  plate,  trough,  boattail 
and  airfoil,  are  considered.  Strong  pressure  inter¬ 
action  is  evident  in  each  case  and  axial  flow  se¬ 
paration  occurs  for  several  of  the  problems.  The 
questions  of  accuracy,  stability, convergence  rate, 
and  implied  difference  forms  of  the  pressure  and 
vorticity  equations  are  addressed. 

1.  Introduction 

Conventional  methods  for  the  numerical  solu¬ 
tion  of  the  primitive  variable  form  of  the  incom¬ 
pressible  (elliptic)  Navier-Stokes  or  ("semi- 
elliptic")  parabolized  Navier-Stokes  (PNS)  equa¬ 
tions  are  such  that  the  velocity  components,  u,v, 
are  determined  from  the  momentum  equations,  and  the 
pressure  p  is  obtained  from  the  differential 
poisson  equation  derived  from  the  momentum  equa¬ 
tions.  The  equation  of  continuity  is  not  evaluated 
explicitly  but  is  satisfied  indirectly  through  the 
poisson  equation  and  pressure  boundary  conditions. 
Since  this  procedure  differs  markedly  from  most 
inviscid ,  boundary  layer  and  triple  deck  formula¬ 
tions,  an  alternate  development  that  more  closely 
follows  these  asymptotic  theories  is  considered 
here  for  the  evaluation  of  viscous  interacting 
flows  at  large  Reynolds  numbers. 


The  objective  of  the  present  development  is 
the  solution  of  the  PNS  system  by  direct  application 
of  the  momentum  and  (first-order)  continuity  equa¬ 
tions.  The  formulation  does  not  require  the 
second-order  differential  form  of  the  poisson 
pressure  solver.  A  global  line  relaxation  procedure 
is  developed  for  (u,v,p)  or  a  composite  [6,  7) 

(U,i,G)  system.  For  non-separated  flows  only  p 
or  i  are  stored  during  the  relaxation  process.  For 
separated  flows,  (u,v)  or  (U)  is  required  only  in 
regions  of  reversed  flows.  This  significantly 
reduces  computer  storage  requirements. 


Equations 


We  consider  here  the  reduced  set  of  PNS  equa¬ 
tions  (1,  2)  written  in  two-dimensional  or  axi- 
symmetric  body  fitted  conformal  coordinates.  The 
equations  in  general  orthogonal  coordinates  are 
given  in  [3].  As  discussed  for  cartesian  coordinates 
in  [2,  3],  for  incompressible  flow  a  consistent  PNS 
approximation  allows  for  the  neglect  of  all  axial 
(i>  diffusion  terms  as  well  as  all  diffusion  effects 
in  the  normal  (n)  momentum  equation.  Normal 
diffusion  can  be  included  in  the  n-momentum  equation; 
however,  for  consistency  these  terms  have  generally 
been  neglected.  Numerical  tests  with  and  without 
these  terms  have  confirmed  the  validity  of  this 
approximation  for  several  of  the  problems  consi¬ 
dered  herein. 


(la) 


A-momentum 


In  the  present  paper,  the  authors  continue  the 
line  of  thought  first  presented  for  the  PNS  system 
in  references  [1-31.  The  analysis  is  developed  in 
greater  detail  here  and  in  [4,  51.  The  questions 
of  global  stability  of  the  relaxation  procedure, 
the  resulting  difference  forms  of  the  pressure  and 
vorticity  equations,  accuracy  and  rate  of  con¬ 
vergence,  are  examined  more  critically.  Compari¬ 
sons  are  given  with  triple  deck  and  interacting 
boundary  layer  solutions  for  trailing  edge  and 
trough  configurations;  solutions  are  also  obtained 
for  boattail  and  airfoil  geometries.  The  effects 
of  strong  pressure  interaction  and/or  flow 
separation  are  evident  in  each  of  these  problems. 
The  majority  of  the  solutions  are  for  laminar  flow 
conditions:  however,  several  results  have  been 
obtained  with  the  Cebeci-Smith  two  layer  eddy 
viscosity  closure  model. 


2  2  2 
(hh  u  ) „ +  (h  uv)  +  uvh.h  -  v  h.h. 

3  a  n  3  n  3  a 

=  -  hh,p.  +  V-T/R  (lb) 

3  a  e 

where  V-T  =  [h3  (hu)  yh2]  _  (lc) 

c-momentum 

hh,p  =  -  (hh,uv)_-  (hh.v2)  -  uvh.  *  u*h,h 

3  n  3  a  3  -  A  *  ,1(J) 

The  cartesian  coordinates  I  =  %(x,y) , 

*  n  (x,y)  are  related  to  the  (x,y)  physical  coor¬ 
dinates  through  the  transformation  :=  fi'z)  zr 
z=  F(t)  where  r  =  -'>i~  and  z  »  x+iy.  The  metric  r. 
is  defined  by 
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The  metric  n,  =  y  ,  where  -  =  0  tor  two-dimensions 
and  -'  =  1  for ~axisymmetry .  The  metric  h  and  ail 
derivatives  are  evaluated  with  second-order  differ¬ 
ence  formulas.  In  the  axial  and  normal  momentum 
equations  (lb,  lc) ,  the  metric  h  and  derivatives 
of  h  are  assumed  to  be  at  most  of  order  one.  For 
geometries  with  larger  curvature  the  complete 
expression  for  V-T  may  be  required  in  (lb)  and  the 
viscous  effects  in  (Id)  may  become  important.  The 
full  Navier-Stokes  equations  or  a  more  appropriate 
non-conformal  coordinate  mapping  may  then  be 
required,  see  [6,  7], 


In  the  composite  velocity  development  described 
In  (6,  7],  an  "inviscid"  pseudo-potential  :, 
"viscous"  velocity  V  and  "inviscid"  Bernoulli 
pressure  G,  replace  (u,v,p),  i.e.. 


u  =  u ( 1 +  : . ) /h  =  U  u 


(u2  +  v2)/2  -  G 
e  x 


The  equations  become 


continuity 


(h3U:r)r  +  (h3?n)n  +  (h3U)r  =  0 


-moment  urn 


a  *  ■  Ihh,  u2(U2-'J)  1  .  +  [hh  u  v(U-l)  ]  .-/h2h, 
t  3  e  3  e  n  3 


u  vh  (U-l)/h  +  u  u  _  (U-l)/h 

e  t  eel 


-  G./h  +  V*  T/R 


-  (U-l)  ■ (u2/2)  -  a2Uh  /h; 

p  -  p 


This  multiplicative  composite  velocity  development 
is  patterned  after  matched  asymptotic  viscous- 
inviscid  flow  theory.  For  inviscid  irrotational 
flows,  U  '  1;  (2a)  then  reduces  to  the  potential 
equation  and  (2b, c)  lead  to  the  Bernoulli  equation, 
j  -  > .  For  boundary  layer  problems,  u^,  u^, 

or  :r,  :rr)  and  G  are  specified  with  boundary  layer 

edge  conditions  and  (2a, b)  combine  to  determine 
(U,v>.  Interacting  boundary  layer  theory  combines 
elements  of  both  limits,  so  that  (2a, b)  form  a 
coupled  system  for  (U,;),  with  G  prescribed.  The 
equations  (1)  or  (2)  contain  all  the  terms  appearing 
m  each  layer  of  the  triple  deck  structure  (31. 

The  present  investigation  concentrates  on  the 
'u,v,pj  formulation  described  by  equations  (1). 
Composite  solutions  have  already  been  discussed  for 


the  full  Navitrr-Stokes  equations  in  . 
of  the  PNS  equations  wi  tn  the  ;omposi 
in  progress  and  results  with  in  is  for 
be  presented  in  a  future  caper . 


inis  formulation  shall 


3 .  Difference  Equations 

In  the  previous  analyses  (1-3],  it  was  shown 
that  if  the  system  (1)  was  forward  marched  in  tr.e 
boundary  layer  sense,  i.e.,  backward  differences 
are  applied  for  all  ",  derivatives  m  non-separated 
regions,  the  elliptic  pressure  interaction  would 
not  be  properly  represented  and  therefore  the 
exponentially  growing  Lighthill  departure  solutions 

would  appear  for  step  sizes  1C  ( 1 C )  .  For 

'  min 

cartesian  coordinates,  from  [2,  3),  we  find  that 

(II)  s  2  ,  where  y  is  the  location  of  the 

mm  -  *  M  M 

outer  boundary  y  =  v^.  Only  for  y„  1  are 
accurate  solutions  possible  with  forward  marching. 

If  global  relaxation  or  multiple  sweep  marching 
is  used,  i.e.,  all  z,  derivatives  of  velocities  are 
backward  differenced  in  non-separated  regions,  but 
some  form  of  forward  differencing  is  applied  for 
pr  in  (la)  ,  the  elliptic  pressure  interaction  is 
recovered  and  the  departure  free  limit  H  *  (DC) 

min 

is  removed.  Solutions  can  then  be  obtained  for 
1 1  ■»  0,  see  [2,  3]  ;  me  numerical  procedure  is 
consistent  and  any  desired  degree  of  accuracy  can 
be  specified.  Finally,  in  order  to  circumvent  the 
pressure  singularity  at  separation,  the  pr  term 
must  also  allow  for  a  local  as  well  as  a  spatial 
interaction.  For  example,  central  differencing 
fails  in  this  regard  and,  as  discussed  in  [2,  3], 
is  unstable  globally.  Forward  differencing  of  pr 
satisfies  all  constraints  and  moreover  is  consis¬ 
tent  with  the  eigenvalue  analysis  of  Vigneron 
et  al.  [9]  which  shows  that  for  incompressible  flow 
(M  -*■  0)  ,  there  should  not  be  any  forward  marched 
component  of  the  pr  term;  i.e.,  .  =  0  in  his 
analysis.  Forward "dif ferencmg  and  global  relaxa¬ 
tion  was  first  applied  successfully  in  [1-3]  for 
several  model  incompressible  flow  problems.  The 
extension  to  compressible  flows  is  discussed  for  a 
conical  geometry  in  [2]  and  for  flows  with  axial 
flow  separation  and  strong  pressure  interaction 
in  (10).  More  detailed  discussion  and  results 
are  given  in  ( 3 ,  4 ] . 

The  difference  scheme  used  in  [1-3]  was  devel¬ 
oped  from  the  following  discrete  grid: 


i  j  .  v , ; 


Figure  1:  Difference 


In  this  formulation  full  second-order  accuracy  is 
achieved.  The  primary  modification  of  the  system 
(3)  is  the  averaging  of  the  '/-derivative  terms 
in  the  momentum  equations.  The  unknown  pressure 
is  also  shifted  one  point  to  the  left  of  that 
given  by  the  formulation  (3).  This  interpretation 
is  more  accurate  and  is  consistent  with  the 
character  of  the  interactive  solutions  as  will  be 
seen  for  the  trailing  edge  problem  to  be  discussed 
in  a  following  section. 

A  third  system  of  equations,  which  also  pro¬ 
vides  second-order  accuracy  has  been  proposed  by 
Israeli  [8] .  The  staggered  u,v  grid  is  then  of 
the  form: 


u,p  ©®  U,p 

®  ©  a 


vv  term  in  vu;  ;  however,  with  the  definition  (3b) 

Xy  y  2  2 

the  error  m  this  expression  is  0{_x  ,  iy  ) , 

so  that  second-order  accuracy  is  retained  in  the 
difference  approximation  of  the  vorticity  transport 
equation ,  see  [4] .  Similar  results  can  be 
obtained  with  the  scheme  proposed  by  Israeli  in 
Figure  3. 

If  (5b)  and  the  continuity  equation  (3a)  are 
combined  to  eliminate  either  u  or  v  terms,  for 
jj  =  0  we  recover  a  nine-point  second-order  accurate 

2  2 

difference  formula  for  either  7  u  =  0  or  7  v-Q. 

In  fact,  inviscid  irrotational  flows  can  be  solved 
numerically  with  (5b)  and  (3a),  in  lieu  of  the 
potential  equation  7^j  =  o.  This  is  a  result  of 
backward  differencing  of  ux  in  the  continuity 
equation  and,  as  seen  in  (5b) ,  forward  differencing 
of  vx  in  the  definition  of  vorticity.  One  boundary 
condition  is  satisfied  for  u  (left  boundary)  and 
one  for  v  (right  boundary) .  This  is  a  direct 
result  of  the  differencing  procedure  applied  for 
the  u,v,p  primitive  variable  system;  i.e.,  backward 
differences  for  velocities  (in  non-separated 
regions)  and  "forward"  pressure  differences  as 
interpreted  in  Figure  1  (first-order  accuracy)  or 
Figure  2  or  3  (second-order  accuracy) .  Further 
details  of  this  analysis  are  given  in  (4) . 


(ii)  Difference  equation  for  pressure: 


Figure  3:  Difference  Grid  III. 


In  a  similar  manner,  the  effective  poisson 
difference  equation  for  the  pressure  can  be  obtained 


by  (x-mom)  .  .  -  (x-mom)  .  +  (y-mom)  .  .  -  (y-mom). 

1  r 3  l“i • J  l , 3+1  l , 

=  0.  This  equation  is  of  the  form  (see  [4]  for 
derivation  ) 


The  equations  are  only  slightly  modified  from  those 
of  (4) ;  however,  the  y  boundary  condition  for 
v  must  be  treated  somewhat  differently. 

(i)  Definition  of  vorticity  and  vorticity 
transport  equation: 

If  the  nonlinear  coefficients  u  and  v  are 
assumed  constant  and  the  pressure  is  eliminated 
from  (4a, 4b) ,  the  following  difference  equation 
is  obtained,  in  the  inviscid  limit,  for  the  vorti¬ 
city  transport  [4] : 

w  .  .  —  ‘Ai  ...  U)  .  .  ,  —  'jj  .  ,  +(jj  ,  ,  .  .  — w .  ,  .  , 

U(— i-d izLil)  +  ,  1.3*1  1,3-1  +  l 

Ax  4Ay  ’ 

»  0(Ax2,  Ay2)  (5a) 


Jpi,3+l'  1  (pi~j  *  Pi ,  j 5  +  2o(pi,  j'  1  +  api,  j-1 


n-1 

Pi+l,j  +  Pi-l.j 


fi,j(U'V) 


where  a  =  (Ax/Ay) 

In  order  to  recover  the  more  conventional  line 
relaxation  form  of  the  difference  equation, 

Israeli  [5)  has  shown  that  if  a  source  term  ^ 

is  introduced  in  the  x-momentum  equation  (3b  or  4b), 
we  obtain 


op.  ,  -  2(l+o )p.  ,  +  op.  .  ,  +p.  ,  .+p.  ,  , 

1,3+1  i,3  1,3-1  1+1,3  1*1,3 


-  fi.i(U'V) 


V  .  ,  . -v . 

1+1*2  l. 


,+v.  ,  .  -v.  . 

)  1+1, 3-1  1,3-1 


S  —  S  .  -  pn  ^  +  p 
i,3  i-l*3  i  *  j  iO 


This  corresponds  to  defining  *:  at  the  location  w 

shown  in  Figure  2  and  centering  (5a)  at  location  ©. 
3oth  expressions  (5a)  and  (5b)  are  second-order 
accurate.  The  difference  equation  obtained  by 

replacing  +  .  terms  in  (5a)  with  the  formula  (5b) 

1,3 

is  exactly  that  resulting  from  the  elimination 
of  the  pressure  in  (4a)  and  (4b)  except  for  the 


This  is  equivalent  to  introducing  an  iterative 
"time"  derivative  into  the  relaxation  process. 
Israeli  [5)  has  also  introduced  an  overrelaxation 
parameter  -3  as  a  mechanism  to,  improve  convergence 
rate.  Our  experience  has  not  led  to  a  marked 
improvement  in  convergence  for  the  nonlinear 
system  (4)  with  overrelaxation.  Therefore,  all 
solutions  depicted  herein  are  for  the  first-order 
system  (5a)  or  the  second-order  system  (5b)  with 
=  1 .  Multi-grid  procedures  have  been  applied 


for  convergence  acceleration  when  fine  meshes  are 
required,  see  (4). 

It  should  be  reiterated  here  that  although  a 
poisson-like  relaxation  scheme  can  be  inferred, 
boundary  conditions  are  prescribed  for  p  only  at 
the  outer  (y)  boundary  and  downstream  (x)  boundary; 
also,  the  pointwise  continuity  equation  is  satisfied 
exactly.  As  noted  in  the  introduction,  this  is  in 
sharp  contrast  with  conventional  solution  procedures 
that  use  the  poisson  form  of  the  pressure  equation 
with  full  Neumann  boundary  conditions  and  only 
indirectly  satisfy  the  pointwise  continuity 
equation. 


4.  Consistency  and  Convergence 


In  order  to  complete  the  analysis  of  the 
relaxation  technique  discussed  herein,  two  questions 
are  posed.  Does  the  prescribed  differencing 
procedure  capture  the  elliptic  pressure  interaction 
in  each  sweep  of  the  iteration  cycle,  and  what  are 
the  convergence  properties  of  the  global  relaxation 
process.  The  first  question  has  been  addressed 
in  [1-3]  and  as  discussed  in  section  3,  the  depar¬ 
ture  effect  is  circumvented  and  the  elliptic  inter¬ 
action  is  captured  with  the  forward  pressure 
differencing  of  (3b)  or  (4b>.  As  shown  in  [4],  the 
introduction  of  the  source  terms  .  provides 

increased  numerical  damping  and  enhances  the 
stability  properties  in  each  marching  step. 

The  second  question  is  considered  in  detail  ir 
reference  [4] .  The  primary  conclusions  are  pre¬ 
sented  here.  Although  the  forward  pressure  dif 
ferencing  eliminates  the  inconsistency  found  with 
single  sweep  procedures,  so  that  AC  can  b£  made 
arbitrarily  small,  the  departure  limit  Ax  >  2YM/TT 

appears  indirectly  as  a  factor  affecting  convergence 
of  the  global  relaxation  procedure. 

It  can  be  shown  from  a  linear  global  stability 
analysis  that  central  differencing  of  px  is  unstable 
[2-4] ,  but  with  forward  differencing  of  px,  as  in 
(3b),  the  iteration  technique  is  unconditionally 
stable.  The  maximum  eigenvalue  is  given  [3,  4]  as 


.  2  .Ax.  2 

1  -  c.  *T  ( — )  N 

1  yM  X 


2  x  2 

>  -  1-c .  (-&> 

1  yM  yM 

where  c  is  a  constant  of  order  one,  y  is  the  outer 
1  M 

'/  boundary,  x^  is  tne  outer  x  boundary,  and  is 
the  number  of  x  grid  points;  i.e.,  N  =  xyix. 

-ix  ■/„  x  M 

Therefore  for  -  1  or  2.x  — ,  \  -  1  and 

yM 

the  convergence  rate  will  deteriorate.  For 
Ax 

( — )  <<  ]_  n  fixed,  convergence  is  verv  slow 
yM  lx  4  X 

as  •-!  *  (— )  .  Although  the  departure  limit 


'  1  is  no  longer  a  stability  limitation,  the 

condition  "  1  is  a  convergence  limit.  For 

7M 


-x  1 

coarser  grids,  e.g.,  - —  —  ,  convergence  is 

quite  rapid.  For  finer  grids,  SAR  or  multigrid 
acceleration  has  been  considered  [4,  5’,. 

The  outer  pressure  boundary  condition  must  be 
prescribed  at  a  location  beyond  the  extent  of  the 
interaction  zone  of  influence,  e.g.,  triple  deck. 

The  pressure  boundary  condition  can  be  fixed  during 
each  sweep  of  the  global  procedure.  This  value  will 
remain  unchanged  if  the  outer  boundary  is  suffi¬ 
ciently  far  from,  and  unaffected  by,  the  viscous 
interaction;  alternatively,  the  pressure  boundary 
condition  can  be  updated  prior  to  each  sweep  in 
order  to  account  for  viscous  displacement  effects. 

In  conformal  body  fitted  or  streamline  coordinates, 
this  should  be  unnecessary.  Unlike  interactive 
boundary  layer  theory ,  where  the  outer  pressure 
boundary  value  requires  a  local  interactive  treat¬ 
ment  in  order  to  circumvent  the  separation  point 
singularity,  a  fixed  outer  pressure  condition  is 
acceptable  with  the  PNS  formulation.  The  normal 
momentum  equation  reflects  the  outer  inviscid  or 
interactive  behavior  and  the  separation  singularity 
is  automatically  suppressed. 

To  summarize,  if  px  is  treated  explicitly  or 
central  differenced,  the  global  procedure  is 
unstable;  if  px  is  backward  differenced,  departure 
solutions  appear  for  Ax  -*  0.  With 

"forward”  differencing  all  iterative  procedures  are 
stable  and  the  global  marching  problem  is  well- 
posed. 


5.  Boundary  Conditions 


For  the  finite-difference  grids  of  Figures  1 
or  2  the  appropriate  boundary  conditions  are 
specified  as  follows  in  the  transformed  body  fitted 
coordinate  system: 


At  a  surface  y  =  0  ( j  =  0) ,  the  velocities 
u  =  v  =  0 ;  at  a  symmetry  line  y  =  0  (j  =  0) ,  the 
velocities  satisfy  u  =  v  =0. 

y 

At  the  outer  boundary  y  =  yM  ( j  *  M) ,  where  yM 

lies  outside  of  the  extent  of  the  interaction 
zone,  e.g.,  triple  deck,  d  =  p^,  u  =  um  and  a 
boundary  condition  on  v  is  not  required. 


At  the  inflow  boundary  x  =  0  (i  =  1), 

u  =  u(0,y),  and  v  (0,y)  =  0.  For  inviscid 
x 

regions,  where  u  =  u  ,  v  =  D  is  a  zero  vorticitv 

X3  * 

condition  and  for  viscous  reaions  v  -3  is 

x 

equivalent  to  a  boundary  layer  approximation. 

The  velocity  v  should  not  be  specified  at  the 
inflow.  This  leads  to  inviscid  vorticity  produc¬ 
tion  and  has  a  destabilizing  effect  on  the  global 
iteration  procedure.  The  flow  pressure  is  not 
prescribed  and  with  tne  formulation  of  Figure  2 
is  unknown  and  a  result  of  the  calculation 
orocedure . 


Finally,  the  only  boundary  condition  required 
at  the  outflow  is  the  pressure  cr  equivalent 
pressure  gradient.  This  of  course  reflects  tne 
elliptic  pressure  interaction. 


Solutions 


w  .  * 

t':: 

Five  model  problems  have  served  as  test  ;as»ij 
for  the  global  PNS  formulation  described  herein. 

For  each  geometry  there  is  a  region  of  strong  pres¬ 
sure  interaction  and  in  several  cases  axial  flow 
separation  occurs.  The  test  problems  include 
(1)  the  trailing  edge  of  a  flat  plate,  (2)  the 
Carter-Wornom  [121  trough,  (3)  a  boattail  configu¬ 
ration,  (4)  a  ^CA  0012  airfoil  at  zero  incidence 
(laminar) ,  and  (5)  the  MAC A  ))12  airfoil  at  zero 
incidence  (turbulent) . 

(i)  Trailing  Edge 

Solutions  for  the  trailing  edge  geometry  are 
given  in  figures  (4a, 4b).  The  agreement  with  the 
interacting  boundary  layer  results  of  [11]  are 
quite  good.  The  finest  grid  includes  (161 x  121) 
mesh  points  for  (x,y) ,  respectively.  The  coarsest 
grid  was  (41x121)  and  full  convergence  required 
only  several  global  iterations.  If  the  calculation 
was  run  on  the  finest  grid  alone,  convergence  was 
still  not  achieved  after  several  hundred  iterations. 
With  a  multigrid  technique  [4] ,  full  convergence 
to  0(10”4)  for  the  maximum  error  in  successive 
iterations  was  achieved  in  approximately  ten  to 
fifteen  global  iterations.  The  outer  boundary  yM 
was  chosen  to  lie  outside  the  triple  deck  extent*. 

If  y„  violated  this  condition,  the  calculation 

diverged.  The  calculation  was  relatively  insensi¬ 
tive  to  y^  when  this  condition  was  satisfied. 


1 


The  solutions  for  pressure  and  skin  friction, 
both  defined  with  triple  deck  normalization  (11] 

are  shown  for  Re  =  10 5 .  It  is  significant  that 
the  skin  friction  (velocity  profile)  is  relatively 
insensitive  to  the  grid  and  appears  to  be  quite 
acceptable  even  on  some  of  the  coarser  meshes. 

On  the  other  hand,  the  pressure  is  extremely  grid 
sensitive  and  requires  the  finest  mesh  in  order 
to  accurately  represent  the  triple  deck  interaction. 
With  the  difference  grid  of  Figure  1,  the  minimum 
pressure  occurs  one  grid  point  downstream  of  the 
trailing  edge.  With  the  grid  of  Figure  2  this 
pressure  value  is  correctly  obtained  at  the  trail¬ 
ing  edge. 

(ii)  Trough 

The  solutions  for  the  trough  geometry 
[yb<*>  =  :  sech  4  (x  -  2. 5)  ]  ,  (0<_x^°°)  are  shown  in 

Figures  (5a,  5b).  Values  of  •:  =  -0.015  (3.  4]  and 
=  -0,03  were  considered.  Only  the  latter  results 
are  presented  here.  Solutions  were  obtained  for 

Reynolds  numbers  up  to  Re  =  3.6  x  105.  Again,  the 
agreement  with  the  interacting  boundary  layer 
solutions  is  quite  good.  The  insensitivity  of  Cf 
and  the  sensitivity  of  p  to  the  grid  is  also 
evident  for  this  example.  As  the  Reynolds  number 
was  increased,  more  smoothing  was  required  on  the 
coarser  grids  in  order  to  achieve  convergence  to 
the  prescribed  tolerance.  The  outer  undisturbed 
pressure  boundary  condition  was  held  fixed  at 
7  -  ,'M  throughout  the  computation.  There  were  no 

difficulties  at  separation  or  reattachment  points. 

As  with  the  trailing  edge  problem,  full  convergence 
with  the  multi-grid  iteration  procedure  was 
achieved  in  ten  to  fifteen  global  iterations.  For 
the  finest  grid  (241 x  121)  mesh  points  were 
evaluated. 


Figure  4a.  Trailing  Edge  Pressure  Distributions 
PNS  Solver. 
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Figure  4b.  Trailing  Edge  Skin  Friction  Solutions 
PNS  Soiver. 
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Figure  5a.  Trough  Skin-Friction  Solutions 
PNS  Solver:  £  =  -0.03. 
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Fig.  5b.  Trough  Pressure  Solutions  PNS  Solver: 


(in)  Boattail 

Laminar  flow  solutions  for  the  boattail  geo¬ 
metry  of  Figure  6  are  shown  in  Figures  (7a,  7b,  7c). 
The  grid  is  generated  with  the  Schwarz-Chnstof f el 
mapping  routine  of  Davis  [13] .  These  results  are 
in  good  agreement  with  full  Navier-Stokes  solutions 
obtained  with  the  composite  (u,0,G)  equations  as 
reported  in  [3,  7],  For  Re  =  6000,  based  on 
maximum  radius,  with  a  juncture  angle  of  12  degrees 
a  sizable  separation  bubble  is  obtained.  All 
velocities  are  stored  in  the  recirculation  region. 
The  relaxation  process  is  slower  than  for  the 
trailing  edge  or  trough  geometries;  however,  con¬ 
vergence  to  lO-'*  for  the  maximum  error  in  pressure 
is  obtained  in  approximately  35  iterations .  As 
the  Reynolds  number  or  corner  angle  is  increased, 
the  rate  of  convergence  decreases  and  the  multi¬ 
grid  procedure  also  deteriorates.  Further  analysis 
of  this  behavior  is  required.  Some  improvement  has 
been  observed  with  the  source  correction  of  (5b) . 

Solutions  have  also  been  obtained  for  turbu¬ 
lent  flow  conditions.  The  Cebeci-Smith  two  layer 
viscosity  model  has  been  applied  to  close  the 
system.  Although  this  may  not  be  an  accurate 
approximation  in  the  recirculation  region,  it 
does  serve  to  give  a  qualitative  picture  of  the 
flow.  A  Reynolds  number  of  Re  =  5  x  10^  based  on 
maximum  body  radius  has  been  specified.  The 
effective  turbulent  Reynolds  number  is  of  course 
much  lower  and  the  separation  region  is  considerably 
smaller  than  that  obtained  for  the  laminar  flow 
at  Re  =  6000.  These  results  are  discussed  in 
greater  detail  and  figures  are  presented  in  [4] . 

(iv)  Airfoils:  laminar  and  turbulent 

The  flow  over  NACA  0012  and  12%  thick  Joukowski 
airfoils  has  been  evaluated  with  global  PNS 
relaxation.  Analytic  or  conformal  mapping  [13] 
is  used  to  generate  the  requisite  metric  functions 
for  the  system  (1) ,  Figure  8.  Solutions  have 
been  obtained  for  fully  laminar  conditions  for 
Re  =  2000  to  7500.  Recirculation  is  evident  for 
the  Joukowski  airfoils  for  Re  >  2000.  For  the 
NACA  0012  configuration,  separation  is  not  evident 
for  Re  <_  5000.  Typical  laminar  solutions  are 
shown  in  Figures  (9a,  9b) .  The  laminar  stagnation 
point  results  are  also  in  close  agreement  with  the 
familiar  Navier-Stokes  (boundary  layer)  values  [4] . 

Triple  deck  analyses  have  recently  been  pre¬ 
sented  for  separation  on  cusped  and  sharp  trailing 
edge  airfoils  (14,  15].  Estimates  of  incipient 
separation  as  a  function  of  Re  are  in  qualitative 
agreement  with  the  present  numerical  solutions, 
and  the  flow  behavior  near  the  wedge-like  trailing 
edge  is  also  reasonable,  see  Figure  10.  Further 
comparisons  are  given  in  [4] . 

Finally,  for  Re  =  5  x  10^,  transition  to 
turbulent  flow  conditions  is  assumed  at  x/c=0.32. 
The  two  layer  eddy  viscosity  model  should  be 
representative  of  the  turbulent  flow  behavior  as 
separation  does  not  occur  even  for  this  very  large 
value  of  Re  [16].  Comparisons  with  experimental 
results  and  earlier  calculations  116]  are  quite 
reasonable,  see  reference  [4]. 
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Figure  7a.  Soattail  (BETAC  =  15  Deg)  Laminar  Flow 


Figure  7c. 


Boattai 1  (BETAC  =  6  Deg)  Laminar  Flow 


Nummary 

A  global  or  relaxation  procedure  for  the  PNS 
system  of  equations  has  been  developed.  First  and 
second-order  accurate  formulations  have  been 
presented.  In  the  latter  case,  a  staggered  grid 
is  considered  and  the  unknown  pressure  is  evaluated 
one  grid  point  upstream  of  the  velocity.  In  the 
former  case,  a  forward  pressure  difference  is 
implied.  The  effective  difference  forms  of  the 
vorticitv  transport  and  poisson  pressure  equations 
have  been  derived  and  results  of  global  stability 
and  convergence  analyses  have  been  reported. 

Solutions  have  been  obtained  for  laminar  and 
turbulent  flows  where  strong  pressure  interaction 
and/or  axial  flow  separation  occurs.  The  full 
elliptic  pressure  interaction  is  accurately 
evaluated  and  with  the  local  pressure  interaction 
there  is  no  separation  singularity.  Procedures 
for  increasing  convergence  rates  have  been 
examined,  e.g.,  multi-grid;  however,  further 
analysis  is  still  necessary,  see  [41. 

Significantly,  the  differential  form  of  the 
poisson  pressure  equation  is  not  required  expli¬ 
citly  and  the  local  continuity  equation  is 
satisfied  exactly  at  all  points. 
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Air  Force  Wricnt  AeronauL  uj!  a  o'.itori 
Wright -Patterson  Air  Force  bast.  'hi-' 


Numerical  simulations  of  a  hypersonic  cruiser 
were  accomplished  bv  means  of  the  mass-averaged 
Navier-Stok.es  equations  at  a  nominal  Mach  number 
of  six  and  a  Reynolds  number  of  fifteen  million. 

The  computations  of  flow  at  the  zero  and  ten  degree 
angles  of  attack  were  performed  on  a  CRAY-1  com¬ 
puter  utilizing  a  grid  consisting  of  over  56,000 
points.  The  present  results  adopting  a  branch-cut 
mesh  system  yielded  superior  numerical  resolution 
over  the  previous  solution  using  a  v^ap-around 
grid  distribution.  Numerical  results  are  presented 
showing  the  detailed  flow  field  structure,  density 
and  vorticitv  distribution,  and  velocity  field. 

These  results  indicate  that  the  wing-fuselage  con¬ 
figuration  investigated  generates  an  unfavorable 
interference  factor.^' 

Nomenclature 

c  speed  of  sound 

Def  deformation  operator 

D  Van  Driest *s  damping  factor 

e  specific  internal  energy 

F,G,H  vector  fluxes 

J  Jacobian  of  coordinate  transformation 

L  length  scale  of  eddy  viscosity  model 

M  Mach  number 

n  outward  normal 

p  static  pressure 

Pr  Prandtl  number,  0.72 

Prt  turbulent  Prandtl  number,  0.9 

r  radius  of  ogive  forebodv,  0.598  cm 

Rev  Reynolds  number  based  on  running  length 

T  temperature 

t  t  ime 

U  dependent  variables  l’(o,ou,cv,ow,;e) 

u, v,w  velocity  components  in  Cartesian  frame 

x,y,2  coordinates  in  Cartesian  frame 

n  angle  of  attack 

i .  .  kronecker  delta 

eddy  viscosity  coefficient 

v, '', ;  transformed  coordinate 

molecular  viscosicv  coefficient 
dens i tv 
stress  tensor 
vorticitv  vector 

Subscrip  ts 

free  stream  condition 
o  stagnation  condition 

b  surface  condition 

I.  Introduction 

Aerodynamic  interference  around  the  juncture 
of  the  wing  and  fuselage  is  a  direct  consequence 
of  three-dimensional  inviscid  and  viscous  inter¬ 
action-  ’*- .  Until  the  early  seventies,  numerical 
analvses  for  wing-body  interference  were  exclusivelv 
restricted  to  small  disturbance  schemes  or  panel 
methods* In  this  mode  of  investigation,  numer¬ 
ical  analysis  was  used  as  an  extension  of  analytic 

*  Aerospace  Engineer 
**Tech  Manager 


research.  The  uniqueness  of  t..r-  >.jlution  was  ensured 
bv  imposing  certain  constraint  suer,  as  rhe  Hut*  a 
condition-.  The  achievement  was  verv  s  igni  f  icar.t , 
however  directly  usable  results  contained  ambigui¬ 
ties.  As  computat ional  aerodvnamics  made  substantial 
progress,  solutions  of  the  quasi-linear  potential 
equation"  and  Euler  equations  became  achievable'3  ’ r  * '  . 
The  most  recent  efforts  using  the  Euler  equations 
which  admit  vorticitv  probably  reflect  the  cur¬ 
rent  state-of -the-art  in  solution  development. 

However,  the  invisc id-viscous  interaction  around  the 
wing-fuselage  configuration  remain  unresolved. 

In  the  past  few  years,  numerical  simulations  of 
the  wing-body  combination  by  means  of  the  parabolized 
Navier-Stokes  and  the  mass-averaged  Navier-Stokes 
equations  were  attempted.  In  particular,  Ver.katapa thy , 
Rakich  and  Tannebill0  used  a  parabolized  Navier-Stokes 
code  to  calculate  the  supersonic,  viscous  laminar 
flow  around  the  space  shuttle  orbiter  forebody.  Their 
solution  contained-  the  complex  flow  structure  that 
developed  near  the  wing-bodv  region,  and  a  multi¬ 
vortex  pattern  was  observed.  On  the  other  hand,  the 
present  author  also  attempted  to  simulate  numerically 
the  flow  field  around  a  hypersonic  cruiser  by  means 
of  the  mass-averaged  Navier-Stokes  equations.  Both 
investigations  indicated  that  the  local  grid  system 
played  a  very  important  role  in  resolving  the  flow 
field  around  the  wing-body  juncture  In  that  the 
geometric  singularities  were  presented.  The  appro¬ 
priate  selection  of  the  coordinate  system  became 
critical.  The  main  thrust  of  the  current  effort  is 
to  explore  an  alternative  grid  system. 

The  investigated  wing- f uselage  configuration  is 
comprised  of  a  tangent-ogive  forebody  and  a  sharp 
leading  edge  delta  wing  with  a  sveepback  angle  of 
70°  (Figure  1).  The  geometric  singularities  at  the 
wing-fuselage  junctions  and  the  wing  tip  are  all 
curvature  induced,  being  consequence  of  joining 
piecewise  continuous  body  surfaces.  In  principle, 
the  homeomorphism  can  not  be  maintained  in  the 
coordinate  transformation  to  facilitate  the  com¬ 
putation.  In  the  early  effort,  a  wrap-around  coor¬ 
dinate  system  was  adopted  with  some  numerical  round¬ 
ing  of  the  sharp  edges.  Basically,  it  was  an  0-0 
type  grid  which  thus  offered  the  most  efficiency 
in  terms  of  computational  effort  for  a  given  resolu¬ 
tion1  -1.  However,  the  0-0  type  grid  around  the  wing 
tip  caused  serious  numerical  difficulties".  In  the 
present  analysis,  a  branch  cut  was  incorporated  for 
the  bodv-orier ted  coordinate  system.  The  mesh 
system  can  be  identified  as  the  H-H  type  (.Figure  2). 

The  branch  cut  is  performed  along  the  upper  and  the 
lower  wing  surface.  This  particularly  chosen  coor¬ 
dinate  system  essentially  eliminates  all  of  the 
geometric  singularities  of  wing-body  configuration 
for  the  present  numerical  simulation. 

Computations  were  performed  for  flow  fields 
around  a  hypersonic  cruise  vehicle  at  a  Mach  number 
of  6.2  and  a  Reynolds  number  of  11. o  mission.  'ne 
of  the  computations  was  conducted  for  the  flow 
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without  incidence.  The  other  was  performed  for  the 
oncoming  scream  with  a  ten  degree  angle  of  attack. 

The  present  numerical  effort  investigates  the  in¬ 
tricate  viscous-inviscid  interaction  around  Che 
wing-bodv  configuration.  More  importantly,  the 
presenc  analysis  attempcs  to  assess  the  feasibility 
of  obtaining  Che  numerical  predictions  of  flows 
around  a  three-dimensional  aircraft  configuration  by 
means  of  the  mass-averaged  Navier-Stokes  equations. 
Special  attention  is  focused  on  the  treatment  of 
the  geometrical  singularities  frequently  encountered 
in  aircraft  configurations.  Thus,  a  criterion  is 
established  for  the  choice  of  coordinates  for 
future  full-scale  aircraft  numerical  simulations. 
Numerical  results  are  first  verified  by  comparing 
with  both  che  static  and  the  impact  pressure  measure¬ 
ments  under  identical  freestream  conditions-  .  Then 
the  flow  field  structure  is  delineated  by  presenting 
the  density  contours,  the  cross  flow  velocity  dis¬ 
tribution,  and  the  screamwise  vorticity  formation. 

II.  Analysis 


Governing  Equations 

The  time  dependent,  three-dimensional  Navier- 
Stokes  equations  in  mass-averaged  variables  and  in 
the  transformed  space  (S,n,C)  can  be  given  as3 
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where  the  dependent  variables  are  l]  (p  ,ou,pv,pw,pe)  . 
The  system  is  in  the  so-called  chain  rule  conserva¬ 
tion  law  form11’12.  The  Navier-Stokes  equations  in 
this  particular  form  is  more  computationally  effi¬ 
cient  in  comparison  to  both  che  strong  and  the  weak 
conservative  forms12.  The  flux  vectors  F,  G,  and  H 
are  simply  the  Cartesian  components  of  the  contin¬ 
uity,  momentum,  and  energy  equations. 
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where,  the  component  of  shear  stress  is  defined  by 

1 (Def  u)ij-[j(_+t)(T>u)+p!cij  U) 

The  closure  of  the  system  of  equations  is  achieved 
by  introducing  the  Baldwin-Lomax  turbulence  model* - 
with  a  minor  modification  and  by  assigning  a  tur¬ 
bulent  Prandtl  number  of  0.9.  Specifically  the 
Baldwin-Lomax  turbulence  model  is  found  to  be  Mach 
number  sensitive1’’ .  A  constant  in  the  outer  layer 
is  altered  from  a  value  of  1.3  to  2.0.  The  new 
constant  (0.0336),  twice  the  magnitude  of  Clauser's 
constant  (0.0168),  has  been  selected  based  on  sev- 
everal  bench  mark  calculations  of  turbulent  flows 
over  a  flat  plate  at  supersonic  Mach  numbers.  For 
the  skin  friction  coefficient  prediction,  the  new 
constant  used  in  the  eddy  viscosity  model  results 
in  a  better  agreement  with  experimental  data.  The 
two-layer  eddy  viscosity  model  is  given  by 

Inner  region: 

t  =  p  (0 .4LD) 2  j u>  j  (4-D 

where  u  is  the  votricity  of  the  flow  field 


|  V  x  u 


(4-2) 


In  the  present  formulation,  the  Van  Driest  damping 
factor,  D  is  given  as 


D  -  1-exp  l-(^i)1'2  L/26] 


(4-3) 


For  the  present  analysis,  an  asymptotic  length 
scale  formula  developed  for  an  earlier  investigation 
of  a  three-dimensional  corner  configuration  is  adopt¬ 
ed  for  the  wing-fuselage  Juncture  region11: 


2  2  1  /7 

L  -  2vz/ [y+z+(x“>y  )  '  ] 


(4-4) 


Outer  region: 

The  outer  layer  is  basically  the  law  of  the 


wake  including  the  intermittency  correction  by 
Klebanoff13 . 


0.0336p  F  .  / [ 1+5 .5(0. 3L/L  o  )6] 
wake  max 


(4-5) 


The  associated  boundary  condition  for  the  pre¬ 
sent  investigation  are  straight  forward.  The  initial 
condition  is  assigned  the  freestream  value  for  the 
entire  computational  domain  excluding  only  the 
surface  nodes.  On  the  solid  body  contour,  the  no¬ 
slip  condition  for  velocity  components,  and  the 
isothermal  and  ortho-isobaric  conditions  are  imposed 
for  temperature  and  pressure  respectively.  Since 
the  attached  bow  shock  wave  isolates  the  interacting 
flow  domain,  the  upstream  and  far  field  conditions 
require  that  the  flow  remains  unperturbed.  For  the 
on-coming  stream  with  an  angle  of  attack,  the  ::  and 
y  component  of  velocity  assign  the  values  of 


u  cos  j.  and  u  sin  :i ,  resoectivelv ,  while  Che  z 

X>  00 

component  of  velocity  vanishes.  The  present 
analysis  takes  advantage  of  the  property  of  symmetry 
with  respect  to  the  y  axis  (Figure  -).  Only  a  half 
cross-flow  plane  is  evaluated  at  the  plane  of  sym¬ 
metry.  A  reflection  condition  is  applied  which 
insists  that  the  z  component  of  velocity  be  equal 
to  zero.  The  usual  no-change  condition  is  imposed 
at  the  far  downstream  boundary.  For  the  supersonic 
problem  this  boundary  condition  is  known  to  be 
well-posed  and  stable.  In  essence,  we  have 

Initial  condition 

U(0,€tn,O  =  L*w  (5-1) 

upstream  (£=0)  and  far  field  condition  (n*l) 

u(t,o,n,;)  =  l,;)  -  (5-2) 

on  solid  contour 

u,v,w  =  0  (5-3) 

T,  -  278°K  (5-4) 

b 

n  •  Vp  =  0 

where  n=»7(xb  ,zfe)  /  !  '  7(x^  ,yfe ,  zfe)  (5-5) 

svmmetrv  condition  (C*0,  ;*1) 


obvious  chat  the  demanding  numerical  resolution 
for  a  complex  three  dimensional  conf igurat ion  will 
require  the  grid  generation  and  the  solving  scheme 
to  be  tightly  integrated  in  the  future. 


The  necessarv  but  tedious  preparation  of  the 
mesh  point  distribution  for  the  rather  complex  wing- 
fuselage  configuration  is  provided  by  a  body-oriented 
homotopv  scheme  * ~ ° .  The  coordinate  system  is  con¬ 
structed  by  a  series  of  consecutive  axial  cross 
sections  unevenlv  spaced  to  achieve  optimal  numeri¬ 
cal  resolution.  In  each  cross-sectional  plane,  a 
two-dimensional  gria  svstem  is  established  between 

two  control  surfaces.  The  inner  surface  (Y.,Z.) 

l  l 

depicts  the  bodv  contour.  The  outer  surface  iY  ,Z  j 
is  chosen  to  represent  the  enveloping  shock  wave. 

The  field  points  are  generated  by  the  interpolation 
functions : 


Y-Y 
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ib-1) 


“Z 

o  k  . 
e  -1 


tb-2 
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-  0  ,  w  -  0  (5-6) 

downstream  condition  (;•!) 


Coordinate  Svstem  and  Grid  Generation 

For  the  present  investigation,  in  spite  of  the 
highly  swept  wing  the  leading  edge  is  still  super¬ 
sonic.  Thus  numerically  rounding  the  wing  tip  will 
alter  the  shock  structure  from  an  attached  shock 
wave  to  a  bow  shock  wave9.  Meanwhile,  the  rapid 
metric  variations  around  the  wing  tip  cannot  be 
eliminated  completely.  A  better  choice  of  coordinate 
systems  becomes  necessary.  A  new  coordinate  system 
with  a  branch  cut  along  the  wing  surface  may 
alleviate  the  difficulty.  Particularly,  in  view  of 
the  fact  that  the  leading  edge  of  the  wing  in  the 
limit  sharpens  to  a  cusp,  the  coordinate  system  with 
a  branch  cut  can  describe  this  unique  characteristic 
easily.  In  essence,  branch  cuts  are  performed  along 
the  upper  and  lower  wing  surfaces  and  the  cuts  are 
extended  to  the  outer  boundary  of  the  mesh  system 
(Figure  3).  The  branch  cuts  are  defined  by  constant 
values  of  the  transformed  coordinate  ;.  The  spacing 
between  the  cuts  also  represents  the  finest  in  the 
present  calculations  (DYmin  *  0.00012  cm).  The  wing 
tip  then  is  defined  by  the  surface  nodes  and  the  im¬ 
mediately  adjacent  nodes  upstream  of  the  leading 
edge.  Basically,  the  branch  cuts  remove  all  the 
geometric  singularities  at  the  wing  tip  and  wing- 
fuselage  junctures.  This  observation  Is  made  ob¬ 
vious  in  Figure  4  The  normalized  metric  value  of 
"v  -S  given  along  a  distance,  s  originating  from 

tne  upper  wing  root  to  the  wing  tip  and  terminating 
at  the  lower  wing  root.  The  maximum  value  of 

for  the  wrap-around  grid  Is  already  restrained  bv 
the  numerically  rounding  of  the  wing  tip.  One  notes 
a  Jump  in  the  metric  variation  at  the  wing  tip, 
where  the  numerical  errors  were  overwhelming,  On 
the  other  hand,  Che  same  transformation  derivation 
of  the  branch-cut  system  is  well  behavior.  It  is 


Since  the  rather  -complex  three-dimensional  body  con¬ 
sists  of  two  distinct  geometric  formations,  the  in¬ 
verted  wedge  wing  and  the  ogive  forebodv,  the 
orthogonal i tv  of  coordinates  is  not  enforced.  How¬ 
ever,  along  the  branch  cut  the  coordinate  is  merely 
a  mild  deviation  from  the  Cartesian  frame.  The 
single  homotopv  scheme  is  extremely  efficient. 

Crid  svstems  of  31x30x61  ->oints  have  been  generated 
and  evaluated  on  a  RAY-1  computer  in  less  than  two 
seconds,  -ince  Ac  coordinates  X.Y.Z  are  generated, 
the  derivatives  of  coordinate  transformation  can  be 
evaluated  through  the  .'acobian  and  it's  inverse. 


III.  Solving  Scheme  and  Numerical  Procedure 


Maccormack ' s •  explicit  and  unsplit  algorithm 
is  utilized  in  the  present  studv  to  reduce  the 
number  of  accessions  M  main  memory,  thereby  de¬ 
veloping  an  efficient  data  flow  of  the  coding  for 
a  vector  processor  (CRAY-1).  For  a  3-D  factored 
scheme,  a  field  point  requires  f’ve  accessions  of 
main  memory  in  order  to  advance  one  time  step  in 
either  the  predictor  or  corrector  sweep: 


tn+1*L.(At/2)L  (lt/2)L.(.t,L  Ct/2)L.  (4t/2)l'n 

(2-1) 

However,  the  unsplit  algorithm  requires  only  one 
accession  of  main  memory  to  acquire  tne  same  end 
result : 


Un+1  =  (L.(it)  +  Ljlti  -s  L .  ( 1 1 )  ]  L' n  (7-2) 


In  the  CRAY-1  computer,  which  operates  on  a  single 
memory  path,  saving  on  meraorv  loading  is  substantial. 
The  present  effort  indicates  that  the  achievable 
data  processing  rate  is  1.9x10  tsec/grid  points/ 
time  step)  at  a  maximum  vector  length  of  ol.  In 
comparison  with  an  earlier  effort* the  current 
development  achieves  a  tventv  percent  improvement  in 
the  data  processing  rate.  Vector  processors  sue: 
as  the  CRAY-1  and  CYBER  203  make  the  reliaoLe  nut 
conditionally  stable  MacCormack's  explicit  metr.ou 
attractive.  The  detailed  computer  code  struct. rw, 
the  numerical  efficiency,  and  the  numerical  -amriuc 
procedure  have  been  described  in  Reference  Iv,  jni 
therefore,  will  not  be  reneatec  '.ere. 
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The  solution  is  considered  to  be  converged 
when  the  wing  surface  pressure  variation  is  less 
than  two  percent  over  one  half  of  an  elapsed  char¬ 
acteristic  time  (U  /L).  A  total  of  1.4  hours  of 
CRAY-1  computer  time  was  required  to  meet  the 
aforementioned  criterion  for  i*0.  At  the  10°  angle 
of  attack,  the  viscous  effects  become  dominant  as 
the  inviscid-viscous  interaction  intensified.  A 
significant  reduction  in  allowable  time  step  forces 
additional  iterations  to  be  performed  to  meet  the 
convergence  criterion.  However,  for  the  10°  angle 
of  attack  case,  the  initial  condition  is  the  con¬ 
verged  case  for  a*0.  In  this  manner  the  10°  case 
required  only  40'£  more  total  computing  time  to 
reach  the  steady  asvmpotic  state. 

IV.  Discussion  of  Results 

The  present  results  are  given  in  two  groups. 

In  the  first  group  of  results,  the  numerical  solu¬ 
tions  are  presented  and  compared  with  experimental 
data  under  identical  flow  conditions.  The  rest 
of  the  discussion  concentrates  on  the  delineation 
of  the  detailed  flow  structure  around  the  wing- 
fuselage  configuration  at  10  degree  angle  of  attack. 

The  comparison  of  static  pressure  distributions 
around  the  wing-bodv  combination  either  for  the 
zero  degree  angle  of  attack  or  the  10  degree  angle 
of  attack  with  the  experimental  data  of  reference 
6  agrees  very  well.  Except  phase  for  the  known 
cause  of  misaligned  of  the  pressure  probe,  the 
maximum  discrepancy  between  data6  and  calculations 
is  confined  within  a  few  percent10.  All  essential 
features  including  the  pressure  jump  across  the  bow 
shock  are  faithfully  duplicated. 

In  Figure  5,  comparisons  of  pitot  pressure 
distributions  with  data  are  presented.  The  pitot 
pressure  is  normalized  with  the  freestream  stagna¬ 
tion  pressure  pt^  (4 . 1368xl02KPA) ,  Thus  the  norm¬ 
alized  pitot  pressure  attains  a  value  of  0.027  in 
the  freestream.  The  overall  comparison  of  the 
data6  with  the  present  result  is  reasonable.  The 
maximum  discrepancy  between  data  and  present  results 
is  around  fourteen  percent  (mostly  in  the  region 
bounded  by  the  upper  wing  surface  and  fuselage). 

The  experimental  measurements  revealed  a  much  strong¬ 
er  expansion  inboard  of  the  wing  tip  than  computa¬ 
tions  including  the  inviscid  results6  for  the  same 
configuration.  Misalignment  of  the  probe  or  model 
could  account  for  some  of  this  discrepancy.  How¬ 
ever,  both  the  data  and  numerical  results  indicate 
a  larger  stagnated  region  in  the  upper  wing-fuselage 
juncture  (v/r>0,  z/r=l)  than  the  lower  juncture 
(v/irO,  z/r*l).  A  rapid  expansion  jet-like  zone  at 
the  lower  wing  tip  is  also  indicated. 

In  Figure  6,  the  comparison  of  total  pressure 
profiles  at  the  10°  angle  of  attack  is  presented. 

The  pitot  pressure  probe  is  known  to  be  relatively 
insensitive  to  the  probe  alignment  with  the  flow. 
Excellent  agreement  between  data  and  present  re¬ 
sults  Is  clearly  evident.  Except  perhaps  in  the 
shock  envelope  region,  the  deviation  between  data 
and  present  results  is  about  the  range  of  the  data 
scattering.  In  short,  the  specific  comparisons  of 
static  pressure  distributions  and  pitot  pressure 
profiles  indicate  that  the  nresent  results  duplicate 
nearly  all  the  experimental  measurements. 

.he  static  pressure  distributions  over  the 
entire  span  or  the  wing  surface  at  the  zero  and  ten 


degree  angle  of  attack  are  presented  in  Figure  7. 
Numerical  predictions  at  the  wing  tip  and  the  meri¬ 
dian  plane  of  fuselage  agree  very  well  with  the 
inviscid  asymptotes.  For  the  flow  without  incidence, 
the  upper  surface  pressure  maintains  the  freestream 
value  until  about  0.8  of  the  wing  span  then  increases 
its  value  toward  the  wing-tip.  This  pressure  rise 
is  influenced  by  the  higher  pressure  level  beneath 
the  wing  through  the  thin  shear  layer  over  the  sharp 
leading  edge.  For  the  lower  wing  surface  a  contin¬ 
uous  compression  toward  the  wing  tip  originates  at 
about  0.7  of  the  wing  span.  In  the  lower  wing  tip 
region,  the  surface  pressure  attains  the  value  equal 
to  the  oblique  shock  of  three  degree  flow  deflection. 
At  10°  angle  of  attack,  the  pressure  distributions 
over  the  wing  exhibit  a  similar  behavior.  The  only 
difference  is  that  at  the  higher  angle  of  attack,  the 
windward  surface  pressure  distribution  reveals  three 
plateaus.  The  lowest  pressure  plateau  is  in  the 
wing-body  juncture,  then  compresses  rapidly  until  the 
mid-span  to  reach  the  second  pressure  plateau  and  a 
final  compression  toward  the  wing  tip.  In  the  wind¬ 
ward  leading  edge  domain,  the  surface  pressure 
corresponds  to  the  oblique  shock  value  of  13°  flow 
deflection.  It  is  clear  that  the  windward  surface 
pressure  of  the  wing  body  is  always  lower  than  the 
value  if  the  wing-were  exhibited  alone.  The  cross 
feeding  over  the  wing  leading  edge  through  the  thin 
shear  layer  between  leeward  and  windward  surface  and 
the  expansion  from  wing  tip  to  wing  root  over  the 
windward  wing  reduces  substantially  the  lift  generat¬ 
ed  by  the  wing. 

In  Figure  8,  the  circumferential  surface  pres¬ 
sures  of  the  wing-body  combination  are  presented. 

In  addition  the  circumferential  surface  pressure 
over  cylindrical  forebody  is  also  depicted  here  for 
reference  purposes.  This  particular  cross  flow 
plane  is  in  the  intermediate  streamwise  location  be¬ 
tween  the  ogive  forebody  and  the  plane  which  the 
wing  is  first  merged  with  the  fuselage.  The  cir¬ 
cumferential  pressure  is  similar  to  the  pressure 
distribution  over  a  circular  cone  at  angle  of 
attack20.  For  all  the  cases  considered,  the  aero¬ 
dynamic  interference  in  terms  of  pressure  is  un¬ 
favorable;  the  leeward  pressure  is  higher  and 
the  windward  pressure  is  lower  than  the  forebody 
alone.  Favorable  interference  is  noted  in  both  the 
leeward  and  windward  wing-body  junctures.  However, 
the  total  contribution  to  the  lift  is  small.  There¬ 
fore,  the  present  result  at  a  Mach  number  of  six 
shows  an  unfavorable  aerodynamic  interference  for 
the  delta-wedge  wing  and  ogive  cylindrical  fuselage. 
The  conclusion  is  consistent  to  the  experimental 
observations  that  the  compressibility  effect  and 
angle  of  attack  reduce  the  wing-bodv  interference 
factor  from  favorable  to  adverse^  * .  For  the 
cases  investigated,  the  wing-bodv  interference  factor 
decreases  from  the  value  of  0.64  at  zero  angle  of 
attack  to  the  value  of  0.60  for  angle  of  attack 
equal  to  ten  degrees. 

In  order  to  cescribe  the  kinematic  structure 
of  the  flow  ovc.  the  wing-fuselage  at  10°  angle  of 
attack,  two  cross  flow  patterns  depicted  W  and  V 
velocity  components  are  given  in  Figures  9  and  10. 

In  Figure  9.  the  vortical  singularity  lift  off  and 
the  flow  separation  over  the  leeward  side  of  the 
forebodv  are  clearly  demonstrated.  The  line  of 
flow  separation  is  at  a  pheripheral  location  of 
d*150°,  which  is  in  perfect  agreement  with  experi¬ 
mental  observation’-.  In  Figure  10,  the  cross  flow 


velocitv  distribution  over  :he  wing-body  combination 
is  given.  The  flow  separation  in  the  windward 
junction  of  the  wing  and  fuselage  is  clearly  indicat¬ 
ed.  Along  the  windward  wing  and  outboard  of  the 
reattachment,  a  jet-like  stream  is  observed.  The 
presence  of  a  leading  edge  shock  wave  is  also  made 
evident  by  the  abrupt  change  in  orientation  of  the 
cross  flow  velocity.  Since  the  leading  edge  is 
supersonic,  the  shock  wave  is  attached  to  the  lead¬ 
ing  edge.  No  significant  upwash  around  the  wing 
tip  is  detected.  Over  the  leeward  wing-fuselage 
juncture,  the  recirculated  separated  flow  is  easily 
detectable.  The  stream  lift  off  over  the  leeward 
wing  surface  is  also  obvious.  This  phenomenon  is 
faithfully  depicted  around  the  0.8  of  the  span  of 
wing.  From  the  cross  flow  velocity  component,  it 
is  easily  deduced  that  a  multiple  vortex  structure 
exists  in  the  cross  flow  plane  with  strong  concen¬ 
trations  at  both  the  windward  and  leeward  wing-body 
junctures,  the  leeward  midspan  of  the  wing  and 
over  the  leeward  fuselage.  All  of  these  observations 
can  be  confirmed  by  the  computed  vorticitv  distribu¬ 
tions  at  the  aforementioned  streamwise  locations 
(Figures  11  and  12). 

In  Figure  13,  the  leeward  surface  shear  dis¬ 
tribution  is  depicted  and  the  windward  surface  re¬ 
sult  is  presented  in  Figure  14.  According  to  the 
limiting  streamline  concept2^,  the  separation  is  a 
locus  of  the  intersection  of  a  family  of  limiting 
streamline.  For  three  dimensional  flow  separation, 
the  convergence  of  the  limiting  streamline  repre¬ 
sents  separation.  Then  it  is  clearly  indicated 
that  the  flow  separated  from  the  leeward  fuselage 
near  the  meridian  plane,  the  wing-fuselage  junc¬ 
ture,  and  the  outboard  leeward  wing  surface. 

Secondary  features  of  the  shear  distribution  ad¬ 
jacent  to  the  location  where  the  wing  first  emerges 
from  the  fuselage  on  the  fuselage  surface  also  are 
detectable.  However,  no  experimental  data  are 
available  to  make  a  convincing  comparative  study. 

On  the  windward  surface.  Figure  14,  the  surface 
shear  structure  is  easier  to  understand.  The  flow 
separates  along  the  wind-body  juncture  and  reattaches 
outboard  of  the  wing  root.  Outwash  around  the 
fuselage  due  to  the  angle  of  attack  is  also  clearly 
discernible . 

In  the  final  figure,  density  contours  ranging 
from  the  ogive  forebody  to  the  wing-bodv  combina¬ 
tion  are  selectively  presented  in  Figure  15.  Two 
features  standout  in  this  figure,  namely,  the  growth 
of  the  enveloping  bow  shock  wave  and  the  distortion 
of  the  bow  shock  due  to  the  wing.  The  density 
contours  upstream  of  wing  bear  the  strong  resemblance 
to  that  of  conical  flow  at  an  angle  of  attack*-.  The 
windward  bow  shock  dominates,  Chen  the  flow  expands 
rapidly  leeward  into  Che  aerodynamic  shadow.  As 
soon  as  the  wing  merges  from  the  fuselage  the  lead¬ 
ing  edge  shock  appears  in  the  windward  domain  and 
overwhelms  all  ocher  features  of  the  flow. 


Concluding 


The  numerical  simulations  of  a  hypersonic 
cruiser  were  accomplished  for  the  flow  without  in¬ 
cidence  and  at  ten  degree  angle  of  attack.  The 
aerodynamic  interference  of  the  ogive  cylindrical 
fuselage  and  che  inverted  wedge  delta  wing  was  found 
to  be  unfavorable. 


The  selection  of  a  coordinate  svstem  for  a 
configuration  containing  .^metric  singularities  is 


demonstrated  to  be  critical.  The  use  of  a  "branch 
cut"  was  found  to  greatly  decrease  numerical  diffi¬ 
culties.  Therefore,  the  grid  generation  and  the 
solving  procedure  can  not  be  treated  as  separate 
issues.  In  our  pursuit  to  simulate  the  full-scale 
aircraft  by  means  of  segmented  or  patched  computa¬ 
tional  domains  this  finding  is  of  vital  importance. 
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f'UflERICAL  SOLUTIONS  OF  SPATI ALLY-PERIODIC  BOUNDARY  LAYERS 


0.  R.  Burggraf 
The  Ohio  State  University 
Columbus,  Ohio 

Abstract 


Spatially  periodic  viscous  flows  have  a  number 
of  diverse  applications,  among  which  may  be  men¬ 
tioned  use  as  a  model  for  the  recirculating  eddy 
in  a  separated  flow,  periodic  surface  roughness  in 
transition  studies,  and  as  a  device  to  oxygenate 
blood  in  open-heart  surgery.  Batchelor  (1956) 
considered  a  circular  eddy  in  his  work  on  the 
structure  of  steady  recirculating  flows.  More 
recently  Van  Dyke  (1981)  attacked  this  problem  by 
the  method  of  series  truncation.  The  present 
author  (1966)  studied  the  same  problem  by  an  Oseen- 
like  linearization,  and  also  considered  the  flow 
in  a  square  cavity  with  a  sliding  lid.  An  intrig¬ 
uing  aspect  of  the  problem  is  that  the  vorticity 
of  the  inviscid  core  is  an  eigenvalue  that  is 
determined  by  the  periodicity  condition. 


In  the  present  study  the  nonlinear  boundary- 
layer  equations  are  solved  by  marching  forward 
from  an  arbitrarily  chosen  initial  state  with  an 
assumed  value  of  the  core  vorticity.  For  each 
sweep  around  the  fluid  circuit  the  change  of 
momentum  thickness  9  (or  other  thickness  scale) 
varies  asymptotically  as  M'/’,  where  N  is  the 


number  of  sweeps.  The  correct  value  of  core  vor- 
ticitv  for  a  periodic  flow  divides  the  cases  for 
which  9  increases  from  those  for  which  it 
decreases  (algebraically).  The  asymptotic  state 
is  achieved  for  N  of  the  order  of  nine  to  sixteen 
sweeps.  For  noncircular  configurations,  the  march¬ 
ing  method  breaks  down,  either  due  to  the  separa¬ 
tion-point  singularity,  or  through  instability  at 
corner  points  if  the  pressure  gradient  is  too  weak 
to  produce  separation.  In  either  case,  viscous 
interaction  with  the  inviscid  core  is  required  to 
smooth  out  the  singularity. 

The  same  problem  has  been  formulated  spec¬ 
trally,  in  terms  of  Fourier  series  in  the  main- 
flow  direction.  This  approach  guarantees  periodic¬ 
ity,  and  it  has  been  shown  previously  that  the 
spectral  method  handles  separation  without  diffi¬ 
culty.  The  core-vorticity  eigenvalue  is  a  novel 
feature  here;  it  is  treated  by  an  iterative  pro¬ 
cedure.  Results  of  the  spectral  and  marching 
methods  with  be  compared  for  the  circular  eddy  and 
for  the  unseparated  noncircular  cases.  In  addi¬ 
tion,  spectral  results  will  be  presented  for  a 
polygonal  eddy  with  flow  separation  in  the  corners. 


ASYMPTOTIC  THEORY  OF  TURBULENT  HALL  JETS 


R.  E.  Melnik  and  A.  Rube! 
Research  &  Development  Center 
Grupman  Aerospace  Corporation 
Bethpage,  New  York 

Abstract 


This  paper  presents  a  systematic  analysis  of 
two-dimensional  turbulent  wall  jets  using  the 
method  of  matched  asymptotic  expansions.  The 
expansions  are  carried  out  in  terms  of  two  basic 
parameters  -  one  the  usual  Reynolds  number.  Re, 
that  is  taken  to  be  large  and  the  other  a  small 
parameter,  0,  that  is  related  to  the  statistical 
aspects  of  turbulent  flows.  The  latter  parameter 
scales  the  turbulence  levels  in  free  turbulent 
flows  such  as  jets  and  mixing  layers  which  are 
essentially  independent  of  Re.  The  0  parameter 
is  a  basic  turbulence  parameter  that  governs  the 
spreading  rate  of  such  flows.  The  present  work  is 
based  on  a  two-equation  (k-e)  turbulence  model, 
in  which  the  turbulence  parameter,  0,  can  be 
identified  with  the  model  constant  Cv  appear¬ 


ing  in  the  turbulent  viscosity  law.  The  asymptotic 
theory  for  the  k-e  model  leads  to  a  four-layer 
description  of  wall  jets.  A  number  of  ad-hoc  the¬ 
oretical  models  prevously  developed  have  employed 
a  two-layer  description  of  the  turbulent  wall  jet 
consisting  of  an  outer  free  jet  patched  to  an  inner 
wall  layer.  Although  the  outer  region  of  the 
present  theory  bears  some  relation  to  a  free  jet, 
there  are  very  important  differences.  The  influ¬ 
ence  of  the  wall  boundary  conditions  on  the  turbu¬ 
lent  energy  and  dissipation  extends  across  the 
entire  outer  region  and  acts  to  significantly 
reduce  the  spreading  rate  below  that  of  free  jets. 
Our  work  indicates  that  this  effect  accounts  for 
much  of  the  reduced  spreading  rates  observed  for 
wall  jets  compared  to  free  flows. 


ON  the  COUPLING  OF  ROUNDARY  LAYER  AND  EULER  EOllATTON  SOLUTIONS 

Earll  M.  Murman  and  Thomas  R.A.  Fussing 
nopartnent  of  Aeronautics  and  Astronautics 
‘■assachusetts  institute  of  Technology 
Cambridge,  Massachusetts 

Abstract 


The  coupling  of  boundary-layer  solutions  to 
potential-flow  calculations  is  relatively  well 
developed  and  has  been  called  Interacting  Boundary- 
Layer  Theory  (IBLT)  by  Melnik  (ref.  1).  The 
boundary  layer  and  inviscid  potential  flow  are 
coupled  using  displacement  thickness  concepts. 
Rather  than  use  the  classical  approach  of  modify¬ 
ing  the  body  shape  by  adding  the  displacement 
thickness,  Lighthill's  (ref.  2)  transpiration 
boundary  condition  oVn  =  d  (o  lls<*;*) /dS  is 
applied  on  the  body  surface.  The  potential  flovi 
is  solved  iteratively  with  boundary-layer  calcula¬ 
tions  being  done  at  intermediate  stages  of  tho 
calculation.  Thus  the  converged  result  is  a 
solution  of  both  sets  of  equations.  For  unsepa- 
-ated  flows,  direct  solutions  of  the  boundary  layer 
ire  done  (ref.  1)  while  for  separated  flows, 
inverse  solutions  (e.g.  refs.  3-5)  are  required. 

The  coupling  of  boundary-layer  solutions  to 
solutions  of  the  Euler  equations  is  of  increasing 
interest  due  to  the  rapid  development  of  efficient 
and  practical  algorithms  for  the  Euler  equations 
(e.g.  refs.  6-8).  However,  the  correct  coupling 
conditions  for  the  inviscid  and  viscous  flow  are 
not  as  well  understood  as  the  classical  Lighthi 1 1 
(ref.  2)  conditions  which  are  restricted  to  poten¬ 
tial  flow.  The  key  difference  is  that  potential 
flow  just  solves  the  continuity  equation  so  that 
coupling  only  involves  the  displacement  thickness. 
The  Euler  equations,  however,  require  the  solution 
of  the  continuity,  momentum,  and  (usually)  energy 
equations,  and  coupling  must  involve  displacement, 
momentum,  energy,  and  other  thickness  parameters. 
Tius  the  transpiration  boundary  condition  must  be 
expanded  to  include  momentum  and  energy  sources  on 
the  body  together  with  mass  sources. 

The  present  authors  derived  these  matching 
relationships  for  an  internal  flow  configuration 


where  the  inviscid  flow  is  being  treated  as  one¬ 
dimensional.  The  attached  figure  shows  a  calcula¬ 
tion  for  a  diverging  duct  with  a  turbulent  bound¬ 
ary  layer.  The  figure  shows  that  if  only  the  dis¬ 
placement  thickness  effects  are  added,  the  results 
are  substantially  different  from  the  complete 
matching  of  the  viscous  flow.  Independent  of  the 
present  investigation,  Johnston  and  Sockel  (ref. 
9)  developed  an  equivalent  analysis  of  the  match¬ 
ing  conditions.  This  paper  will  present  the  coup¬ 
ling  theory  and  example  calculation  to  illustrate 
the  effects  of  the  various  terms. 

This  work  is  being  supported  by  NASA  Grant 
NAC-1-229. 
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INTERACTIVE  SEPARATION  FROM  A  FIXED  WALL* 

L.  L.  van  Dommelen  and  S.  F.  Shen 

Sibley  School  of  Mechanical  and  Aerospace  Engineering 
Cornell  University,  Ithaca,  NY  14853 


Abstract 


Numerically  a  solution  is  sought  to  describe 
the  separation  process  from  a  fixed  wall  in  the 
interaction  region.  Introduction  of  an  analytical 
flow  velocity  in  the  external  flow  insures  contin¬ 
uity,  irrotatlonality  and  the  correct  asymptotic 
behaviour.  In  the  boundary  layer  flow  region,  a 
fir.ice  difference  procedure  is  employed.  Thispro- 
cedure  solves  diffusion  of  vortlcity  racher  than 
of  momentum.  It  retains  the  full  boundary  layer 
equation  in  the  region  of  reversed  flow.  The 
entire  boundary  layer  flow  region  is  mapped  onto  a 
finite  computational  domain  in  order  to  eliminate 
artificial  cut-offs.  Interactively , the  external 
and  boundary  layer  flows  mist  agree  on  both  bound¬ 
ary  layer  pressure  distribution  and  displacement 
effects.  This  agreement  is  here  achieved  by  least 
square  minimization  of  the  differences.  Prelimin¬ 
ary  results  seem  a  significant  step  forward  for 
both  accuracy  and  congjutational  efficiency  and 
flexibility.  But  though  the  boundary  layer  flow 
results  do  emhend  further  downstream  than  previous 
work  by  a  fajctor  of  two,  the  objective  of  a  solu¬ 
tion  extending  all  the  way  downstream  to  infinity 
has  not  yet  been  met.  In  contrast,  far  upstream 
the  scheme  perform!  excellently . 

Setting  the  Stage 


particles  near  the  wall  simply  do  not  have  the 
kinetic  energy  to  penetrate  such  an  adverse  pres 
sure  gradient.  They  would  come  to  a  stop  and  the 
existence  of  the  boundary  layer  flow  should  be  ex¬ 
pected  to  terminate  in  a  Goldstein2  singularity 
well  upstream  of  the  separation  point. 


And  if  separation  would  Indeed  occur  at  a  lo¬ 
cation  k  *  0  where  the  square  root  external  flow 
singularity  just  happens  to  vanish,  the  pressure 
gradient  would  be  favourable  in  the  boundary  layer 
upstream  of  separation1.  Then  the  boundary  layer 
particles  would  reach  the  separation  point  with 
too  much  velocity  to  allow  their  path  to  deflect 
significantly  away  from  the  wall.  At  least  some 
retardation  of  the  boundary  layer  particles  near 
the  wall  is  necessary  for  them  to  cause  a  signifi¬ 
cant  deflection  of  the  boundary  layer  away  from 
the  wall. 


To  resolve  this  difficulty,  Sychev3  adopted 
the  hypothesis  that  the  actual  location  of  the 
separation  point  would  depend  on  the  Reynolds  num¬ 
ber.  It  would  be  close  to  the  location  of  vanish¬ 
ing  k  on  account  of  the  small  kinetic  energy  of 
the  boundary  layer  particles  near  the  wall,  but 
still  at  positive  k  in  order  for  an  adverse  pres¬ 
sure  gradient  to  be  present  to  retard  these  parti¬ 
cles.  His  estimates  led  to  the  postulate  that 


To  explain  why  the  fluid  dynamic  drag  does 
not  appear  to  vanish  when  the  coefficient  of  vis¬ 
cosity  does,  the  lnviscid  theory  requires 
Kirchhoff  free  vortex  sheets.  Physically,  these 
free  vortex  sheets  ought  to  correspond  to  Che 
boundary  layer  which  has  lifted  off  from  the  wall. 

But  up  to  a  decade  ago  there  was  no  known 
mechanics  for  the  boundary  layer  to  lift  off  from 
the  wall.  A  difficulty  was  the  square  root  singu¬ 
larity  in  the  outer  flow  at  a  posicion  of  lift 
off1: 

U  -  1  v  .  Uj  -  1  k  [z  -  xg] 
z  5  x  +  1  y  (I) 


k 


Re 


-1/16 


K 


where  K  would  be  a  constant  for  which  the  value 
remained  unknown. 

The  pressure  gradient  in  the  boundary  layer 
upstream  of  separation  would  then  be  favorable  for 
the  major  part;  approximately  the  one  which  occurs 
when  separation  is  exactly  located  at  the  position 
of  vanishing  k.  Only  relatively  close  to  the  sep¬ 
aration  point  would  the  non-zero  value  of  k  become 
evident.  For,  the  singular  behaviour  of  the 
square  root  singularity  Eq .  (2)  must  eventually 
always  dominate  che  pressure  gradient  and  turn  it 
adverse. 


with  x  the  coordinate  along  the  wall  and  y  the 
distance  from  the  wall;  "k"  is  a  constant  depend¬ 
ing  on  the  location  of  the  separation  point.  For 
a  circular  cylinder,  k  vanishes  when  separation  is 
located  55  degrees  from  the  forward  stagnation 
point  and  '<  la  positive  if  it  is  located  further 
downstream. 

If  k  does  not  vanish,  it  lng>lies  on  account 
of  the  Bernoulli  law  a  severe  adverse  pressure 
gradient  in  the  boundary  layer  immediately  up¬ 
stream  of  separation: 

p  ps  -  o  us  k  ;Xs  -  x;1/2  (x  ♦  *s>  (2) 

By  integrating  the  momenta  equation  in  Von  Mises 
variables,  It  may  be  shown  that  the  boundary  layer 

‘This  paper  is  dedicated  to  Professor  W.R,  Sears 
for  his  70th  birthday. 


Thus  there  would  be  only  a  relatively  short 
part  of  the  boundary  layer  in  which  the  pressure 
gradient  is  adverse.  As  a  consequence  of  this 
short  length  scale,  diffusion  effects  in  the  re¬ 
tardation  of  the  boundary  layer  particles  would 
remain  restricted  to  a  thin  sublayer  of  boundary 
layer  particles  close  to  the  wall.  Except  in  this 
"lower  deck"  close  to  the  wall,  all  boundary  layer 
particles  retain  their  vortlcity  throughout  the 
separation  process. 

It  follows  that  coming  out  of  the  lower  deck, 
the  boundary  layer  particles  still  have  the  same 
vortlcity  they  had  near  the  wall  before  the 
pressure  gradient  turned  adverse: 


if  Tq  denotes  the  value  of  the  wall  vortlcity  at 


1 


Here  capitals  refer  to  Che  external  flow  and 
itaLics  to  the  boundary  layer  flow. 


the  Location  of  vanishing  pressure  gradient. 
Equivalently,  It  is  the  wall  shear  at  this 
location,  for  in  boundary  layer  approximation 
shear  and  vorticity  are  proportional. 

Within  the  lower  deck,  pressure  retardation 
and  diffusion  effects  work  together  to  give  a 
rapid  fall  off  of  the  vorticity  from  its  starting 
value  Ty  .  It  is  the  expression 

v/u  =  -  ;  [  w  dy 2  /  J  dy  , 

as  found  from  continuity  and  the  definition  of  the 
boundary  layer  vorticity,  which  relates  this  rapid 
vorticity  fall  off  to  significant  deflection  of 
the  boundary  layer  streamlines  away  from  the  wall. 

The  square  root  singularity  above  the  separa¬ 
tion  point  occurring  in  the  Kirchhoff  description 
of  the  external  flow,  Eqs.  (1)  and  (2),  would  of 
course  not  exist  in  the  actual  flow.  Sychev 
argues  that  when  the  separating  flow  is  examined 
sufficiently  closely,  It  is  seen  that  the  small 
but  non-zero  boundary  layer  thickness  acts  to 
smooth  out  this  singular  behaviour^ /g 
To  do  so,  phenomena  on  a  tiny  0(Re  °)length 
scale  mist  be  resolved. 

Thus  Sychev  postulat^cjgthat  in  a  region  with 
a  typical  dimension  0(Re  )  around  separation, 
external  and  boundary  layer  flows  could  exist  for 
which  the  Kirchhoff  singularity  Eqs.  (1)  and  (2) 
in  the  external  flow  would  be  smoothed  out  by  the 
boundary  layer  displacement  effects.  The  main 
source  of  this  displacement  effect  would  be  the 
lower  deck  of  boundary  layer  particles  near  the 
wall. 

Essentially,  Sychev's  separation  structure 
was  a  generalization  of  the  "triple  deck"  flow 
structure  discovered  earlier  by  Stewartson4  and  by 
Mess  iter  and  Enslow5  for  the  flow  at  the  trailing 
edge  of  a  flat  plate. 

Sychev's  assumption  that  outer  and  boundary 
layer  flows  would  be  possible  in  the  interaction 
region  was  not  trivial:  If  solutions  could  exist, 
they  would  have  to  agree  on  both  the  boundary 
layer  pressure  distribution  and  the  displacement 
effects.  The  first  attenpt  to  verify  the  postu¬ 
late  was  made  when  Smith6  tried  to  find  numerical 
solutions  for  the  local  irrotational  and  boundary 
layer  flows  in  this  "interaction  region".  First, 
all  variables  were  suitably  normalized; 


In  these  normalizations,  the  lower  boundary 
layer  deck  satisfies 
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Since  by  Eq .  (A),  is  normalized  to  unity, 
the  asymptotic  behaviour  Eq .  (3)  leaving  the  lower 
deck  becomes 


w  -  1  y  or  X  +  ( 5d ) 

The  external  flow  field  is  described  by  an 
conclex  flow  velocity 

W  =  V  -  i  U  ( 5e ) 

which  should  be  analytic  in  the  flow  region 

Imag(z)  >0  ZiX  +  iY 

In  order  that  this  Irrotational  flow  field  does 
indeed  seem  to  have  the  square  root  Kirchhoff 
singularity  (1)  when  Z  is  large, 

1  /2 

W  -  K  Z  Z+»  ( 5  f ) 

The  Bernoulli  law  relates  the  boundary  layer 
pressure  to  the  external  flow  velocity  at  the  wall 

P  -  -  U  (5g) 


Finally,  in  order  that  both  lower  deck  and 
external  flow  agree  on  the  same  deflection  of  the 
boundary  layer  streamlines, 

V  »  jv/u }  *  -  f  jo  dy  (5h) 

Y-0 - y—  0  ~,X  ~ 


the  latter  equality  from  Eq  .  (5b),  using  the  asym¬ 
ptotic  behaviour  Eq .  (5d).  The  X-integral  of  the 
displacement  velocity  (5h)  describes  the  displace¬ 
ment  thickness,  but  this  thickness  is  poorly  de¬ 
fined  in  the  present  case  where  vorticity  rather 
than  velocity  remains  finite  at  large  y. 
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The  procedure  followed  by  Smith  was  to  try 
various  values  for  the  constant  K  in  the  asynpto- 
tic  behaviour  (5f)  and  see  whether  for  that  value 
a  solution  could  be  found  iteratively.  In  the 
iterative  procedure,  the  boundary  layer  displace¬ 
ment  thickness  was  found  from  his  guess  for  the 
external  flow.  He  then  found  the  corresponding 
boundary  layer  pressure  distribution  by  integrat¬ 
ing  the  boundary  layer  equation.  With  this  new 
pressure  distribution,  he  updated  his  external 
flow,  hopefully  obtaining  a  better  guess.  Using 
severe  underrelaxation,  he  iterated  typically  80 
times  and  tried  to  find  evidence  of  convergence  of 
the  results.  For  a  value  K  »  0.44  his  results  did 
indeed  suggest  the  existence  of  a  meaningful  solu¬ 
tion.  Apparently,  the  divergence  of  the  iterative 
procedure  for  other  values  of  K  would  mean  that 
for  these  values  no  solution  exists.  But  Smith 
does  not  give  a  discussion  why  this  should  he 
true. 


In  order  to  be  able  to  solve  the  boundary 
layer  t  low  by  a  marching  procedure,  toe  Aylmer  o» 
Fliigge-Lotz  '‘approximation'*  was  made  t  >  neglect 
ail  backward  transport  of  momentum  .  TTiis  in- 
voi/es  a  finite  error,  although  la  many  *  ises  it 
was  found  that  numerically  this  error  is 
relatively  small. 

The  region  of  integration  of  the  boundary 
layer  flow  was  rendered  finite  in  upstream  direc¬ 
tion  by  an  artificial  cut-off  at  X=-oA;  in  down¬ 
stream  direction  by  one  at  X*20  and  in  vertical 
direction  by  one  at  y*500. 


simplest  possible  approximation  to  describe  the 
correct  square  root  singularity  (of)  for  large 

i  /  6 

ine  summation  occurs  in  inverse  powers  or  iZ  , 
•since  this  would  reproduce  the  known  next  few 
asymptotic  terms  *  ,  J ,  *  '  also  correctly.  More  pt  — 
ciselv,  correct  up  to  n=8  in  Eq .  (6).  For  the 
downstream  moving  wajl^case  the  sum  was  in 
inverse  powers  of  1Z  ‘ ~ ,  reflecting  the  different 
asyuptotic  analysis.  The  summation  was  in  the 
results  presented  here  truncated  at  N=*9.  Probably 
there  would  be  ouch  better  representations  of  the 
external  flow  but  a  search  has  not  yet  been  made. 


However,  with  these  cut-offs  unacceptably 
high  oscillations  in  the  solution  occurred.  This 
problem  was  resolved  by  the  introduction  of  an 
artificial  "development  region"  -*U9o<X<-64  in 
which  the  boundary  layer  displacement  thickness 
was  prescribed  from  a  known  two  term  asynptotic 
expansion  v.alid  far  upstream.  The  effect  of  each 
of  these  artifices  on  the  solution  had  of  course 
to  be  examined  separately. 

Basically,  Smith's  program  reconciles  the 
solutions  of  a  simple  potential  outer  flow  and  a 
simple  parabolic  boundary  layer  equation.  For  the 
downstream  moving  wall  case,  a  similar  problem  was 
solved  by  Van  Dommelen  and  Shen3.  With  a  dif¬ 
ferent  numerical  procedure,  determination  of  the 
solution  to  five  digits  accuracy  took  there  mere 
seconds  on  the  IBM  370.  The  scheme  had  none  of 
these  cut-offs  to  introduce  numerical  errors  and 
possible  nutual  interactions.  It  could  easily  be 
implemented  in  global  programs  or  generalized  to 
cover  the  finite  Reynolds  number  case.  And  the 
Reyhner  &  Fliigge-Lotz  step  was  not  needed. 

It  is  the  purpose  of  the  present  investiga¬ 
tion  to  extend  the  procedure  of  Van  Dotnmelen  and 
Shan  toward  the  fixed  wall  case.  Such  a  program 
could  be  a  stepping  stone  to  the  upstream  moving 
wall  case:  there  one  could  not  possibLy  hope  to 
get  away  with  the  Reyhner  &  Fliigge-Lotz  error! 

Outline  of  the  Numerical  Procedure 

In  the  previous  section,  it  was  seen  that  the 
problem  for  the  flow  in  the  interaction  region  at 
separation  is  described  by  the  system  of  equations 
(5a)  through  (5h).  Basically,  one  has  to 
reconcile  the  local  outer  and  boundary  layer  flows 
on  both  the  boundary  layer  pressure  P  and 
displacement  effect  (5h). 

Following  the  line  of  the  procedure  of  Van 
Dommelen  and  Shen3,  it  shall  be  attested  to  ap¬ 
proximate  the  external  flow  velocity  as  a  finite 
sum  of  analytical  functions.  For  the  preliminary 
results  presented  here,  this  sum  was  chosen  to  be 
of  the  general  form 


When  the  coefficients  in  the  external 
flew  approximation  (6)  are  arbitrary,  the  wall 
pressure  distribution  and  boundary  layer  displace¬ 
ment  effect  would  not  correspond  to  a  possible 
boundary  layer  solution.  For,  when  the  displace¬ 
ment  effect  would  be  used  to  integrate  the  bound¬ 
ary  layer  flow,  the  resulting  boundary  layer  pres¬ 
sure  distribution  would  in  general  not  be  the  same 
as  the  one  of  the  external  flow.  Van  Dommelen  and 
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Shen  now  determined  values  for  the  coefficients 
An  by  least  square  minimization  of  this  differ¬ 
ence  in  the  two  results  for  the  pressure  distribu¬ 
tion.  The  problem  was  there  simplified  by  the 
fact  that  the  boundary  layer  flow  was  lnviscid  and 
could  be  solved  analytically. 

Here  however,  the  boundary  layer  equation 
must  be  integrated  numerically.  .And  rather  than 
to  prescribe  Che  displacement  thickness  every¬ 
where,  the  physics  of  the  problem  suggests  chat 
the  pressure  gradient  should  be  described  in  the 
attached  boundary  layer  at  the  upstream  end  of  the 
interaction  region  and  the  displacement  velocity 
in  the  separating  boundary  layer  at  che  downstream 
end.  In  between,  a  linear  combination  of  both  was 
prescribed, 

'l  -  canh  X/2L  j  P  x  +  [l  +  tanh  X/2L'  V  (7) 

where  on  behalf  of  typical  results  the  character¬ 
istic  length  L  was  chosen  to  be  10.  There  exists 
some  similarity  with  the  procedure  of  Veldraan3. 
Occurrence  of  a  Goldstein  singularity2  would  imply 
infinite  displacement  velocity,  hence  is  not 
possible. 

Following  the  procedure  for  the  downstream 
moving  wall3,  values  for  the  constants  K  and  An 
in  the  external  flow  representation  (6)  were  found 
from  least  square  minimization  of  the  differences 
between  boundary  layer  and  external  flows.  Since 
now  both  flows  agree  only  exactly  on  the  linear 
combination  Eq .  (7),  both  the  differences  in  pres¬ 
sure  gradient  and  displacement  velocity  were 
numerically  minimized. 

More  precisely,  using  5^  to  denote  a  dif¬ 
ference  at  an  arbitrary  collocation  point  X^  and 
Mp  and  My  for  the  characteristic  magnitudes  of 
pressure  gradient  and  displacement  velocity,  the 
minimized  quantity  was  chosen  to  be 


k  ?k  7k 


and  ZQ  is  a  constant  with  a  negative  imaginary 
part  which  was  introduced  to  keep  singularities 
out  of  the  flow  region.  Clearly  this  is  about  the 


c  r  '  P  M  -■  =  i  V  M 

Dk  k  ,X  P  v  K  k  V  (3) 

As  collocation  points  X^ ,  che  X-s tat  ions  of  the 


finite  difference  mesh  jf  Che  boundary  layer  inte¬ 
gration  were  used.  And  on  behalf  of  typical 
results,  the  values  MP=0.  1  and  Mv=»0.  3  were 
chosen. 


Iterative  Newton  minimization  of  the  quantity 
(8)  was  performed  according  to 


ra^n  ‘eBc,A  GHc,A  €Wc,A  ^Vk.A 
tn  n  m  n 


£Ek,A  £Pk  +  £Vk ,  A  £Vk  =  0 
ra  m 


if  dAn  is  the  change  in  the  coefficient  A„ 
required  to  minize  quantity  (8).  The  unknown  co¬ 
efficient  K  in  (6)  was  here  considered  equivalent 
to  an  unknown  A  -. 

Summarizing  these  results,  the  residuals 
£  pit  and  Eyk  can  be  evaluated  provided  that  a 
way  is  found  to  integrate  the  boundary  layer 
equation  subject  to  prescribing  (7),  Replacing 
the  An-  derivatives  by  simple  one-sided  differ¬ 
ences,  the  minimization  Eq .  (9)  can  then  be  per¬ 
formed  and  the  external  flow  (6)  and  corresponding 
boundary  layer  flow  found. 


Thus  the  one  missing  piece  is  to  integrate 
the  boundary  layer  flow.  Briefly,  the  entire 
boundary  layer  flow  region  was  mapped  onto  a  unit 
square  confutations  1  domain. 


0  <  o  <  1  0  <  3  <  1 


o  -  a  (X)  3  -  3(X,y) 


(10a) 


for  the  velocity  components  could  be  used  in  (10b) 
and  the  tridiagonal  algorithem  would  result,  but 
Newton's  method  converges  much  better. 

Beyond  flow  reversal,  the  forward 
a-derivative  in  the  reversed  flow  region  requires 
more  than  a  single  march  downstream.  Here  the 
present  procedure  marches  alternatively  downstream 
and  upstream,  performing  at  each  a-statlon  a 
single  Newton  Iteration  for  the  values  of  the 
vorticity  at  that  station. 

In  the  very  first  march  downstream,  initial 
estimates  for  the  vorticity  are  obtained.  But 
here  the  forward  a-derivative  in  the  region  of 
reversed  flow  cannot  be  evaluated,  since  as  yet  no 
guesses  are  available  for  the  vorticity  at  the 
next  station.  So,  only  in  this  first  march,  all 
convection  of  vorticity  in  the  reversed  flow 
region  is  neglected.  Since  the  vorticity  equation 
now  reduces  to 


another  way  to  look  at  it  is  that  the  vorticity 
profile  is  linearly  extrapolated  toward  the  wall. 
As  an  alternative  for  when  a  previous  solution  was 
available,  we  used 

U)  “  1  U)  1  ,  . 

yy  — ,yy  *  old 

The  real  analogue  of  the  Reyhner  &  Flugge-lotz 
approximation  would  be  to  neglect  only  the 
a-transport  of  vorticity,  but  numerically  that 
proves  unstable. 


Thus  the  boundary  layer  equations  (5a,b,c)  and  (7) 
become 


--,X  +^,B3,y'i!.3B8,:y  +  2,  SS,yy  (10b) 


J  «  dy  v  —  —  /  /  _u>  „  dj_2 


This  completes  the  description  of  the  numer¬ 
ical  method  except  for  the  mapping  of  the  boundary 
layer  to  the  computational  a,g  unit  square.  But 
discussion  of  this  mapping  can  only  be  meaningful 
when  the  known  asymptotic  properties  of  the 
solution  are  taken  into  account. 


Solution  Far  Upstream 


(i)  :  y  1  +  u)  3 

-,X  — ,  a  , X  -,  8  ,X  (10d) 

[l  -  tanh  X/2L]  (ui  aS  .[  .  - 

— ,  B  ,y_‘y»0 


i  +  tanh  X/2L]  w  dy_ 


prescribed  (lOe) 


In  the  vorticity  diffusion  equation  (10b), 
(lOd)  standard  central  differences  are  used  in 

3-dlrection.  For  w  backward  differences  were 
•  o 

used  with  respect  to  the  direction  of  flow  in 
order  to  reflect  the  correct  domain  of  depend¬ 
ence.  These  one-sided  o-derlvatives  are  only 
first  order  accurate,  but  the  calculation  was  re¬ 
peated  at  doubled  resolution  in  a-^iirection  and  a 
Richardson  extrapolation  toward  second  order 
accuracy  made. 


Up  to  flow  reversal,  the  backward  a-derlva- 
tlve  allows  a  single  sweep  marching  downstream. 

At  each  computational  station  o«constant,  Newton's 
method  was  used  to  solve  the  finite  difference 
equations.  It  works  out  that  this  requires  the 
solution  of  a  linear  system  of  equations  for  the 
mesh  values  of  the  vorticity  at  that  station,  but 
this  system  proves  nearly  lower  diagonal  and  may 
be  solved  fairly  efficiently.  Instead,  old  values 


Far  upstream,  the  boundary  layer  flow  in  the 
interaction  region  is  approximately  a  uniform 
shear  flow1*,10,  with  unit  vorticity,  Eq.  (5d). 
Under  those  conditions,  balance  of  diffusion  and 
convection  effects  is  consistent  with  a  vertical 
coordinate 

Y5y/|x|l/3  (12) 

The  wall  boundary  condition  Eq.  (5c)  is  seen  to  be 
consistent  with  a  perturbation  expansion 

«  -  1  +  K  | X j  _1/6Wj(Y)  +  K2|x|  "2/6w2(Y)  + 

K3  |x|-3/6w3(Y)  +  •••  (13) 

These  expansions  do  qualitatively  resemble 
the  classical  Goldstein  singularity2;  but  here  the 
acceptable  homogenuous  solutions  do  always 
blew  up  exponentially.  As  a  consequence,  here  the 
wall  shear  can  be  fully  determined  from  the  acting 
boundary  layer  pressure  gradient. 

Substitution  of  the  expansion  in  the  boundary 
layer  equations  (5a,b,c)  yields 
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boundary  conditions  are 


“t’  (0)  *  7 


u2'  (0)  -  uj3’  (0)  -  0  ) 


The  boundary  layer  displacement  effect  (5h) 
is  seen  to  become 


£  | x) -2/ 3  (k|x)'1/6i1  +  k2|x|'2/6i2+ 
k3|x|-3/6i3  +  •••} 


I  *  /  (2  l  »  1  +  a  «  }  dY  (14c) 

n  0  n  n 

Characteristic  of  the  integrand  of  these 
"displacement  integrals"  I„  is  that  the  two 
terms  separately  cannot  be  integrated,  Eq.  (16); 
it  is  their  sum  that  vanishes  sufficiently  rapidly 
at  large  Tf  for  the  integral  to  converge.  This 
integrand  may  be  recognized  in  the  differential 
equations  (14a)  for  the  u  n;  it  is  there 
proportional  to  the  convective  derivative.  Thus 
the  rapid  vanishing  of  the  Integrand  in  the 
displacement  Integrals  becomes  equivalent  to  a 
statement  that  the  viscous  effects  in  n'  '  are 
neglegible  far  from  the  wall. 

Numerically,  as  long  as  the  viscous  forces 
are  not  callously  over-estimated  at  large  y,  the 
finite  difference  discretization  of  the  convective 
terms  will  display  the  correct  rapid  decay. 
Therefore,  using  exactly  this  same  discretization, 
the  displacement  integrals  can  meaningfully  be 
evaluated.  But  for  a  different  discretization, 
the  small  numerical  error  Integrated  over  infinite 
Y^  would  make  the  results  meaningless.  The  rule  is 
to  keep  the  discretizations  of  convective 
derivative  and  displacement  Integrals  exactly  the 
same. 


The  ditferential  equation  (14a)  for  the  first 
vorticity  perturbation  ■j  may  be  solved  ana¬ 
lytically",10.  For,  when  the  solution  is  expanded 
around  the  wall,  the  Taylor  series  coefficients  of 
the  confluent  hypergeometric  functions  may  be 
recognized11.  The  solution  which  does  not  blow  up 
exponentially  is 

w  -  -  [r(!)/241/3r(i)]  U  (i;  1;  Y3/9)  (15a) 

-l  L  6  3  ~  6  3  “ 


Its  value  at  the  wall  Is  seen  to  be 


^(0)  -  -  [r(^.)/61/6r(y)]2 


Particularly  interesting  is  the  behaviours  of 
the  solutions  for  large  Y.  The  self-consistent 

asymptotic  form  of  the  fn  is  easily  found  as 
f  4  -i  -3/2  +  A’  Y-  +  ® .  +  0(Y‘3/2) 


-1  -  -1 


f  2  -  £2  Y  In  Y  +  (A2-C2)Y  +  2  A^  C  l  Y  w 

2  -1/2  -2 
j  B  £  £  +  0(Y  *) 

1/2  1/2 

f3  -  Y  +  2  C^Y  lnY  -  4  ££  ' 

+  A^C^ln  Y  +  + 

,5.2  2  y-l/2  ,2  „2  1  .  .  .  -1 

(F  -1  7  — 23— 1  1  +  (7  £l-  7  ^2>  hi 

+  j  AjB^Yf372  +  0(Y_ 3/2 In  Y)  (16a) 

The  vorticity  perturbations  follow  as  the 
second  derivative. 

In  this  asyaptotic  representation,  the  con¬ 
stants  Cj,  may  be  Identified  as  the  coefficients 
of  the  homogeneous  solutions  Wp  to  the 
differential  equations  (14a)  while  the  Aj,  and 
Bp  are  the  additional  integration  constants 
which  appear  in  the  double  integration  to  find  the 
fn.  Numerical  values  for  the  constants  Bp  may 
be  found  from  Integrating  the  differential 
equations  once  in  Y  direction  and  collection  of 
the  0(1)  terms  after  substitution  of  the 
asyaptotic  behaviour  Eqs.  (16).  This  results  in 

Bj  -  -1  B 2  -  ^  A2  B3  -  Aj  A2  (16b) 

And  of  course  Aj  and  Cj  may  be  found  from  the 
known  exact  solution  Eq .  (15),  most  easily  from 
the  integral  representation  of  the  hypergeometric 
function11  U.  The  result  is 


C  -  T(i)/2T(i) 
“I  6  3 


This  rule  generalizes  toward  the  full  problem 
Eqs.  (10)  that  the  discretizations  of  u  „  in  the 
Integrals  for  displacement  velocity  V  ado  vertical 
boundary  layer  velocity  cooponent  v  should  be  kept 
Identical  to  the  discretization  in  the  convective 
derivative  in  (10b).  But  since  the  rule  is  only 
Important  .at  large  £,  for  simplicity  in  the 
Integrals  no  reversal  of  the  a-derivatlve  was  made 
in  the  region  of  reversed  flow. 


61/3r(i) 


The  values  of  the  displacement  Integrals  In  may 
be  related  to  the  asymptotic  expansion  (16a)  by 


means  of  a  partial  IntegriCion  of  Eq .  (l-*c): 


-  £2  S  ■  £3 


Again,  in  order  to  -l/oid  significant  singular 
belli ^ir  in  the  v»rc i ■: it y  far  from  die  wall 


Turning  now  to  numerical  solution  of  the 
differencial  equations  (L4a)  for  the  o^,  as  a 
first  step  the  semi-infinite  axis  Is  mapped  onto 
a  unit  computational  interval  O<0<1.  Of  particu¬ 
lar  interest  is  here  of  course  the  behaviour  for 
large  Y.  Since  from  (16a) 


-1  ■  £1 1 


mappings  that  suggest  themselves  are  of  the 
general  form 


and  in  order  to  conform  with  the  successful 
asymptotic  calculation  fir  upstream, 

3  iLy/jx| 1/3.'  x*-"°  (21b) 

in  order  that  the  mapping  a(X)  does  not  introduce 
significant  singular  behaviour  far  upstream,  the 
form  of  the  expansions  Eq .  (13)  for  the  vorticity 
requires 


a  «  |X|  _1/6  X— « 


I  -  3  «  V  Y-«  (17) 

Indeed,  meaningful  finite  difference  quotients  are 
only  possible  if  w(0)  is  smooth  enough,  and  Eq . 
(17)  achieves  this  for  large  X. 

If  first  a  smoothed  power  raising  operation 
is  defined  as 


YSp  3  [Y2  +  l|p/2  .  |Y|‘ 


then  the  chosen  mapping  was  3  =  1  ( Y_)  with  the 
function  !(•)  defined  as 


1(Y)  5  |  arctg  (YSl/2tanh  Y) 


It  may  be  verified  that  this  mapping  is  of  the 
required  behaviour  (17). 

In  agreement  with  the  procedure  for  the  full 
boundary  layer  equations  (10),  In  the  asymptotic 
differential  equations  (14a)  all  3-derivatives 
were  replaced  by  centered  finite  differences.  The 
resulting  finite  difference  equations  for  uij ,  w2 
and  w 3  were  solved  by  the  tridiagonal  algorithme. 

Table  1  coopares  results  for  u)[  with  the 
exact  solution,  for  various  number  of  mesh 
points.  The  mapping  proves  very  effective:  for 
only  33  mesh  points  excellent  agreement  exists. 
Similarly  the  second  order  and  third  order  wall 
shear  coefficients  and  displacement  integrals  show 
good  agreement  with  results  from  literature. 

This  numerical  procedure  for  the  flow  far  up¬ 
stream  generalizes  toward  the  full  problem  Eqs. 
(10).  First  the  asymptotic  behaviour  of  w  is  de¬ 
termined  for  large  v.  If  the  large  Y  expansion 
(16a)  is  generalized  to  finite  X,  there  results 
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The  asymptotic  behaviour  (20)  of  Che  vorti¬ 
city  far  from  the  wall  may  also  be  used  to  find 
suitable  representations  for  the  integrals  which 
relate  the  flow  velocity  to  the  vorticity.  It  may 
be  verified  by  substitution  that  possible  repre¬ 
sentations  which  allow  an  accurate  evaluation  by 
the  trapezium  rule  are  given  by 


u  =  /  !a»  1-s]  “/3 ,  y}  d  !  1/1-3} 


V  -  /  i[/(m  x/8  )dB;  [  1  —  3  ]  2/  3  }  d  (1/ 1-8}  (22b) 

v  -  JqVu.  x/8  y)d8  (22c) 

The  reason  for  the  tilde  above  the  vorticity 
in  the  integral  for  u  shall  be  given  in  the  next 
sect  ion. 

Solution  Far  Downstream 

Downstream3,  the  displacement  effect  of  the 
boundary  layer  flow  grows  rapidly:  it  Is  seen  that 
the  displacement  velocity  Integrates  to  a 
displacement  thickness 

2  3/2 

Yo-jKX 

BuC  like  far  upstream,  diffusion  can  only  balance 
convection  in  a  much  thinner  layer  of  typical 
dimension 

Ay  =  0(X1/3) 

As  a  result,  diffusion  remains  restricted  to 
a  conparatively  thin  nixing  layer  centered  around 
y^,  which  separates  unit  vorticity  in  the  main 

boundary  layer  above  from  neglegible  vorticity  in 
the  starting  wake  below.  The  general  description 
of  this  mixing  layer  Is 

1/3 

w  .  g"  uy/y.  ) 

Ay_  *  y_  -  2q(x)  (24a) 

The  Falkner  Skan  equation  for  the  similar 
profile  becomes 


g  *’  ’  - 


A 


Hie  entrainment  of  this  mixing  layer  is  de¬ 
scribed  as  the  value  of  the  streamf unction  at  the 
lower  edge.  Runge-Kutta  integration  of  the 
similar  profile  (24b)  gives 


V*  H  Xeali-  K  U-ZQ) ' 


5  i  (X/L)' 


K  IfZ-ZJ 


2/3  1/3 

•;  -  C  X  J  Ay/X  -  -«  (24c) 

with  C  =  1.253146  (cf.L.2521  according  to  Smith6). 

To  provide  this  entrained  fluid*  an  influx 
exists  in  the  starting  wake  below  the  mixing 
laver: 


2  c  k'1  x'3/o  0  <  v  <  v0 


5  =  <2  +  i  tanh(X/2L)}(X/L):,l/3  UO) 

where  the  smoothed  power  raising  operation  and  the 
function  1  ,j  were  defined  before,  Eqs.  (18)  and 
(19),  the  characteristic  length  L  was  again  chosen 
to  be  10  and  the  expression  for  the  function  0(X) 
may  be  found  from  imposing  the  requirement  3  *  1 
at  infinite  y. 


From  the  Bernoulli  law,  this  implies  a  pressure 
distribution 


9  „  2  -2  - 10/  o 

3  -  K  X 


And  of  course  this  influx  generates  a  revers¬ 
ed  wake  flow  boundary  layer  near  the  wall.  Its 
general  form  is 

u  -  x"7/4  n"(y/x11/12)  (27a) 

Runge-Kutta  solution  of  the  Falkner-Skan  equation 


24  h'  ' '  «  45  C2  K-2  -  2  h  h' 


20  h'  (27b) 


^ives  for  the  final  value  of  the  wall  shear 


t  =  2.71529  K_3/2  X*7/4 


Froa  this  asymptotic  character  of  the  flow 
far  downstream,  more  guidelines  follow  for  the 
numerical  mapping  of  the  boundary  layer.  For,  It 
rust  be  clear  chat  adequate  resolution  should  be 
maintained  In  Che  relatively  thin  mixing  layer 
around  vp;  it  is  in  this  layer  that  the  impor¬ 
tant  diffusion  effects  take  place.  And  Chough  the 
wake  flow  boundary  layer  (27)  Is  of  secondary  im¬ 
portance,  meaningful  values  for  the  wall  shear  can 
only  be  obtained  when  enough  mesh  points  are 
available  to  describe  the  vjrtlclty  profile. 

Pending  a  better  understanding,  the  present 
results  distribute  half  of  the  meshpoints  far 
downstream  In  che  mixing  layer  and  half  In  Che 
wall  layer: 

6  -  3!£/X11/12;  x-«,  3  <  i 


3  •  3'iy/X1/3'  X-®,  3  >  j 


A  mapping  which  meets  these  requirements,  and 
the  previous  ones  (21)  was  chosen  as 

a  i  arctg^  (X/L)S1/6tanh(X/2L)  ' 

J  1  '  '1  +  tanh(X/2L)>  arctg(y_/{^) 

+  XX)  ■  l  (y-v*)/5  '  -  1  -v»/«  i  ■ 

—  *0  m  *  M)  m  •  • 


In  the  mixing  layer,  the  characteristic 
length  Ay  is  much  smaller  than  the  penetration 
vq  away  from  the  wall.  Yet  this  penetration 
does  not  dominate  the  mechanics  of  the  flow  on 
account  of  Prandtl's  transposition  theorem.  But 
due  to  numerical  inaccuracy,  there  is  a  real 
chance  that  relatively  small  errors  arising  from 
this  large  penetration  would  seriously  disturb  the 
numerical  results.  Thus  a  numerical  discretiza¬ 
tion  is  desired  which  retains  a  discrete  form  of 
Prandtl's  theorem,  in  which  scheme  the  finite  dif¬ 
ference  equations  are  exactly  independent  of  the 
penetration  yp*  of  the  mesh  points  in  the  mixing 
layer.  it  may  be  verified  by  substitution  that 
such  independence  of  yp*  *s  achieved  if  in  the 
integral  (22a)  for  the  boundary  layer  velocity 
component  u  a  smoothed  representation  for  the 
vorticity  is  used: 

“  5  X  <“j_!  +  2  JSj  +  “j+1>  C31) 

if  j  is  the  mesh  point  index  in  3-direction. 

Results 

The  Kirchhoff  free-vortex  sheet  description 
of  separated  flows  was  long  believed  to  be  physi¬ 
cally  relevant1.  But  it  would  imply  a  singularity 
in  the  boundary  layer  pressure  distribution  at 
separation  which  would  seem  to  prohibit  the  exist¬ 
ence  of  a  bounary  layer  solution. 

Only  comparatively  recently  did  Sychev3 
manage  to  find  a  plausible  mechanics  for  the  boun¬ 
dary  layer  flow  near  separation.  In  a  small 
'’interaction  region”  around  the  separation  point, 
boundary  layer  thickness  effects  would  be  suffi¬ 
cient  to  smooth  out  the  Kirchhoff  singularity  in 
the  outer  flow. 

But  no  analytical  proof  could  be  given  that 
indeed  a  boundary  layer  flow  and  outer  flow  could 
exist  in  this  interaction  region.  The  non-linear¬ 
ity  of  the  governing  flow  equations  made  it  appear 
that  a  numerical  investigation  was  needed.  After 
artificially  restricting  the  region  of  boundary 
layer  flow  to  a  finite  one  and  neglecting  the 
backward  momentum  transport  in  the  region  of  re¬ 
versed  flow.  Smith0  could  find  a  definite  interac¬ 
tion  flow.  Plausibly  his  modifications  of  the 
original  problem  would  be  of  little  importance  for 
the  existence  and  character  of  the  solution.  And 
if  more  chan  one  flow  solution  could  exist,  at 
least  his  scheme  converged  to  only  one. 

Here,  the  existence  of  an  interaction  flow  is 
verified  with  a  numerical  scheme  that  conforms 
more  closely  to  the  physical  flow.  In  the  method. 


the  boundary  layer  equation  becomes  once  more  the 
simple,  reliable  tool  it  once  was.  Motivation  was 
also,  co  develop  a  numerical  procedure  that  could 
handle  unsteady  flows.  There,  the  wall  will  in 
general  be  in  relative  motion  compared  co  the 
poslcion  of  the  separation  point.  And  in  particu¬ 
lar  if  the  wall  moves  upstream,  the  region  of  re¬ 
versed  flow  mist  be  auch  more  important;  thus  the 
forward  momentum  transport  should  no  longer  be 
neglecced  as  it  is  in  Smith's  scheme. 

To  cake  account  of  this  forward  momentum 
transport  in  the  boundary  layer  calculation,  here 
a  forward  convective  finice  difference  is  used  in 
the  region  of  reversed  flow. 

By  mapping  the  boundary  layer  flow  onto  a 
finite  conputatonal  domain,  the  confutation  could 
be  extended  infinitely  far  upstream  and  away  from 
the  wall. 

But  attenfts  to  continue  the  boundary  layer 
calculation  all  the  way  downstream  to  infinity 
were  so  far  unsuccessful.  When  resolution  becomes 
low,  formation  of  numerical  wiggles  and  lack  of 
convergence  resulted.  A  possible  explanation  of 
the  breakdown  could  be  a  mutual  interaction  be¬ 
tween  the  various  layers  in  which  the  lower  bound¬ 
ary  layer  deck  divides  at  the  downstream  end  of 
the  interaction  region.  If  numerical  inaccuracy 
would  allow  some  of  the  vorticity  in  the  down¬ 
stream  mixing  layer  to  seep  through  to  the  start¬ 
ing  wake  and  wake  boundary  layer,  this  small  vor- 
ticicy  could.  Integrated  over  a  relatively  large 
boundary  layer  thickness,  seriously  disturb  the 
numerical  estimates  for  the  flow  velocity. 

To  eliminate  the  breakdown,  here  an  artifi¬ 
cial  cut-off  was  introduced  at  a  downstream  loca¬ 
tion  X  «  40.  In  any  case,  this  confares  favour¬ 
ably  with  the  location  at  X  *  20  used  by  Smith6. 
The  present  finite  difference  procedure  needs  a 
boundary  condition  at  the  reversed  flow  part  of 
Che  cut-off  in  order  to  replace  the  missing  infor¬ 
mation  about  the  vorticity  further  downstream. 

The  choice  for  this  boundary  condition  was  that 
the  vorticity  at  the  next  mesh  station  downstream 
of  the  cut-off  would  exactly  conform  with  the 
asymptotic  behaviour  (27a)  valid  far  downstream  in 
the  starting  wake  boundary  layer; 

w  .  ,  S  u  [X  ..  /X  1”7/4  (32) 

— c+Aa  — c  L  c+Aa  cJ 

if  "c"  denotes  the  cut-off. 

A  conparison  calculation  with  the  cut-off 
located  at  X  »  25  did  not  show  a  significant  in¬ 
fluence  of  the  cut-off  on  the  boundary  layer 
flow.  From  a  physical  point  of  view,  the  same 
separation  process  should  occur  independent  of 
small  disturbances  downstream.  The  small  devia¬ 
tions  in  wall  shear  in  the  reversed  flow  region 
are  listed  in  Table  2. 

Some  example  calculations,  listed  as  I,  11 
and  III  In  Table  3  give  an  lnpression  of  the  ef¬ 
fect  of  changing  the  Important  parameters  In  the 
numerical  procedure.  The  results  of  calculation  £ 
are  shown  graphically  in  Fig.  1.  To  avoid  losing 
the  upstream  part  of  the  curves,  they  have  been 
plotted  against  the  conputational  coordinate  a 
rather  than  the  physical  coordinate  X. 


The  boundary  layer  pressure  gradient  Is  shown 
in  Fig.  lb.  The  external  and  boundary  *  ’er  flows 
predict  within  line  thickness  the  same  curves, 
verifying  the  effectiveness  of  the  least  square 
minimization.  In  the  present  numerical  procedure 
the  pressure  gradient  is  always  correct  far 
upstream.  For,  the  external  flow  representation 
Eq.  (6)  was  deliberately  chosen  to  have  the 

correct  square  root  behaviour  in  the  wall  pressure 
far  upstream.  And  it  is  this  same  wall  pressure 
which  is  prescribed  in  the  boundary  layer  solution 
far  upstream,  Eq .  (7).  Far  downstream,  the 
asymptotic  pressure  gradient  Eq.  (26)  is  shown  as 
the  curve  labelled  t  in  Fig.  lb. 

The  boundary  layer  displacement  velocity  is 
shown  in  Fig.  lc.  This  velocity  represents  the 
X-derivative  of  the  displacement  thickness;  it  is 
here  better  defined  than  the  thickness  itself. 

The  reason  is  basically  that  in  the  lower  deck 
boundary  layer  flow  the  velocity  does  not  remain 
bounded  far  from  che  wall,  but  only  the  vorticity, 
conpare  Eqs.  (5).  In  a  similar  way  as  for  the 
pressure  gradient  far  upstream,  the  numerical 
scheme  is  always  correct  for  the  displacement 
velocity  far  downstream,  Eqs.  (6)  and  (7).  Far 
upstream,  the  velocity  was  normalized  as 

V*  -  5  |x|  5/6  V  (33) 

In  Fig.  lc  it  is  conpared  with  the  asymptotic 
solution  Eqs.  (14),  curves  shown  as  1,  2  and  3  for 
increasing  order  of  approximation. 

Up  to  the  station  Indicated  by  a  circle  sym¬ 
bol  in  Fig.  l£.  Smith6  prescribes  his  displacement 
thickness  from  the  two  term  expansion,  curve  2. 

It  is  seen  that  this  Implies  a  significant  error 
in  the  derivative  V  of  the  displacement  thick¬ 
ness.  The  test  for  numerical  accuracy  reported  by 
Smith  varies  the  displacement  thickness  by  a  con¬ 
stant,  hence  would  not  alter  the  derivative. 
Smith's  error  in  displacement  thickness  may 
provide  a  possible  explanation  for  the  differences 
in  wall  shear  shown  in  Fig.  Id.  Again  Smith's 
results  are  indicated  by  the  circle  symbols. 

The  Reyhner  &  Fliigge-Lotz  "approximation"  in 
Smith's  calculation  neglects  the  backward  trans¬ 
port  of  momentum  in  the  reversed  flow  region.  The 
prsent  results  for  the  wall  shear  in  this  region 
do  verify  that  indeed  the  resulting  error  is 
numerically  small,  Fig.  Vd_. 

Returning  to  Table  3,  the  calculation  II_ 
estimates  the  effect  of  the  precise  representation 
Eq .  (6)  of  the  external  flow  on  the  results.  As 
in  calculation  ,  the  three  coefficients  A5,  A6 
and  A 7  were  determined  from  the  known  asymptotic 
behaviour  Eqs.  (14)  far  upstream.  The  value  for 
the  constant  Zq  was  chosen  on  a  basis  of  a  crude 
preliminary  optimization  which  Is  of  no  further 
consequence.  But  while  calculation  I  uses  the 
values  of  the  constants  K,  As  and  A9  to  minimize 
the  differences  between  the  external  and  boundary 
layer  flows  In  least  square  sence,  instead 
calculation  II  uses  only  X  and  A9. 

The  difference  in  outer  flow  representation 
does  lead  to  significant  deviations  in  boundary 
layer  pressure  gradient,  wall  shear  and  displace¬ 
ment  velocity.  The  differences  are  listed  as  E(.) 
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in  Table  3  and  shown  in  detail  in  Fig.  2.  Set  the 
main  effect  appears  to  be  an  uniform  shift  of  the 
solution  in  X-direction.  Since  the  problem  Eqs. 
(5)  does  indeed  not  fix  an  origin  to  X,  the  shift 
is  of  little  importance.  Thus  both  computations 
do  agree  excellently  on  the  inportant  variables: 
the  constant  K,  the  maximum  boundary  layer  pres¬ 
sure  gradient  and  the  minimum  wall  shear,  conpare 
Table  3.  And  for  each  computation  individually, 
the  external  and  boundary  layer  flows  do  show 
excellent  agreement;  these  differences  are  listed 
as  Sflax  in  Table  3.  Various  ways  in  which  the 
shift  may  be  eliminated  suggest  themselves,  but 
have  not  yet  been  incorporated. 

Calculation  III  examines  the  influence  of 
halving  the  resolution  in  the  boundary  layer  and 
reducing  the  location  of  the  downstream  cut-off 
from  X  »  40  to  25.  Again  no  important  change  in 
the  results  occurs. 

It  is  recalled  from  the  introduction  that  the 
coefficient  K  describes  the  downstream  shift  of 
the  separation  point  with  decreasing  Reynolds 
number,  Eq.  (4).  All  three  confutations  I,  II  and 
III  yield  a  value  of  about  0.41  for  this  inportant 
constant.  Table  3.  The  value  given  by  Smith6  was 
Instead  “approximately  0.44",  but  he  notes  that 
the  second  decimal  place  could  easily  be  altered. 
Clearly,  the  present  value  results  from  limited 
data  of  a  still  imperfectly  understood  numerical 
procedure.  On  the  other  hand,  the  two  term 
asymptotic  expansion  far  upstream.  Fig.  lc,  does 
not  seem  a  very  good  approximation  for  Smith's 
development  range. 

A  typical  calculation  took  about  3  minutes  on 
the  IBM  37  0. 
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Table  1.  Effect  of  mapping  the  distance  away  from  the  wall  onto  a  finite 
conputatonal  interval  examined  for  the  asymptotic  expansion  Eqs.  (14)  through 
(16)  valid  far  upstream.  The  asymptotic  wall  shear  coefficients  ^(0)  and  uj3(0) 
are  cocpared  to  those  of  N.  Riley  ;  the  displacement  integrals  I2  and  I3  with 
results  of  Melnik  and  Chow16;  the  other  values  in  the  last  column  are  exact. 


w 

points: 

17 

33 

65 

129 

257 

reference 

m3(0) 

-2. 1678 

-2.  1  571 

-2.1547 

-2. 1541 

-2.  1540 

-2. 1539 

Il“"*l 

-2.  4731 

-2.4636 

-2.4613 

-2.4608 

-2.4606 

-2.460' 

ti 

il 

-1.0499 

-1.0123 

-1.0029 

-1.0007 

-1.0002 

-1.0000 

a 

£i 

-2.0677 

-2.0593 

-2.0566 

-2.0557 

-2.0555 

-2.0553 

A 

w?  (0) 

-0.9143 

-0.8987 

-0.  8951 

-0.8943 

-0.8941 

-0.8940 

-3.13 

-3.20 

-3.24 

-3.26 

-3.26 

-3.255 

w3(0) 

-1.  2  733 

-1.  2367 

-1.  2  284 

-1.  2263 

-1.  2258 

-1.  2256 

-17.911 

-17.613 

-17.551 

-17.  537 

-17.534 

-17.408 
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The  boundary  layer  pressure  gradient  b. 
displacement  velocity  £  and  wall  shear  £ 
according  to  the  numerical  solution  l  ot 
Table  3.  In  order  to  avoid  losing  the 
upstream  part  of  the  solution,  it  has 
been  plotted  against  the  computational 
coordinate  a,  as  defined  by  Eq .  (30);  th 
correspondence  with  the  physical 
coordinate  X  is  depicted  graphically  in 
a.  The  circle  symbols. in  £  and  £  relate 
to  Smith's  calculation1’.  The  curves 
labelled  t,  2  and  2  represent  seccesive 
approximation  levels  in  the  expansion 
Eqs.  (14)  through  (16)  valid  far 
upstream.  The  curves  labelled  £ 
represent  the  expansions  Sqs.  126)  and 
(28)  valid  far  downstream. 


Table  3:  Three  example  calculations  and 

III .  Tabulated  are:  the  number  of  mesh  points  in 
the  finite  difference  boundary  layer  calculation 
and  the  X-location  of  the  downstream  cut-off  in 
this  calculation;  the  constants  in  the  numerical 
representation  Eq.  (6)  of  the  external  flow;  the 
maximum  deviations  5max  in  boundary  layer  pres¬ 
sure  gradient  and  boundary  layer  displacement  vel 
ocity  between  the  numerical  solutions  for  the  ex¬ 
ternal  and  boundary  layer  flows;  the  maximum  devi 
aticns  E(.)  in  pressure  gradient,  displacement 
velocity  and  wall  shear  respectively  from  the 
solution  I  (for  case  II,  the  detailed  deviations 
are  shown  in  Fig.  2);  the  maximum  boundary  layer 
pressure  gradient  and  the  minimum  wall  shear. 


calculations 


i5x33 

65x33 

33x 

19.8 

39.8 

25.1 

0.40888 

0.41089 

-11.24737 

-0.47354  K 

-1.09  K2 

-3.  3737  K  ” 

0.40942 

3.9961- 

0.4099- 

3.5297- 

2.  85541 

0.  56821 

3.  0496i 

5.6260+ 

0 

-5.2698+ 

0.05231 

1.  1 634i 

>  P  V 

max  ,X 

0.00085 

0.0014 

0.0010 

!  V 

0.00099 

0.00094 

0.001 ! 

ma  x  i  P  r 

0.075 

0.075 

0.074 

min1'  t  • 

-0.079 

-0.  078 

-0. 080 

Fig.  2:  Tliu  relatively  Large  differences  E(.) 

between  the  solutions  labelled  I  and  II 
in  Table  3  arise  mainly  from  an  uniform 
shift  in  X-direction.  The  original 
problem  Eqs.  (5)  is  invariant  under  such 
a  shift. 
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^  Abstract 

Numerical  results  are  presented  for  the  visc¬ 
ous  interaction  between  a  flap  performing  small 
amplitude  time  oscillations,  and  an  otherwise 
steady,  laminar,  boundary  layer.  The  method 
used  involves  Fourier  decomposing  the  solution 
in  tine,  a  technique  which  appears  to  have  a 
number  of  advantages  over  more  conventional  time 
marching  schemes. 

N 

I.  Introduction 

The  manner  in  which  a  planar  boundary  layer 
on  a  flat  plate  adjusts  to  a  trailing  edge,  and 
the  subsequent  change  in  inner  boundary  conditions 
from  one  of  no-slip,  to  one  of  zero  shear,  was 
first  considered  in  the  now  classical  paper  of 
Goldstein1.  It  was  found  that  the  boundary  layer 
adopted  a  double  structure,  close  to  the  trailing 

edge  ,  with  the  vertical  velocity  component  devel- 

•  ,  *— 2/« 
oping  a  singularity  of  0(x  ls)  downstream  of 

the  trailing  edge  (where  x*  is  the  distance 
measured  from  the  trailing  edge).  Stewartson2 
and  Messiter1  found  that  the  order  of  this  singu¬ 
larity  could  be  reduced  by  studying  the  immediate 
neighbourhood  of  the  trailing  edge,  using  the  now 
well-known  "tripLe  deck  theory".  The  outcome  of 
this  work  was  a  non-linear  boundary  layer  problem 
(with  novel  outer  boundary  conditions),  which  was 
subsequently  solved  by  Jobe  and  Burggrafu  for 


subsonic  flows,  and  by  Daniels3  for  supersonic 
flows,  using  finite  difference  techniques. 

A  number  of  related  problems  have  also  been 
studied  using  triple  deck  theory,  for  instance: 
flat  plates  at  incidence  to  the  freestream  flow6, 
the  numerical  problem  of  wh'.h  was  studied  by  Chow 
and  Melnik7  for  subsonic  flows,  and  by  Daniels3 
for  supersonic  flows;  oscillating  flat  plates  in 
subsonic  flows9’111  ;  wedged  type  trailing  edges11; 
the  edge  effects  of  a  torsionally  oscillating 
finite  disk12.  Recently,  Smith13  has  considered 
the  question  of  catastrophic  stall  involved  with 
flapped  trailing  edges  (and  also  asymmetric  wedged 
type  trailing  edges).  Triple  deck  theory  has  been 
utilised  in  a  wide  variety  of  other  problems,  a 
comprehensive  summary  of  which  is  given  by  Smith1,4 

The  effect  of  unsteadiness  has  been  incorpor¬ 
ated  into  a  number  of  multi-layer  problems  in¬ 
volving  distorted  boundaries1  5’ 1  •’ 1 but  except 
for  the  work  of  Brown  and  Daniels9  (in  which, 
incidentally,  the  resulting  numerical  problem  was 
solved  only  approximately)  and  that  of  Brown  and 
Cheng13  (which  was  primarily  concerned  with  a 
quasi-steadv  solution),  little  progress  appears  to 
have  been  made  on  the  effect  of  unsteadiness  on 
trailing  edge  classes  of  flows  3t  high  Reynolds 
number . 

In  this  paper,  we  shall  consider  the  effect 
of  a  small,  unsteady  trailing  edge  flap,  on  an 

1  ' 


,1 


otherwise  steady  laminar  boundary  layer. 


Fig.  1  shows  a  schematic  layout  of  che 


II.  Mathematical  formulation  of  the  problem 

We  take  L  to  be  the  chord  length  of 
the  plate,  o  and  v  the  density  and  kinematic 
viscosity,  respectively,  of  the  fluid  which  has 
a  steady  velocity  far  from  the 

plate.  Then  the  dimensional  coordinates 
(origin  at  the  trailing  edge)  are  caken  to  be 
Lx  and  Ly  in  the  streamwise  and  vertical 
directions  respectively.  U^u  and  U^v  are  the 
velocity  components  in  the  x  and  y  directions, 
and  the  pressure  is  written  as  p  U2  p  . 


structure  to  the  problem.  The  solution  in  che 
upper  deck  (wherein  y  -  0(e3))  and  the  lower  deck 
(wherein  y  ■  0(t1*))  follows  previous  triple  deck 
work,  for  example  Stewartson2,  and  will  not  be 
repeated.  In  the  lower  deck,  we  expect  the 
following  scalings: 


(u 


1  j  i  cj  3 

,v,w,p,x,y)-(£X;*U,£3X*V,E2X;P,e3x"5  X,  £3x'SY), 


(5) 


where  X  is  a  measure  of  the  wall  shear  of  the 

D 

on-coming  boundary  layer.  Note  X  -  0.3321  in 
the  case  of  a  Blasius  boundary  layer.  The  boundary 
layer  pressure  P  is  independent  of  Y. 


We  introduce  a  Reynolds  number 

Re  =■  L/v  ,  (1) 

which  is  assumed  to  be  large.  Following  previous 
studies  involving  triple  decks,  we  find  it  con¬ 
venient  Co  introduce  a  small  parameter  £  as 
follows  : 

£  -  Re"1/s  .  (2) 

Following  Smith13,  we  assume  that  there  is  a 
small  flap  on  the  trailing  edge,  whose  streamwise 
dimension  is  0(£3L) ,  and  with  a  dimension  in  the 
y  direction  of  0(esL).  Supposing  this  flap  to 
be  oscillating  with  frequency  w  ,  we  may  then 
introduce  a  further  dimensionless  parameter  8q  by 


Continuity  allows  us  to  introduce  a  stream- 
function  Y  such  that 


U  -  Yy  ,  V  -  -Y-  ,  (6) 


and  the  non-linear  equation  we  have  to  solve  is 


—  f-  +  y*  -  Y‘  Y“  »  Y - -  P"  .  (7) 

-o2  Yt  Y  YX  X  YY  YYY  X  V  ’ 
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If  we  assume  that  the  plate  lies  along 


Y  -  F (X, t) ,  X  <  0  ,  (8) 

then  we  must  solve  (7)  subject  to  the  following 
boundary  conditions 
On  Y  -  F(X,t),  X  <  0  : 

(X,t)  . 

-T -  dX  ,  (9) 

e2 


E2  -  (Wwl  (3) 

(a  parameter  related  to  the  Scrouhal  number) .  We 
shall  choose  Che  magnitude  of  3^  to  be  such  that 

3,  -  £3  ,  2  -  0(1).  (4) 

The  reason  for  this  particular  choice  of  3^  will 
be  explained  later. 


Y-  -  0  .  (10) 

As  Y  -  ±  «  (for  ail  X)  : 

Y-  -  iY  *  A+  (X , t ) .  (11) 

For  X  >  0  : 

P+(X,t)  -  P.(X.t) 

U  regular  for  all  Y  (12) 

where  subscripts  *  and  -  refer  to  conditions 
above  and  below  the  plate  respectively. 


J 


x  *  x/i 


We  see  chat  our  choice  of  B^  leads  Co  a 
problem  in  which  unsteadiness  is  imporcant  in  Che 
lower  deck,  and  hence  we  may  expecC  Che  maximum 
inceraccion  becween  unsteadiness,  inertia  cerms, 
and  viscous  Cerms.  Nocice  chat  our  choice  of 
order  of  dimensions  of  the  flap  has  also  been 
taken  in  order  to  coincide  with  those  of  the  low¬ 
er  deck. 

The  upper  deck  then  yields  a  relationship 
between  P  and  A.  In  the  particular  case  of  a 
supersonic  freestream  flow 

P„ (X, t)  -  -  A+*(X,t)  ,  (13) 

whilst  for  an  incompressible  flow  we  obtain 
.  .  ,  r  A+,(5,t) 

P±<x'e)"-7J  - «  (14) 

However,  we  shall  now  assume  that  the  flap 

has  streamwise  scale  0(f),  and  vertical  scale 
1  h 

0(1  13  )  relative  to  the  lower  deck  scales, 
where  l  <  <  1  .  We  chen  expect  the  solution  in 
most  of  the  flowfield  to  be  effectively  that  of 
the  symmetric  flat  plate,  the  numerical  solutions 
of  which  are  given  by  Jobe  and  Burggraf1*  in  case 
of  the  subsonic  flows,  and  by  Daniels5  for 
supersonic  flows. 

To  be  rather  more  precise,  suppose  these 
aforementioned  studies  yield  the  following: 

i\^(Y  ■  0,  X  *  0-)  -  Tfl  >  0  , 

PJX  -  Of)  -  P0  <  0  , 

-  -  »  --'/l 

P+(0-  )  finite,  P  (X)  -V  X  3  as  X  *  0  .  (15) 

Close  to  the  trailing  edge,  on  a  scale  com¬ 
parable  to  the  flap,  we  expect  a  departure 
from  the  results  (15).  Specifically,  we  intro¬ 


applies,  in  place  of  either  (13)  or  (14),  whilst 
the  rescaled  problem  still  satisfies  (7)— (12)  with 
the  obvious  change  in  notation.  As  well  as  being 
considerably  easier  to  creat  numerically,  the  "con¬ 
densed  problem",  as  noted  by  Smith13  (who  carried 
out  a  similar  procedure  to  that  described  above) , 
is  still  likely  to  be  a  good  model  of  the  flow 
characteristics  in  the  neighbourhood  of  the  trail¬ 
ing  edge,  even  for  other,  more  complicated, 
pressure/displacement  relationships . 

The  great  simplification  resulting  from  (18), 
is  the  lack  of  upstream  influence  (in  the  case  of 
non-reversing  flows).  Notice  that,  just  as  in 
the  analogous  steady  problem13,  the  pressure  may 
not  be  determined  absolutely,  but  only  down  to  an 

arbitrary  P  ( — <*> ,  t ) .  Further,  as  X  ♦  «,  P(X,  t)  s, 

2/* 

P(X)  'v  X  3  ,  with  the  solution  taking  on  the 
similarity  solution  of  Hakkinen  and  Rott  . 

We  write 

-  x^3  G(n)  *  . . .  , 

P  *  X^3  ?!*...  , 


duce  variables  as  follows 


-  V, 

with  n  «  Y/X  ’  and 


with  G^tjn^tPj  as  n  -*•  ±“  .  (19) 

We  now  make  the  following  transformations 

Y  =  Y  -  F(X, t)  .  (20) 

f  F  (X,t) 

t  •  V  +  !  — -  dX  (21) 

J  32 

—03 

(which  is  the  unsteady  version  of  the  Prandtl 
transformation).  Substitution  of  (20)  and  (21) 
into  (7),  again  leaves  the  governing  non-linear 
equation  unchanged,  with  f1,  X  and  Y  replacing 
? ,  X  and  Y  respectively.  The  boundary 
conditions  (9)— (11)  are  simplified  somewhat 
however : 

On  Y  »  0,  X  <  0 

t  *  »Y  -  0  .  (22) 

As  Y  - 

+  ±Y  ±  F(X,t)  .  (23) 

The  remaining  boundary  conditions  are  unaltered. 
We  now  go  on  to  consider  a  numerical  solution  to 
equation  (7). 

III.  Numerical  method 

We  shall  from  here  on  assume  that  F(X,t)  is 
a  periodic  function  of  time.  To  be  rather  more 
precise,  we  set 

F(X,c)  *  f(X)  sin  t  (2d) 


cime  marching  procedure.  However,  such  techniques 
have  a  tendency  for  requiring  lengthy  computing 
times,  whilst  transient  terms  are  decaying. 

Further,  it  is  difficult  with  such  solutions  to 
reduce  the  solution  into  (for  example)  steady  and 
unsteady  components,  in  order  to  gain  a  deeper 
insight  into  the  solution. 

Instead,  we  shall  pursue  a  method,  similar  to 
that  used  by  Duck22  (but  in  a  ’’prescribed  pressure" 
context),  in  which  the  solution  is  expressed  in 
the  form  of  a  Fourier  series  in  time.  In  addi¬ 
tion  to  partly  overcoming  the  difficulties  en¬ 
countered  with  time  marching  schemes  mentioned 
above,  we  shall  see  that  this  type  of  approach 
allows  the  exploitation  of  a  number  of  useful 
symmetries  in  this  particular  problem. 

Specifically,  we  write 

oo 

nx.Y.t)  -  l  ?n(X, Y)  eint  , 

n=-® 

ao 

P(X, t)  -  l  Pn(X)  elnc  ,  (25) 

n*-“> 

where  we  must  insist  that  f_n(X,Y)  is  the  com¬ 
plex  conjugate  of  ^(X.Y),  and  similarly  we 
have  that  P_n(X)  is  the  complex  conjugate  of 

P  (X).  Substitution  of  (25)  into  (7)  yields  the 
n 

following  infinite  system  of  equations 

U  2 _  r  IB  a  4.4)^ 

„2  nY  1+5  DY  nYX  nY'YX  IXnYY 

B2  0,n 

-»’f  ]  -  y  +  p 

nX  1YY  nYYY  nX 


i.e.  the  flap  is  oscillating  about  the  zero  mean 
position. 


One  method  to  solve  equation  (7),  and 
associated  boundary  conditions  would  be  to  use  a 


Here 


-  1.  i  -  k. 


(27) 


Notice  that  only  n  *  0  is  a  non-linear  equation, 
all  other  values  of  n  correspond  to  effectively 
linear  equations. 

Before  proceeding  further,  we  must  first  con¬ 
sider  che  transformations  (20)  and  (21)  in  rather 
more  detail.  We  have  already  stated  that  F(X,t) 
is  che  "shape"  of  the  flap.  However,  since  the 
flap  and  place  extend  only  up  Co  X  =  0,  then  for 
X  >  0,  strictly,  F(X,c)  is  undefined.  In 
order  to  proceed  further  with  our  Fourier  time 
decomposition  type  of  approach,  and  to  exploit  the 
method  to  che  full,  we  must  now  be  specific  about 
F(X,t)  in  the  wake.  In  fact,  for  X  >  0, 

F(X,t)  is  arbitrary,  and  consequently  assuming 
that  F(X,t)  ,  X  <  0  ,  is  given  analytically,  we 
shall  use  the  analytic  continuation  of  F(X,t) 
into  the  wake.  We  may  then  expect  our  solution 
to  be  as  smooth  as  possible,  with  a  continuous 
vertical  coordinate  transformation. 

We  now  consider  the  boundary  conditions  to  be 
applied  in  the  wake,  assuming  F(X,t)  to  take  on 
the  form  of  (24) . 

Firstly,  since  the  flap  is  oscillating  about 
a  zero  mean  position,  the  conditions  above  the 
plate  at  time  t,  must  correspond  to  conditions 
below  the  plate  at  time  c  +  it  and  because  of 
condition  (12),  we  must  insist  that 

P+(X,t)  ’  P_(X,t)  -  P(X, t )  *  P (X, t  *  t) 

for  X  >  0  ,  (28) 

i.e.  we  must  have 

P,„  , (X)  -  0,  X  >  0  ,  (29) 

zn-i 

for  all  n. 


?y(XfY,t)  =  -?Y(Xf-Ytt  ♦  *)  .  (30) 

The  implication  of  this  statement  is  chat  (X,Y) 

-n 

is  odd  about  Y  =  0,  whilst  ¥  ^ (XtY)  is  even 

about  Y  *  0.  Consequently  we  may  halve  the 
domain  of  Y  we  need  to  consider,  solving  in  just 
Y  *  0.  The  system  (24)  must  then  be  solved, 
subject  to  the  following  boundary  conditions 


The  next  step  in  the  technique  is  to  truncate 
(23)  as  follows 


X 

Y  (X,Y , C)  *  I  I'  (X, Y)  elnt  , 

IT  0 

n*-N 

N 

P(X,t)  =  l  P  (X)  eint  ,  (38) 

n— N  n 


which  then  reduces  (26)  to  a  finite  system. 

Notice  that  because  of  the  relationships  between 

•V  (X,Y)  and  V  (X,Y)  (and  similarlv  for  the 
n  -n 

pressure  and  displacement  function)  we  need  also 
only  consider  n  >  0  in  (26). 


Similarly,  we  must  also  require 


Next,  we  apply  Crank-Nichol son  differencing 


Co  Che  boundary  layer  momentum  equacion  (26), 
wich  LQ  s  X  i  Lj  in  seeps  of  AX,  and 
0  n  1,  in  seeps  of  AY. 

For  n  -  0  we  choose  Co  evaluace  Che 
correcCion  cerms  co  Che  solucion  at  each  itera¬ 
tion,  whilst  for  n  +  0,  we  choose  co  evaluate 
Che  streamfunecion  and  pressure  terms  themselves 
(Che  reason  for  this  difference  being  because  of 
the  non-linearity  of  (26)  if  n  =  0) . 

The  resulting  equation  is  generally  of  a 
banded  matrix  form  ,  for  each  n  and  X,  with 
a  right-hand  column  (due  to  the  pressure  term) , 
and  may  be  written  schematically  as  follows 


An  Xj*2 


B.  x  • 

j  Vi 


j 

j  -  i 


cj  xi-i 


v 


J-2 


R. 

J 


(39) 


where  Xj  relates  to  the  streamfunction  at  the 
jth  Y  station,  and  x  relates  to  the  pressure 
terra.  Our  iteration  procedure  for  solving  (26) 
was  a  combination  of  Newton  iteration  (for  n  »  0) , 
coupled  with  back  substitution  (for  n  i1  0),  Che 
system  (39)  being  solved  in  all  cases  by 
Gaussian  elimination. 

Notice  chat  in  the  wake,  the  situation  is 

slightly  different  for  n  odd,  since 

P„  (X)  »  0,  X  >  0.  However  the  system  is  not 
An-  L 

over-determined,  since  we  have  only  one  boundary 
condition  on  Y  *  0  (instead  of  the  two  for  n 
even) .  The  result  of  this  is  that  we  may  3et 
0^  *  0,  for  all  j  in  (39)  for  n  odd,  X  >  0, 
yielding  a  truly  banded  system. 

The  numerical  scheme  was  then  as  follows. 
Using  the  asymptotic  behaviour  as  X  -  - «  ,  at 


(26)  was  solved  for  n  ■  0,1,2, ...,N,  and  this  was 

repeated  until  the  maximum  change  in  any  of  the 

Yg  (X, Y) ,  0  $  Y  S  Y^  fell  below  some  prescribed 

tolerance  limit  (generally  10-7) .  Once  such 

convergence  at  a  given  X  station  was  obtained, 

the  X  +  AX  station  would  then  be  considered. 

This  process  was  repeated  up  to  and  including 

X  ■  0.  However,  we  require  that  the 

P.  , (0)  ■  0,  and  in  general  this  will  not  be 
2n-l 

achieved.  We  resolved  this  discrepancy  by 

simply  subtracting  P  (0)  the  previous 

P2n_j(X),  X  <  0,  yielding  a  finite  value  of 

P_  ,  (L.)  m  P„  ,(-“).  (Consequently  the 
zn-1  o  2n-i 

P  (-«•)  are  determined  absolutely,  it  is  the 
P7n(-»)  that  may  not  be  determined).  All  the 
latest  n  even  solutions  were  left  unaltered. 
Restarting  the  computation  at  X  «  AX,  the 
marching  process  was  continued,  with  the  appro¬ 
priate  wake  boundary  conditions  on  Y  »  0.  Then 
the  solution  was  marched  forward  to  X  «  Lj , 
where  Lj  >  >  1,  by  which  stage  the  solution  was 
generally  seen  to  take  on  the  similarity  form  of 
Hakkinen  and  Rott18. 

Several  advantages  of  the  Fourier  series 
approach  now  emerge.  Supposing  reversed  flow 
does  not  occur,  at  any  given  X  station  we  need 
only  store  values  of  the  streamfunction  at  X,  and 
the  preceding  X  station  X  -  AX.  In  the  case  of 
time  marching  schemes,  all  the  values  of  the 
streamfunction  for  all  X  at  t,  and  the  previous 
timestep  t  -  At  must  be  stored,  although  this 
advantage  of  the  Fourier  time  series  approach  is 
partly  offset  because  there  are  N+l  modes  to  be 
stored,  all  of  which  (except  n  *  0)  involve 
complex  values.  Perhaps,  however,  the  major 
advantage  of  the  present  method  over  time  marching 


X  »  Lq  ,  the  solution  was  then  marched  forward  in 
X.  At  each  X  station,  the  differenced  form  of 


methods  is  that  we  need  sweep  through  the  entire 
flowfield  just  once. 

IV.  Results 

All  calculations  were  on  Che  following  class 
of  flap  shape 

F (X, t)  -  3  Slnl:',  T  ,  X  <  0  (40) 

1  *  (X-—) 

/3 

i.e.  f(X)  -  - 2 - __  ,  X  <  0  .  (41) 

[1  +  (X-— )^] 

/3 

Computations  were  accomplished  using  161  points 
in  the  lateral  (Y)  direction,  with  0  s  Y  f  10, 
and  81  points  in  Che  streamwise  (X)  direction, 
with  -10  S  X  S  10.  A  uniform  grid  was  employed 
in  both  directions.  The  smaller  grid  in  the  Y 
direction  was  deliberately  chosen  because  of 
the  sensitivity  of  the  solution,  particularly  the 
wall  shear,  to  AY  (the  solution  being  relatively 
insensitive  to  AX).  Further,  generally  we  took 
N  •  4  (i.e.  five  Fourier  modes).  A  number  of 
control  calculations  were  performed  for  the 
larger  a  computations,  using  N  *  6,  which 
resulted  in  a  change  in  generally  no  more  than 
the  third  decimal  place  of  the  solution. 

Two  checks  of  che  numerical  scheme  are 
available.  Firstly,  if  a  *  0,  then  the  simi¬ 
larity  solution  of  Hakkinen  and  Rott18  applies 
uniformly  downstream  from  che  trailing  edge,  with 
no  upstream  perturbation  of  the  uniform  shear 
(due  to  the  lack  of  upstream  response).  The 
scheme  was  found  to  reproduce  these  results 
satisfactorily.  Secondly,  as  3  -  ®  ,  the 
solution  is  expected  to  become  quasi-steady  in 
form,  with  the  solutions  obtained  by  Smith-3 
applying  instantaneously.  A  number  of  computa¬ 


tions  with  large  values  of  £  were  performed,  and 
the  solutions  obtained  did  indeed  appear  to 
approach  such  a  limit. 

Figs.  2  and  3  show  the  upper  wall  shear 
(t  *  f^)  and  pressure  distributions  respectively, 
in  intervals  of  tt/2  ,  commencing  at  t  »  0  ,  for 
the  particular  example  of  a  *  B  *  1  .  In  all 
cases,  the  local  maximum/minimum  of  the  wall  shear 
is  seen  to  occur  at  the  trailing  edge  itself, 

X  *  0.  In  fig.  3  ,  the  arbitrary  additive  pressure 
term  (described  previously)  is  taken  to  be  the 
average  of  the  upper  and  lower  pressure,  at 
X  =  -»  ,  at  each  particular  time.  Notice  that  the 
periodicity  of  che  flow  implies  P_(-»*,t)  * 

P+(-“>,  t+r)  and  r_(X,Y*0,t)  *  r  (X,Y  »  O.t+it) . 
Further,  as  a  result  of  our  consents  previously, 
the  pressure  distribution  for  X  %  0  at  time  t, 
is  identical  to  chat  at  time  t  +  s  . 

Fig.  4  shows  the  variation  of  wall  shear  at 
the  point  X  »  0  with  time  .  For  B  »  1, 

the  maximum  shear  is  seen  to  occur  slightly  before 
t  -  r/2,  whilst  the  minimum  shear  occurs  just  after 
t  -  5s/4.  We  see  that  there  is  a  fair  degree  of 
departure  from  the  quasi-steady  solution,  which 
would  possess  a  maximum  at  t  *  w/2,  and  a  minimum 
at  t  -  3r/2  ,  with  t(X»0,  Y*0,  t*ir/2)  » 
x(X  -  0,  Y  »  0,  t  -  3w/2)  -  0. 

Figs.  5,  6,  7  are  the  corresponding  figures 
for  the  example  a  *  2,  3*1.  In  particular 

fig.  7  indicates  that  for  a  period,  the  flow  is 
undergoing  flow  reversal  in  the  region  of  the 
trailing  edge.  Strictly,  our  numerical  scheme  is 
invalid  in  regions  of  reversed  flow  -  we  have 
employed  a  marching  scheme  in  the  streamwise 
direction,  which  prohibits  the  propagation  of  any 


flow  information  upstream.  Me  shall  return  to  a 
discussion  of  this  point  later. 

Figs.  8,  9,  10  relate  to  the  case  a  =  3, 
3*1.  In  fig.  10  we  see  again  that  for  a  period 
in  the  cycle,  flow  reversal  occurs.  Figs.  11, 

12,  together  with  one  of  che  plots  in  fig.  4  ,  are 
for  the  case  a  *  1,  3  =  i,  corresponding  to  a 
somewhat  higher  frequency  of  oscillation  than  the 
previous  examples.  Again,  a  period  of  flow 
reversal  at  the  trailing  edge  is  observed. 

Let  us  now  consider  this  apparent  separation 
in  the  vicinity  of  the  trailing  edge.  Similar 
one-sided  separation  has  been  found  in  other 
(steady)  studies  ’  ,  and  it  has  been  argued  that 

this  is  a  condition  for  the  breakdown  of  the  multi¬ 
layered  structure  of  the  problem,  since  a  form  of 
the  Hakkinen-Roct 1 3  similarity  solution  applies 
locally  as  X  -  0+  (as  well  as  X  ■*  +")  ,  but 
this  requires  t(X  *0-,  Y  =  0±)  both  be  positive. 
However  our  numerical  results  do  indicate  that  one¬ 
sided  separation  occurs  at  the  trailing  edge,  and 
it  would  appear  that  it  is  only  truncation  error  in 
the  numerical  scheme  that  permits  us  to  extend  our 
solution  into  the  wake  for  such  flows. 

Indeed,  computations  involving  more  severe 
separations  were  attempted,  but  failed  to  converge. 
In  all  cases  these  calculations  stopped  at  the  very 
first  wake  station  (X  *  AX),  suggesting  chat  the 
failure  was  not  caused  by  the  reversed  flow  per  se, 
but  rather  because  of  a  failure  in  the  necessary 
condition  for  the  Hakkinen-Rott-5  solution  to 
exist . 

However,  in  a  recent  study  by  Smith-3,  the 
steady  analogue  of  the  present  problem  has  been 
examined,  using  a  numerical  scheme  that  correctly 


accounts  for  the  reversal  flow  regions,  and  it  was 
found  that  the  flow  reattaches  very  close  to  the 
trailing  edge,  permitting  the  solution  to  be 
continued  into  the  wake.  Thus  it  would  appear 
that  for  these  separated  flows,  the  numerical 
scheme  must  correctly  account  for  reversed  flow 
regions.  In  the  case  of  the  Fourier  time  series 
method,  it  is  rather  unclear  how  reversed  flow 
regions  should  be  treated,  since  although  the  flow 
may  be  reversed  at  certain  points  in  the  flow- 
field  at  certain  times,  at  other  times,  the  flow 
will  be  in  che  forward  direction.  This  is  un¬ 
doubtedly  a  restriction  on  the  time  series 
decomposition  technique,  and  work  is  on  hand  to 
resolve  this  problem. 
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Abs t  race 


^Unsceady  triple-deck  theory  is  applied  to  ana¬ 
lyze  the  local  viscous-inviscid  interaction  of  an 
idealized  oscillating  flap  with  a  laminar  boundary 
layer  in  supersonic  flow.  For  small  flap  arpli- 
tudes  and  small-to-moderate  nondimensional  frequen¬ 
cies,  linearized  analytical  solutions  by  means  of 
Fourier  transformation  are  given  for  the  pressure 
and  shear  distributions  ahead  of  and  behind  the 
flap  hinge.  In  the  supersonic  case,  the  predicted 
unsteady  viscous  effects  reduce  the  pressure  ampli¬ 
tude  and  spread  it  out  upstream  while  causing  it  to 
lag  the  quasi-steadv  inviscid  prediction  (flap  mo¬ 
tion)  ;  this  also  results  in  an  unsteady  delay  of 
incipient  separation  at  the  hinge  to  a  higher  flap 
amplitude.  The  unsteady  upstream  influence  of  the 
interaction  is  found  to  decrease  as  the  frequency 
increases.  These  trends  are  shown  to  be  in  quali¬ 
tative  agreement  with  available  experimental  data. 


I .  Introduction 


#  V 


The  formal  asymptotic  triple-deck  theory  of  un¬ 
steady  free  laminar  viscous-inviscid  interactions 
for  purely  supersonic  or  subsonic  inviscid  f^ow  has 
been  developed  in  general  by  Ryzhov  and  Zhuk  as  an 
extension  of  the  steady  flow  theory  due  to  Stewart- 
son  and  Williams.-  Their  results  for  the  leading 
approximation  as  ReL  -  «•  indicate  that  when  the  re¬ 
duced  frequency  u  based  on  reference  length  L  and 
treestream  velocity  w*L/U*  £  0(Re^1,,u>,  the  explic¬ 
it  unsteady  effect  remains  only  in  the  viscous  low¬ 
er-deck  equations,  the  inviscid  disturbance  flow  in 
the  overlying  middle  (main)  and  outer  decks  being 
quasi-steady.  Schneider^  has  also  given  a  funda¬ 
mental  analysis  of  unsteady  disturbances  in  purely 
supersonic  outer  flow  for  arbitrary  amplitudes  in 
which,  unlike  the  aforementioned  f ree-interaction 
case,  the  amplitude  governs  Che  streamwise  interac¬ 
tive  scale;  he  also  found  that  the  quasi-steady 
approximation  fails  near  the  wall. 


Notwithstanding  these  general  theoretical  de¬ 
velopments,  there  has  been  little  application  of 
them  to  specific  problems  wherein  we  can  gain  a 
more  concrete  appreciation  for  the  physics  of  the 
unsteady  viscous-inviscid  interaction  process.  Ac¬ 
cordingly,  the  present  pape  describes  such  an  ap¬ 
plication  to  a  model  problem  of  both  practical  yet 
fundamental  interest  in  aerodynamics,  namely  the 
unsteady  2-D  interaction  field  produced  by  an  os¬ 
cillating  flap  in  supersonic  flow.  The  problem  is 
also  instructive  because  it  possesses  a  well-known 
steady  state  solution"*  for  flow  past  a  corner 
chac  permits  the  new  unsteady  viscous  effects  of 
interest  here  to  be  readily  displayed. 

In  Section  Z  we  outline  the  general  formula¬ 
tion  of  the  problem  with  its  appropriate  unsteady 
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triple-deck  scaling.  We  then  treat  its  application 
to  supersonic  flow  in  Section  3,  including  a  lin¬ 
earized  solution  for  small  flap  amplitudes.  A  sup¬ 
porting  comparison  with  experimental  results  is 
also  given.  Section  4  concludes  with  a  discussion 
on  che  implications  of  the  present  work  for  future 
studies . 


II.  General  Triple-Deck  Formulation 
2.1.  General  Set-Up 

Consider  a  flow  past  a  plate  airfoil  with  a 
flap  oscillating  with  frequency  w*  and  amplitude  a*, 
as  shown  in  Fig.  1.  The  flap  is  idealized  as  hav¬ 
ing  a  large  length  compared  with  che  streamwise  in¬ 
teraction  scale.  Suppose  that  the  fluid  is  Newton¬ 
ian  with  constant  Prandtl  number  obeying  che  Chap- 
man-Rubesin  viscosity  law  (gu  -  constant)  with  the 
wall  surface  maintained  at  a  constant  absoluce  tem¬ 
perature.  For  simplicity  zero  angle  of  attack  is 
considered,  so  that  a  Blasius  boundary  layer  can  be 
assumed  on  the  plate  upstream  of  che  leading  edge 
of  the  control  surface.  We  set  up  x,y  coordinates 
with  the  origin  at  the  corner  (Fig.  1).  In  what 
follows,  we  denote  time,  pressure,  density,  viscos¬ 
ity  and  temperature  by  t,  p,  o,  u  and  T,  respec¬ 
tively;  u  and  v  are  che  velocity  components  in  x 
and  y  directions,  respectively,  while  che  super¬ 
script  *  denotes  the  original  physical  variables, 
the  rescaled  dimensionless  variables  being  denoted 
without  a  star.  The  subscripts  »  and  w  refer  to 
the  free  scream  and  che  wall  conditions,  respec¬ 
tively;  U*  and  are  the  free  stream  velocity  and 
Mach  number,  and  L*  is  the  characteristic  length 
shown  in  Fig.  1. 


Figure  1.  Schematic  Triple-Deck  Structure 
near  the  Leading  Edge  of  the  Oscillating  Flap 

In  the  region  very  close  to  che  corner,  a  lo¬ 
cal  interaction  takes  place  between  the  viscous 
Layer  and  the  pressure  induced  in  the  external  flow. 
The  interaction  region  extends  over  a  streamw'se 
length  of  order  •; 3 ,  where  ■;  =  Re"'  "  is  a  small 
parameter  and  ReL*  L'*L*;  *  _*  is  the  free  stream 
Reynolds  number  which  is  supposed  to  be  very  large. 
For  oscillation  frequencies  such  that  _*L*/L'*  £ 
()(■_")  it  can  be  shown  that  there  are  three  dis¬ 
tinct  transverse  decks  in  which  different  physical 


4 


i 


5* 


M 


•  -  • 


*4 


■>  I  I  »  J 


I 


processes  dominate^"”3  (Fig.  1),  as  follows.  The 
main  deck  with  thickness  of  order  s4*  acts  as  the 
disturbed  rotational  inviscid  continuation  of  the 
upstream  boundary  layer,  the  first  order  solution 
therein  being  a  simple  quasi-steady  displacement  of 
the  streamlines.  The  upper  deck  has  a  thickness  of 
order  e3  in  which  the  dominant  process  is  quasi¬ 
steady  irrotational  inviscid  flow  so  that  the  first 
order  equations  are  potential  disturbance  flow  equa¬ 
tions.  The  lower  deck  has  a  height  of  order  and 
contains  an  unsteady  viscous  incompressible  distur¬ 
bance  flow.  The  pressure  induced  at  the  base  of 
the  upper  deck  is  impressed  upon  the  top  of  the  low¬ 
er  deck,  so  that  the  problem  reduces  to  the  solu¬ 
tion  of  the  unsteady  incompressible  boundary-layer 
equations  governing  the  lower  deck  subject  to  unusu¬ 
al  boundary  conditions. 


According  to  Stewartson^  and  Ryzhov  and  Zhuk, 
the  suitable  scaled  variables  for  the  lower  deck 
are  x*  =  s^by,  y*  ■  e^by,  (p*  -  p£)/o*U*2  =  e2cp, 
u*  *  (td/b)  u,  v*  =  (t3d/a)  v,  a*  3  c2( b/a)  a, 
t*  =  e2(ab/d)  t  and  w*  *  w/e2( ab/d)  with  u >  z  0(1), 
where  the  constants  a,  b,  c  and  d  are  given  in  Ap- 
u*T* 

W  o° 

pendix  A,  and  where  C  »  — ,  A  =  0.3321  and 
•»  w 

5  *  M2  -  1 j  .  The  resulting  first  order  lower-deck 
flow  equations  are  of  the  nonlinear  boundary-layer 
type 
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3  x  ■  3y 
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(1) 


obtained  as  follows.  Assuming  chat  j  is  sufficient 
ly  small,  we  can  expand  u,  v  and  p  as  power  series 
in  a;  to  the  first  order  (linearized)  approximation 
chis  gives 

u  ■  y  +  aU(x,y)  •  exp  (iwt) 

v  *  V(x,y)  •  l  exp  (iut)  (7) 


p  »  P(x)  •  a  exp  (iwt) 


Substituting  these  into  Eqs.  (1)  and  (2)  and  equat¬ 
ing  like  powers  of  a  yields 


HJ  +  _3V 
3  x  5y 
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(8) 


iwU  +  y  7^  +  V 
3x 


dP 

dx 


ifu 


(9) 


To  the  same  order  of  approximation  the  wall  bound¬ 
ary  conditions  (5)  and  (6)  can  be  shifted  to  y  =  0, 
so  that 


U(x,0)  »  xH(x)  ,  V(x,0)  =  -iwxH(x)  (10) 

The  remaining  boundary  conditions  are  unaltered. 


Analytical  solutions  of  this  small  perturba¬ 
tion  problem  will  be  obtained  by  taking  the  Fourier 
transform  with  respect  to  x.  Thus,  for  example,  if 


U(y.k) 


-ikx,,,  , 

e  U(x,y) 


dx  , 


(11) 


au  ,  3u  ,  3u 

H+u^  +  V  37 


d£  32u 
dx 

3y2 


with  the  upstream  initial  condition 
as 


f -*  1 

3y 


x  -» 


(2) 


(3) 


Matching  with  the  small  disturbance  external  flow 
yields  the  outer  boundary  condition 

u  -  y  +  A( x , t )  as  y  *  »  (4a) 

where 

*  -p  [supersonic  wave-like  behavior]  (4b) 


3:A  _  J_  f°° 

3X2  T  </-* 


[subsonic]  (4c) 


The  inner  boundary  conditions  for  zero  slip  on  an 
impermeable  wall  are 

'  (5) 

)on  y  =  — jei'u,txH(x) 


v  •  -iuuie^jtxH( x) 


(6) 


where  H(x)  is  Heaviside's  unit  function.  It  should 
be  noted  that  these  equations  differ  in  two  re¬ 
spects  from  the  steady  case  studied  by  Stewart- 
son*>3:  there  is  a  term  3u/3t  in  the  x-momentum 
equation,  and  v  ^  0  at  the  wall  when  x  >  0  because 
of  the  oscillating  flap. 


2.2.  Linearized  Version 


The  foregoing  problem  is  nonlinear  and  hence 
difficult  to  solve  analytically,  especially  for  the 
unsteady  case.  However,  the  essential  physics  may 
be  brought  out  by  considering  small  amplitude  flap 
oscillations,  for  which  linearized  solutions  can  be 


then  letting  V  *  ikf,  U  «  -  —  and  ;  *  5^(w  +  ky) 

where  kCj  =  (ik)1/3,  we  find  from  Eqs.  (8)  and  (9) 
that  the  function  f  satisfies  Airy's  differential 
equation 

—  *  4  —  (12) 

dC 4  d c2 

The  boundary  conditions  (10)  require  that  f  satis¬ 

fy 


f  (0) 


iui 

(0  +  ik)3 


(13) 


g<°> 


1 

(0  +  ik)2 


(14) 


A  third  condition  can  be  obtained  by  satisfying  the 
x-momentum  equation  (9)  right  at  the  wail;  after 
Fourier  transformation,  in  terms  of  f  this  leads  to 


—  (0)  -  -ikP  (15) 

dy3 


where  P(k)  is  the  wall  pressure  spectrum.  The  re¬ 
maining  outer  matching  conditions  of  Eq .  (4)  intro¬ 
duce  Che  specific  type  of  outer  flow  solution  and 
will  be  taken  up  below;  regardless  of  this  type, 
however,  we  note  that  either  of  these  conditions 
implies  that  the  disturbance  flow  vcrticitv 
3(u  -  y)/)y  [and  hence  d2f/dy-]  vanishes  as  v  - 


Now  the 
vanishes  as 


general  solution  of 
-  ”,  is 


Eq. 


t  12) 


which 


d-f 

dy- 


BAi(;) 


(16) 


where  Ai  denotes  the  Airy  function  of  the  first 
kind  and  B  is  a  constant.  Following  two  successive 
v-integrations  of  Eq.  (16)  to  obtain  f,  the  two  re¬ 
sulting  integration  constants  plus  B  can  be  deter¬ 
mined  in  terms  of  P  by  conditions  (13)  -  (15);  the 
particular  value  of  P  is  then  determined  for  either 
supersonic  or  subsonic  flow  by  the  transformed  out¬ 
er  matching  condition  (4a)  or  (4b),  respectively. 
Fourier  inversion  to  the  physical  plane  Chen  com¬ 
pletes  the  solution. 


III.  Supersonic  Solution 


The  transformed  version  of  the  supersonic  out¬ 
er  matching  condition  (4b)  is 


df 

dy 


(~) 


P 

(0  +  ik) 


(17) 


The  integration  of  Eq.  (16)  plus  the  four  condi¬ 
tions  (13),  (14),  (13)  and  (17)  then  yields  the 
pressure  spectrum 


(0  +  ik)  N(k) 


(18a) 


where 


M(k)  =  1  - 


(4^ 


Ai 


—  f“ 

(v^w) 


Ai(;)  dt  .(18b) 


The  physical  solution  now  follows  by  inversion; 
for  example,  the  complex  amplitude  of  the  pressure 
distribution  per  unit  a  is 


P(x) 


e  x  P(k)  dk 


(19) 


The  corresponding  shear  stress  along  Che  wall  can 
then  be  determined  by 


*  1  +  a  e*P  (W) 

so  chat  if  we  let 

(— )  -1 

,  Wo  .  .HI. 

T  a  exp  (iwt)  l3y  y=0 


(M) 

v3y'y«0  ’ 


(20) 


be  the  complex  amplitude  of  the  disturbed  shear 
stress  per  unit  a,  then 


T  (  x) 


,3U.  wu 
3y  y*0  dk 


(21) 


Because  of  the  complexity  of  the  function  P(k) 
given  by  Eq.  (13),  a  numerical  procedure  in  general 
is  required  to  invert  the  Fourier  transform.  How¬ 
ever,  several  important  physical  features  of  the 
interaction  can  be  obtained  analytically,  as 
follows . 


3.1.  Upstream  Influence 


The  effective  distance  of  upstream  influence 
in  the  leading  approximation  can  be  obtained  by 
examining  Che  asymptotic  behavior  of  P(x)  as  x  -  -“ 
and  calculating  the  resulting  logarithmic  decrement. 
As  shown  by  Lighthill,^  this  corresponds  to  that 
zero  k.  of  the  function  N(k)  'Eq.  (18b)  I  in  che 
lower-half  complex  k-plane  having  the  least  value 
of  its  imaginary  part  - Im ( k , ) ,  which  means  that 
P(x>  decreases  by  a  factor  ‘exp  Im(k^)'j  per  unit 
distance.  Now  it  can  be  shown  chat  the  equation 
N(k)  *  0  is  exactly  chat  studied  by  Schneider) : 
the  curve  for  M ^  »  »2  in  his  Fig.  7(a)  can  be  di¬ 
rectly  taken  over  for  determination  of  the  present- 
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lv  required  logarithmic  decrement  if  its  ordinate 
is  interpreted  as  -Im(k. )  and  its  abscissa  as  1/--. 
This  result  is  plotted  in  Fig.  2,  from  which  we  can 
see  that  the  pressure  disturbance  extends  a  shorter 
distance  upstream  as  the  frequency  is  increased. 


3.2.  Low-Frequency  Behavior 

Another  interesting  aspect  of  the  unsteady 
interaction  is  its  low-frequency  behavior  pertain¬ 
ing  to  small  values  of  ui  such  that  u2  <<  1;  this 
can  be_obtained  systematically  by  expanding  P(k) 
and  (3U/3y)  ^  as  power  series  in  u.  To  the  second 
order,  we  cXn  then  get  the  inversions  of  the  trans¬ 
forms  in  closed  form  (see  Appendix  B)  and  so  obtain 
the  wall  pressure  and  shear  stress  as 

P(x)  *  PQ(x)  +  iuPj (x)  +  w2P2(x)  +  •  •  •  (22) 

t(x)  *  tq(x)  +  iwij^x)  +  u2t2(x)  +  •  •  •  (23) 

where  P  (x)  and  tq(x)  are  the  same  functions  as 
those  given  by  Stewartson2  for  steady  flow  while 
the  remaining  functions  are  defined  in  the  Appendix. 
Fig.  3  presents  the  numerical  results  for  PQ,  Pj 
and  ?2  as  functions  of  x,  while  Fig.  4  shows  x0  ,  r 
and  We  see  from  Fig.  3  chat  P  ,  P.  ,  P,  •»  0  as1 

x  -  -■»,  and  PQ  -  -1,  Pj  -  0,  P_,  -  ? .  38  as  x  -  +». 

These  functions  are  continuous^ac  x  =  0  due  to  the 
presence  of  viscous  effects,  whereas  they  would 
have  a  jump  across  x  *  0  according  to  purely  in- 
viscid  potential  theory.  Fig.  4  shows  that  t  , 
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Figure  3.  Complex  Amplitude  of  the 
Pressure  Oscillation,  P  =  P  +  i-P,  +  P , 
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Figure  7.  Qualitative  Comparison  of  Theory  and  Experiment  for  an 
Oscillating  Flap  in  Supersonic  Flow  (schematic) 
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c^\.0  -  1  -  -  0  (28) 

where  because  of  the  lagging  phase  the  minimum 
shear  stress  does  not  appear  when  the  flap  is  de- 
flecte!  at  the  upper  extreme  position.  The  separa¬ 
tion  condition  can  also  be  written  as  a|r!  >  1. 

Now  excluding  the  unrealistic  far  downstream  behav¬ 
ior  of  T,,  Fig.  5  shows  that  minimum  | t |  occurs  at 
the  hinge  line  x  *  0  with  the  value 

T  (0)  =  To(0) ;  -  l.4ui2  (29) 

so  that  che  flap  angle  i  ac  which  the  separation 
occurs  is  roughly  s 


(1  +  1 . 5w^) 


:  (0)  -  1. 
o 


where  the  value  for  .  -  0  Is  just  that  given  by 
Stewartson-* for  a  concave  corner  in  che  steady 
case  (note  that  the  s  defined  by  Stewartson  is  one- 
half  that  used  here;  moreover,  we  have  corrected 
some  numerical  inaccuracy  In  his  paper) .  The  above 
expression  predicts  chat  a  increases  with  increas¬ 
ing  frequency,  a  result  of  the  fact  that  in  super¬ 
sonic  flow  che  (negative)  unsteady  skin-friction 
disturbance  around  che  hinge  line  lags  the  flap  mo¬ 
tion  (Fig.  6) .  Thus  the  instantaneous  t  ,  does 
not  occur  at  the  largest  flap  deflection  (perturba¬ 
tion)  and  so  a  slightly  higher  flap  angle  can  be 
tolerated  chan  In  the  quasi-steady  (<u  =  0)  case. 

IV.  Concluding  Remarks 

Although  the  present  linearized  treatment  of 
the  disturbance  field  due  co  small  oscillations  of 
an  idealized  unbounded  flap  model  introduces  unre¬ 
alistic  large  x-scale  growth  of  some  perturbation 
properties  and  is  restricted  co  amplitudes 
n*  £  Re^*'/4,  the  local  results  in  the  neighborhood 


of  che  hinge  give  a  good  qualitative  account  of  and 
insight  into  the  dominant  unsteady  viscous-inviscid 
interaction  effects.  The  restriction  on  the  per¬ 
missible  reduced  frequency  to  values  k  =  io*L*/U* 

4  c'2  <  Re^/4  in  fact  embraces  much  of  the  ?ow2to- 
moderate  frequency  range  encountered  in  aeroelastic 
problems, ^  so  that  the  quasi-steady  approximation 
for  the  outer  part  of  any  strong  local  viscous- 
inviscid  interaction  regions  occurring  in  this 
range  is  indeed  often  applicable  in  practice,  as 
are  the  small  jj  =  t2k  <<  1  expansion  analyses  used 
herein. 

Owing  co  the  linearized  purely  supersonic  na¬ 
ture  of  the  inviscid  flow  assumed  here,  a  separate 
treatment  is  required  of  the  far  more  difficult 
mixed  nonlinear  problem  associated  with  transonic 
flow.  Indeed,  the  unsteady  transonic  triple-deck 
problem  might  exhibit  a  basically  different  quasi- 
steady  behavior  Chan  that  treated  in  the  present 
work. 


Appendix  A 


The  Interactive  scaling  Constants 


a  =  l*C3/ ?\"5/45-!/='(t*/t*) 
o  w' 


b  *  l*C3/9  -3/u5-i/ ^fT*/T*) 3/; 

O  V  x~ 

r  =  pi/1*',  i/2;-(/- 


d  *  I.*U*C  V4  l“l/-«_:/u(T*  'T*)“ 
o  »  w  »' 


Appendix  B 


Details  of  the  Low-Frequencv  Approximation 


B.l.  Complex  Amplitude  of  Pressure  Oscillation 
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B.2.  Complex  Amplitude  of  Disturbed  Shear  Stress 
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Abstract 

\  - 

The  possibility  of  non-unique  solutions  to  the 
laminar  boundary  equations  in  direct  problem  calcu¬ 
lations  has  been  identified  for  decelerating  flow. 
For  flows  far  from  separation  or  reattachment  one 
solution  is  physically  reasonable  and  the  others 
unrealistic,  as  a  separation  or  reattachment  point 
is  approached,  the  multiple  solutions  approach  each 
other  and  become  identical.  Understanding  of  this 
behavior  allows  direct  problem  calculations  through 
separation,  although  such  calculations  are  not 
practical.  The  computer  code  used  to  generate 
these  results  was  developed  to  solve  compressible, 
laminar  or  turbulent  boundary  layer  and  free  wake 
problems  in  direct  or  inverse  mode.  The  equation 
formulation  uses  a  variable  (scaling  based  on  the 
local  displacement  thickness  rather  than  the  more 
common  Levy-Lees  scaling.  Similarity  solutions  in 
either  primitive  variablejbr  stream  function  form 
are  possible.  JQbe  resulting  equations  are  solved 
using  a  modified  Keller's  Box  scheme  in  which  the 
energy  equati^bir,  and  turbulence  modeling  equations 
are  solved  simultaneously  with  the  continuity  and 
momentum  equation^.  The  approach  is  efficient  and 
robust  for  all  of  the  variety  of  test  cases  exam¬ 
ined.  The  transformations  and  computational  parti¬ 
culars  for  the  direct  and  inverse  modes  will  be 
presented.  The  efficiency  and  accuracy  will  be 
illustrated  by  few  computational  examples.  A 
number  of  examples  illustrating  the  nature  of  the 
solutions  at  separation  and  reattachment  points 
will  be  presented. 


Introduction 

As  part  of  a  research  program  designed  to 
study  viscous-inviscid  interactions  in  turbo¬ 
machinery  flow  fields,  a  compressible,  two- 
dimensional  boundary  layer  calculation  scheme  was 
developed.  The  scheme  was  designed  for  internal 
flow  applications  where  separation  often  occurs  at 
unexpected  locations  and  causes  a  strong  inter¬ 
action  between  the  boundary  layer  and  the  core 
flow.  Since  over  a  large  portion  of  the  flow  field 
the  boundary  layer  is  usually  known  to  be  attached, 
an  efficient  scheme  should  allow  easy  transition 
between  operation  as  an  inverse  or  direct  solver 
and  accept  a  wide  variation  in  boundary  layer 
growth  rates. 


priately.  A  Keller  type  box  scheme  was  used  to 
solve  the  system  of  equations.  We  solved  the 
continuity-momentum,  energy,  and  turbulence  model 
equations  simultaneously  rather  than  by  iterating 
between  them.  The  simultaneous  solution  of  the 
entire  equation  system  at  each  marching  location 
leads  to  an  efficient  solution  scheme  in  terms 
of  computer  time  as  it  appears  to  have  quadratic 
convergence  rate  at  every  point. 

With  these  procedures  the  distinction  between 
inverse  mode  and  direct  mode  solutions  was  limited 
to  a  single  boundary  condition  switch,  and  the 
ability  to  easily  switch  between  direct  and  inverse 
mode  calculations  allowed  us  to  study  separation 
and  reattachment  point  behavior  in  a  systematic 
fashion.  During  this  separation  behavior  study  we 
were  able  to  uncover  what  appear  to  be  multiple, 
non -unique  solutions  to  the  boundary  layer  equa¬ 
tions  when  solving  the  direct  problem  for  decelera¬ 
ting  flow. 

In  the  present  paper  we  present  the  analysis 
for  the  «*  transformation,  and  show  sample 
calculations  in  direct  and  inverse  modes  to 
demonstrate  the  computational  efficiency  of  the 
present  scheme.  We  then  present  a  computational 
experiment  to  demonstrate  that  multiple  solutions 
to  the  boundary  layer  equations  always  exist  for 
decelerating  flow.  Since  the  multiple  solutions 
always  appear  to  involve  reverse  flow,  we  must  make 
some  approximation  for  the  upstream  momentum 
convection  terms.  To  do  this  we  introduced  a 
modified  Reyhner-FlUgge-Lotz  approximation.  We 
believe  that  our  basic  results  are  independe..  -f 
these  approximations  but  are  unable  to  prove  ti,-  ~ 
conclusively. 


Analysis 

Eqs.  (1-5)  are  the  two-dimensional,  compress¬ 
ible,  boundary  layer  equations  written  as  a  first- 
order  system.  An  eddy  viscosity  and  turbulent 
Prandtl  number  have  been  included  to  allow  for 
turbulence  modeling.  Bars  denote  dimensioned 
quantities. 

continuity: 


In  order  to  generate  a  scheme  suited  to  our 
particular  needs,  we  adopted  a  number  of  uncommon 
but  not  unique  procedures.  We  based  the  transfor¬ 
mation  from  physical  to  computational  coordinates 
directly  on  the  displacment  thickness  J*  rather 
than  the  more  common  Levy-Lees  type  transform. 

This  type  transform  was  used  previously  by  Carter 
[1)  for  incompressible  flow.  Similarity  solutions 
can  be  obtained  in  either  primitive  or  stream- 
function  form  when  the  equations  are  written  appro- 
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With  the  reference  quantities  L,  pQ/  u0,  T0, 
and  ag  *  /yRT0>  non-dimensional  variables  are 
defined  as  follows: 
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This  unusual  definition  of  the  transformed  normal 
velocity  is  used  because  it  simplifies  the  inter1 
mediate  and  final  equations.  No  computational 
problems  are  encountered  when  extracting  the  physi¬ 
cal  v  velocity  from  this  transformation.  Using  the 
displacement  thickness,  the  computational  coordi- 


Eqs.  (8-12)  are  singular  at  the  leading  edge, 
and  therefore  cannot  be  used  to  generate  a  simi¬ 
larity  solution  to  start  streamwise  marching.  To 
overcome  this  problem,  the  equations  are  rewritten 
using  the  following  similarity  variables. 
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The  resulting  equation  set  with  relevant  boundary 
conditions  is: 
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This  coordinate  transformation  has  some  defi¬ 
nite  advantages  over  the  commonly  used  Levy-Lees 
transformation.  Because  the  normal  coordinate 
grows  as  the  displacement  thickness,  grid  extension 
is  never  necessary,  even  in  separation  bubbles  and 
rapidly  growing  turbulent  boundary  layers.  This 
transformation  is  also  trivial  to  invert.  With  the 
above  definitions,  Eqs.  (1-5)  become: 
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Boundary  conditions: 

y*0:  1)  U  =  0  (for  boundary  layer) 

or  S  »  0  (for  free  wake) 

2)  V  =  0 


or  Q  *  Qw 


y=ye:  4)  u  *  1 

5)  H  *•  1 


Equations  (15-20)  can  also  be  expressed  in 
terms  of  a  stream  function  F: 


If  +  K  +  8u(1  ‘  M|))  F  fy  +  •«(’  "  °  If) 

fll  12  IL  IS] 

X  \_3y  3x  3x  3yJ 

|2'  +  [ba  ♦  attd  -  mJ>)  f  g 

.  x  I’ll  IS  _  3F  3H] 

l,3y  3x  ’  3x  3yj 


_  _  x  f  ,  i  3U 

0e"ueA  1  ^  Ut)  3y 

-  -*—j  (H-  +  it  1»£ 

<>eueA  l1*  PrtJ  3y 


f  1  1  full  3U 

+  "  1  -s?  h!  uiP 


Boundary  conditions: 

y=0 :  1 )  U  =  0  ( for  boundary  layer ) 

or  S  =  0  (for  free  wake) 


3)  H  *  Hw  or  Q  *  Qw  (26c) 

y-ye:  4)  U  -  1  <26d) 

5)  H  -  1  ( 26e) 

Either  formulation  can  be  used.  In  this 
study,  Eqs. (21-26)  were  solved,  as  a  matter  of 
personal  preference. 

Using  these  equations,  the  calculation  of 
Falkner-Skan  type  similarity  solutions  is  straight¬ 
forward.  For  similarity,  8U  is  a  constant,  and 
ue(x)  is  of  the  form 


With  these  definitions,  and  the  assumption  that  the 
similarity  flow  is  laminar,  equations  (24)  and  (25) 
can  be  written  as 


1  u_  3H 
£>ecucl  Pr 


i  -  fail  o  22 

PrJ  [hj  3y 


For  normal  marching  calculations,  ue  is 
known  and  4  unknown  (direct  problem),  or  vice  versa 
(inverse  problem).  When  a  similarity  solution  is 
being  calculated,  the  global  unknown  is  either  CA 
(direct  similarity),  or  Cu  (inverse  similarity), 
with  Su  and  64  held  fixed  at  their  prescribed 
values.  The  x-dependent  terms  are  eliminated  by 
setting  x  equal  to  zero. 

Strictly  speaking,  similarity  solutions  exist 
only  for  the  zero  pressure  gradient  case,  since  R, 
pe,  u,  Me,  and  Ug/he  which  appear  in  the  equations 
are  all  functions  of  ue  and  therefore  depend  on  x 
if  ue  is  not  constant.  In  practice,  however,  all 
wedge  flows  with  nonzero  pressure  gradient  found  in 
applications  have  a  stagnation  point  at  the  leading 
edge,  where  the  local  flow  is  essentially  incom¬ 
pressible.  In  this  region,  the  troublesome  quanti¬ 
ties  mentioned  above  are  either  negligibly  small  or 
can  be  treated  as  constants.  Thus,  similarity  can 
be  obtained  at  the  leading  edge  (x  »  0),  or  for  a 
point  sufficiently  close  to  the  leading  edge  so 
that  stagnation  conditions  exist  within  some 
tolerable  error. 

Solution  Scheme 

The  finite  difference  scheme  used  in  this 
study  is  a  Modified  Keller's  Box  Scheme  (Figures  1 
and  2).  The  Standard  Keller's  Box  Scheme  was 
obtained  from  Cebeci  and  Smith  [2) . 


u‘i'  ?  7 .global 

•J  !  ^  •  unknown 


known  t 
profiles  t 

X  1 

1  unknown 
ij  profiles 

yi-~ 

Fig.  1.  Standard  Keller's  Box  Scheme. 


u«  ( x )  —  C,,  x 


Likewise,  A(x)  is  of  the  form 

S 

A  ( x )  -  C4  x 

and  84  is  related  to  8U  by 


Jf" 

known 

profiles 


unknown 

profiles 


Fig.  2.  Modified  Box  Scheme 
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The  literature  is  unclear  as  to  how  Aj  is  to 
te  evaluated  from  u  .  If  we  specify  the  qradiei-t 
parameters  (S's)  midway  between  the  two  profiles 
rather  than  at  the  profile  positions,  Chen  stream- 
wise  profile  oscillations  with  little  tendency  to 
damp  out  will  occur  (see  Figure  3) .  This  behavior 
is  readily  explained  by  noting  that  equations  £12} 
and  (24)  at  the  wall  reduce  to 


where  k(x)  is  a  weak  function  of  x.  Since  iu  is 
specified  at  the  box  midpoints,  equation  (21) 
constrains  the  average  of  d‘u/dyJ  between  any  two 
successive  streamwise  stations: 


F)  i-1+  P)i 


k  fd^ 
2  Idy 


Hence,  at  the  wall,  d*U/dy*  can  have  large  ampli¬ 
tude  excursions  with  alternating  signs  and  still 
satisfy  the  finite  difference  equations.  Figure  3 
shows  that  the  velocity  profiles  do  indeed  exhibit 
these  fluctuations  following  a  disturbance.  The 
Modified  Box  Scheme  eliminates  this  problem  by 
calculating  the  profiles  midway  between  the  x 
stations.  Here,  Bu  is  specified  at  the  same 
position  as  the  profiles: 


Thus,  the  velocity  profiles  cannot  oscillate  at  the 
wall  because  each  one  is  individually  constrained 
{ see  Figure  4) . 


a,  x  0.200 
O  oECGc  X  2.000 
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Pig.  4.  Response  of  Modified  Box  Scheme  to 
55f  edge  velocity  Jump. 


Solution  Procedure 

At  each  streamwise  marching  3tep,  there  are 
five  unknowns  at  each  y-j  station  at  streamwise 
station  Xi+l/2=  Fj<  'Jj>  sj»  lnd  Qj*  In 
addition,  there  is  one  global  (independent  of  y) 
unknown  at  x^+i:  ue^+i,  or  Ai+v  It  is  convenient, 
however,  to  treat  both  of  these  guar.tities  as 
unknown  when  the  governing  equations  are  discre¬ 
tized. 

Since  the  discretized  equations  do  not  call 
for  Ugi+i  or  4i+i,  but  instead  require  the 
midpoint  values  uei+i/2  and  ii+i/2»  the  latter 
are  temporarily  taken  as  the  global  unknowns  while 
the  profiles  are  calculated.  For  convenience,  the 
lack  of  a  subscript  on  a  gradient  parameter  or  x 
will  from  now  on  imply  i+1/2.  The  gradient  para¬ 
meters  are  defined  as: 


r\  \  \  a  a 

,  y ,  y  v  v  \ 


x  \ 
/  s  \ 


In  (ue/uej) 

0u  *  In  (x/xj-  (34a 

In  (4/4,) 

8*  ■  i-(x7^rr  (34b 

These  definitions  were  chosen  because  they  allow 
arbitrarily  large  streamwise  steps  in  similar 
flows. 

After  ue,  4,  and  the  unknown  profiles  are 
calculated,  ue^+i  or  4^+1  are  determined  from  the 
f<  lowing  relationships  and  stored  for  the  next 
marching  step. 


rxi+i)f 

Uei+r  Ueir^"J 


Pig.  3.  Response  of  Standard  Box  Scheme  to 
5 %  edge  velocity  Jump. 


-,\S  v- •*•-’**  ■'•  ■" 


B  practice/  the  iterates  4F, 
foU°wing  CO,0  are  introduced  in  the  linear- 
JHz  ss‘  ^  tiration  process.  The  wall  shear 
and  diS°B*rodueed  at  this  point  since  it 
SSv  iS  ur.earired  expression  of  the  inner 
in  ctie  (the  cebeci-Smith  two-layer  model  is 
viscosicy  ^ 

with  JSy,  the  global  iterates 

tTO<?are  lumped  on  the  righthand  side  to 
d  si  *  roduce  four  blocktridiagonal  systems 
ively  P  f i c ient  matrix  of  5x5  blocks. 


bon 
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^-oirunon 


5ua 


5  A 


"g|  -  h 


(36) 


^  iterates  which  are  not  explicitly  included 
system  are  expressed  as  linear  combinations 
included  iterates-  Equations  (37-39)  are 
:amples  of  how  these  combinations  are 


ut  =  0.0168  p  /ReQ  A  ue  Ytr 


<p  +  4ue  *  44 

3p  e  3 ue  3A 


1  -  u*/2he 
H~-  a1u4/2he 
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,  3R 
4ue  — 
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In  (ue/uei) 
In  (x/x^) 


a  liu 
e  due 


4u- 


ue  In  (x/xjj 


(37a) 


(37b) 


(38a) 


(38b) 


(39a) 


(39b) 


ter  the  systems  are  solved  with  a  block 
ration  algorithm,  each  unknown  is  expressed 
■idue  rj  minus  the  global  iterates  times 
espective  influence  coefficients  aj,  bj, 


1,  2, 

... 

J). 

r1j  - 

4ue 

a1j 

-  44 

b1j 

-  «Sv 

c1j 

(40a) 

r2  j  - 

4ue 

a2  j 

-  44 

b2  j 

-  4S* 

°2j 

(40b) 

r3  j  - 

4ue 

a3  j 

-  44 

b3j 

- 

c3  j 

(40c) 

r4  j  - 

4ue 

»4j 

-  44 

b4j 

-  bSv, 

c4  j 

( 40d) 

r5j  * 

4ue 

»5j 

-  44 

b5j 

-  ‘Sv 

c5j 

(40e> 

nee  there  are  three  unknowns  left,  namely 
,  and  4S*,  three  more  equations  are 
ry.  One  is  obtained  from  the  definition  of 
sment  thickness  (by  integrating  (21)). 

*e  •  Fw  “  ye  -  1  (41a) 

-  4F,  -  y,  -  1  -  F,  +  Fw  (41b) 


Another  equation  is  obtained  from  the  identity 


Sw  -  S1 


(42a) 


or  $SW  =  6S-) 


(42b) 


The  third  equation  is  determined  by  whether  the 
direct,  inverse,  or  hybrid  problem  is  being  solved. 


direct:  <5ue  =  0 

inverse:  6 A  =0 

hybrid:  5ue(A)  +  6A  (B)  =  C 


(43a) 

(43b) 

(43c) 


Note  that  the  only  difference  between  the 
direct  and  inverse  calculation  modes  occurs  in  this 
final  step.  The  hybrid  mode  is  extremely  useful  in 
viscous-inviscid  interaction  calculations.  By 
substituting  (40a)  into  (41b)  and  (40d)  into  (42b), 
a  simple  3x3  system  for  the  global  unknown  iterates 
is  obtained. 


<ai r  au> 


(a4i> 


(1  or  0) 


<h-r  bu> 

<ciT  cur 

6ue 

(bx- ) 

(ci4+  1 ) 

X 

6  A 

41 

41 

(0  or  1) 

0 

_4SW 

rH_  rU+  1 


41 

0 


(44) 


Because  the  variations  of  all  quantities  are 
taken  into  account,  the  entire  system  converges 
quadratically .  This  property  drastically  reduces 
calculation  time  for  flows  in  which  the  energy 
equation  and/or  turbulence  model  significantly 
affect  the  momentum  equation.  Figure  5  shows  the 
advantages  of  taking  account  of  the  variation  of 
eddy  viscosity  for  laminar  flat  plate  flow  tran¬ 
sitioning  to  fully  turbulent  flow.  The  transition 
was  achieved  by  artificially  varying  the  turbulence 
intermittency  factor  in  a  continuous  manner.  Note 
that  the  higher  the  Reynolds  Number,  the  stronger 
the  effect  of  the  turbulence  on  the  momentum  equa¬ 
tion,  and  the  higher  the  payoff  of  linearizing  the 
eddy  viscosity. 
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Fig.  5.  Effect  of  linearizing  eddy  viscosity  on 
the  number  of  iterations  per  streamwise 
station.  Convergence  criterion  i  bUm,.<i0 
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The  Reyhner-Flligge-Lotz  approximation,  which 
is  applied  to  regions  of  reverse  flow,  consists  of 
setting  the  streamwise  convective  terms  U  (3U/3x)  and 
0  (3H/3x)  to  zero.  This  is  necessary  to  avoid  growth 
of  numerical  errors  and  to  prevent  a  zone  of 
dependence  violation. 

All  the  test  cases  run  indicated  that  it  is 
possible  to  retain  the  momentum  convection  term 
U  (3U/3x)  in  reverse  flow  simply  by  eliminating  only 
its  contribution  to  the  variable  iterates ,  thus 
avoiding  artificial  growth  of  numerical  errors. 

This  convection  term  is  still  retained  in  the 
residues  (i.e.  the  righthand  side  of  (36)). 

All  results  presented  in  this  investigation  which 
involved  reverse  flow  were  calculated  using  this 
Modified  Reyhner-Flugge-Lotz  approximation.  Of 
course,  setting  the  variation  of  any  term  to  zero 
destroys  the  quadratic  convergence  of  the  overall 
system.  However,  the  contribution  of  convection 
terms  is  small  in  separated  flow,  and  as  a  result 
the  number  of  iterations  per  streazwise  step 
rarely  exceeded  five. 


Results  and  Discussion 

To  gain  confidence  in  the  solution  scheme 
presented  here,  an  inverse  calculation  using  the 
displacement  thickness  distribution  given  by  Carter 
til  was  performed.  Figure  6a  compares  the  wall 
shear  calculated  with  the  present  method  to  the 
values  calculated  and  tabulated  by  Cebeci  (31. 

Since  Cebeci 's  calculations  were  for  incompressible 
flow,  a  freestream  Mach  Number  of  0.015625  was  used 
to  make  compressibilty  effects  negligible. 


Pig.  6a.  Carter's  inverse  test  case. 

Pine  grid  calculation. 

Cebeci  observed  streamwise  oscillations  inside 
the  bubble  for  a  4x  of  0.005  or  larger.  The  test 
shown  in  Figure  6a  was  performed  with  a  4x  of  0.01 
with  no  indication  of  oscillations.  In  an  attempt 
to  induce  these  oscillations,  a  case  with  the  large 
4x  of  0.05  was  run.  Figure  6b  shows  the  computed 
solution.  Again,  no  oscillations  were  found, 
despite  the  extremely  coarse  grid. 


Pig.  6b.  Carter's  inverse  test  case. 

Coarse  grid  calculation. 

Using  the  solution  scheme  presented  here  it  is 
possible  to  investigate  in  detail  the  relationships 
between  ue,  4  and  wall  shear  with  relative  ease, 
since  the  calculation  mode  can  be  changed  from 
direct  to  inverse  and  vice-versa  at  any  marching 
step. 

We  first  assume  that  all  global  quantities  at 
the  i-lth  and  ith  stations,  and  the  profiles  midway 
between  those  two  stations  are  known  (see  Figure 

2).  Now  consider  the  usual  inverse  problem  of 
calculating  the  ue  and  profiles  at  x^+i/2  which 
correspond  to  a  specified  4.  If  this  specified  4 
is  deliberately  varied  in  some  systematic  manner,  a 
relationship  between  ue  and  4  (or,  equivalently, 
between  Bu  and  B &)  can  be  determined.  Figure 
7a  shows  such  a  relationship  together  with  the 
corresponding  wall  shear  at  x^+^/j.  In  this  case 
the  known  upstream  profile  corresponds  closely  to 
the  Blasius  profile  for  zero  pressure  gradient. 
Several  surprising  features  are  apparent: 

1)  When  8U  turns  out  to  be  negative,  (i.e.  ue 
is  less  than  uei  and  an  adverse  pressure  gradient 
is  present)  there  are  two  values  of  4  and  corres¬ 
ponding  B^'s  which  will  produce  this  Bu. 

2)  The  smaller  4  always  gives  a  positive  wall 
shear,  the  larger  4  always  gives  a  negative  wall 
shear. 

3)  There  is  a  minimum  permissible  6U  and  hence 
a  minimum  permissible  ue.  If  a  direct  problem  was 
being  solved  and  the  specified  ue  was  less  than 
this  minimum,  no  solution  to  the  finite  difference 
equations  would  exist. 

4)  The  minimum  ue  occurs  when  the  wall  shear 
equals  zero. 

Assume  now  that  a  direct  problem  is  being 
solved  and  that  a  moderate  adverse  pressure  gra¬ 
dient  of  -0.16  is  specified  at  x^*i/2'  Figure  j 
clearly  shows  that  two  distinct  solutions  are 
possible.  However,  the  4  corresponding  to  attached 
flow  produces  a  smooth  continuation  from  the  prece¬ 
ding  stations,  while  the  4  corresponding  to  separa¬ 
ted  flow  is  ridiculously  large  and  has  a  radically 
different  profile  from  the  previous  stations  (see 
Figure  7b).  Because  the  initial  guesses  for  4  and 
the  profiles  are  obtained  by  extrapolating  from  the 


two  previous  stations,  the  iterative  solution 
scheme  in  this  case  always  converges  on  the  "rea¬ 
sonable"  solution,  since  it  is  the  one  closest  to 
the  initial  guess. 


Pig.  7a.  Gradient  parameter  and  wall  shear 
relations  far  from  separation. 


Fig.  7b.  Two  profiles  (dashed)  corresponding 
to  the  same  edge  velocity.  Upstream 
profiles  are  far  from  separation. 

This  situation  changes  significantly  if  the 
known  upstream  profile  is  close  to  separation.  If 
the  same  pressure  gradient  as  in  the  previous  case 
is  specified  (Figure  8a),  the  two  possible  values 
of  4  are  now  quite  close  together.  Furthermore,  it 
is  not  clear  which  solution  is  reasonable  and  which 
is  not  since  the  two  possible  profiles  are  very 
nearly  the  same  (see  Figure  8b).  If  a  direct  solu¬ 
tion  to  the  specifed  8U  and  corresponding  u«  is 
blindly  attempted,  the  iterative  algorithm  will 
wander  aimlessly  between  the  two  possible  values  of 
4.  Also  note  that  Su  is  locally  quite  insensi¬ 
tive  to  84  in  contrast  to  the  case  in  Figure  7a. 
This  implies  that  the  direct  problem  (convergence 
to  a  specified  edge  velocity)  is  ill-conditioned 
near  the  point  of  zero  wall  shear.  Of  course,  it 
is  also  possible  to  specify  a  value  ue  which  is 
below  the  minimum  and  therefore  has  no  solution. 

On  the  other  hand,  it  is  easy  to  see  that  the 
inverse  problem  is  well-conditioned  no  matter  what 
state  the  boundary  layer  is  in. 


A.M 


Fig.  8a.  Gradient  parameter  and  wall  3hear 
relations  close  to  separation. 


Fig.  8b.  Two  profiles  (dashed)  corresponding 
to  the  same  edge  velocity.  Upstream 
profiles  are  close  to  separation. 

Although  the  direct  problem  is  ill-conditioned 
at  separation  and  reattachment,  it  is  not  neces¬ 
sarily  incomputable.  A  direct  mode  solution  is 
performed  in  the  usual  manner  until  the  sensitivity 
of  4  to  ue  increases  above  some  value,  making 
direct  convergence  impossible.  The  sensitivity  can 
be  quantitatively  determined  from  (44).  The 
sensitivity  typically  rises  drastically  at  the  x 
stations  just  before  separation  and  reattachment. 

At  these  points,  the  inverse  mode  is  used  to 
determine  the  relationship  between  ue  and  4  for 
the  next  station.  Four  values  of  4  which  bound  the 
two  solutions  are  thus  defined.  At  this  point,  one 
branch  is  chosen,  and  the  inverse  mode  is  used 
iteratively  to  converge  on  the  specified  ue. 

This  is  done  by  repeatedly  subdividing  the  interval 
which  contains  the  correct  ue  (see  Figure  9). 


Fig.  9.  Direct  problem  calculation  procedure 
near  separation  and  reattachment. 


Once  inside  the  bubble,  the  direct  mode  can  be 
marched  in  the  usual  way.  The  iterative  procedure 
must  again  be  used  to  get  past  reattachment. 

Figure  10  shows  a  supersonic  diffuser  with  a 
weak  oblique  shock  impinging  on  a  flat  plate 
boundary  layer.  Pressure  and  wall  shear 
measurements  were  performed  by  Hakkinen  [7]  along 
the  bottom  wall  in  the  vicinity  of  the  impinging 
shock.  The  direct  marching  procedure  described 
above  was  carried  out  using  the  ue  distribution 
corresponding  to  the  measured  pressure.  Because 
the  3hock  is  very  weak,  stagnation  pressure  loss 
was  neglected.  Liberty  was  taken  in  smoothing  out 
the  slight  noise  present  in  the  measurements  inside 
the  bubble.  Figure  11  shows  the  calculated  A  and 
wall  shear.  The  agreement  with  the  measured  wall 
shear  is  reasonably  good. 


Finally,  it  must  be  mentioned  we  believe  that 
the  nonuniqueness  of  the  direct  problem  is  not  due 
to  the  modified  Reyhner-Fliigge-Lotz  approximation, 
which  is  applied  in  reverse  flow  regions  to  avoid 
zone  of  dependence  violation  and  to  avoid  numerical 
instability.  The  original  Reyher-Fliigge-Lotz 
approximation  allowed  multiple  solutions  for  all 
pressure  gradients,  whereas  the  modified 
approximation  allows  multiple  solutions  only  for 
adverse  pressure  gradients.  At  the  separation 
point  where  the  occurrence  of  multiple  solutions  is 
most  important,  both  solutions  approach  each  other 
and  no  upstream  momentum  convection  exists. 

Further  work  must  be  done  to  assess  the  role 
upstream  momentum  convection  plays  at  separation 
and  reattachment  points. 


/ 


Pig.  10.  Supersonic  diffuser  with  shock- 
boundary  layer  interaction. 


Pig.  11.  Direct  problem  calculation  through 
separation  and  reattachment.  Specified  edge 
velocity  is  from  measured  pressure  distribution. 


It  must  be  stressed  that  solving  direct 
problems  involving  separation  is  generally 
impractical.  Extensive  human  judgement  is 
necessary  in  deciding  which  solution  branch  to  take 
at  each  station  near  separation  and  reattachment 
and  in  smoothing  the  input  ue  distribution.  The 
case  presented  is  merely  a  curiosity  and  serves 
as  a  demonstration  of  our  ideas  about  separation 
point  behavior. 

The  relationships  between  8U  and  84  shown 
in  Figures  7  and  8  correspond  to  a  freestream  Mach 
Number  of  0.0625,  making  the  flow  essentially 
incompressible.  To  determine  what  role  compressi¬ 
bility  plays  in  the  non-unique  character  of  the 
direct  solutions,  tests  were  also  performed  for 
Mach  Numbers  of  0.8  and  1.5.  There  was  no  qualita¬ 
tive  change  in  the  8u-8a  relationships  shown  in 
Figures  7  and  8. 


This  work  was  supported  under  NASA 
Training  Grant  NGT-22-009-901. 
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'A  combination  of  total-head  pressure,  static- 
pressure,  hot-wire  and  flying  hot-wire  probes  have 
been  used  to  quantify  the  pressure  and  velocity  cha¬ 
racteristics  of  the  flow  in  the  vicinity  of  a  trail¬ 
ing  flap  whose  angle  of  incidence  results  in  bounda¬ 
ry  layer  separation,  a  large  region  of  recirculating 
flow  and  a  curved  downstream  wake.  A  two-dimen¬ 
sional  form  of  the  time-averaged  Navier-Stokes  equa¬ 
tions  has  been  solved  numerically  with  a  finite  dif¬ 
ference  grid  obtained  by  a  solution  of  Laplace  equa¬ 
tion  and  the  results  compared  with  the  measurements. 
The  general  flow  patterns  are  well  calculated  and 
the  results  are  in  close  accord  in  some  regions  of 
the  flow,  in  others,  including  the  near-wall  region 
and  near  wake,  significant  discrepancies  exist  and 
numerical  tests  suggest  that  these  are  due  to  nume¬ 
rical  assumptions  although  the  two-equation  turbul¬ 
ence  model  and  related  wall  functions  are  also  likely 
to  be  deficient. 

I.  Introduction 

The  paper  describes  the  progress  made  in  a  pro¬ 
ject  intended  to  develop  a  calculation  method,  based 
on  the  Navier-Stokes  equations,  to  represent  the  ve¬ 
locity  and  pressure  characteristics  of  the  flow 
around  the  trailing  edge  of  airfoils  at  high  angle 
of  incidence.  The  calculation  method  is  based  on 
the  numerical  procedure  introduced  by  Gosman  and 
Pun1  and  applied  to  a  range  of  flow  configurations 
by  many  authors.  Since  the  calculated  results  are 
approximate,  measurements  of  the  flow  around  and 
downstream  of  a  trailing  flap  arranged  at  incidence 
in  order  to  introduce  a  large  region  of  recircula¬ 
tion,  have  been  obtained  and  are  compared  with  cal¬ 
culation  in  orthogonal  curvilinear  coordinates  on 
a  staggered  grid  using  the  corresponding  measured 
boundary  conditions. 

Most  existing  methods  for  the  calculation  of  the 
flow  around  airfoils  make  use  of  a  combination  of 
potential- flow  and  boundary-layer  equations.  In¬ 
verse  procedures  become  necessary  where  the  angle 
of  incidence  is  sufficiently  great  to  cause  upper- 
surface  separation,  and  where  the  region  of  recir¬ 
culating  flow  exceeds  a  value  which  remains  to  be 
established,  the  boundary-layer  approximations  cea¬ 
se  to  apply  and  the  Navier-Stokes  equations  are 
required.  The  measurements  of  Nakayama3,  for  exam¬ 
ple,  suggest  that  the  boundary-layer  approximations 
are  likely  to  be  adequate  for  his  upper  surface 
flow  which  separated  at  around  98»  chord.  The 
flow  chosen  for  the  present  investigation  separat¬ 
ed  some  20cm  upstream  of  the  trailing  edge  of  the 
flap  and  seemed  likely  to  require  consideration 
of  the  normal  momentum  equation  and  longitudinal 
diffusion.  This  supposition  is  considered  here. 

The  flow  over  the  flap  is  shown  to  be  two-di¬ 
mensional,  steady  and  incompressible.  As  a  con¬ 
sequence  of  the  two-dimensionality,  the  Laplace 


equation  was  solved  with  the  wind  tunnel  and  flap 
surfaces  as  boundary  conditions  and  provided  lines 
of  constant  stream  function  and  velocity  potential 
which  represented  the  grid  used  in  the  solution 
of  the  Navier-Stokes  equations.  This  coordinate 
system  is  orthogonal,  requires  an  assumption  for 
the  dividing  streamline  downstream  of  the  trailing 
edge  and  takes  no  account  of  the  separated  flow. 
Thus,  in  any  region  of  separated  flow,  the  stream¬ 
lines  are  likely  to  intersect  the  finite-differen¬ 
ce  grid  at  an  angle  with  consequent  numerical  er¬ 
ror  for  the  present  hybrid-differencing  algorithm. 
Errors  of  this  type  may  be  avoided  by  higher  order 
differencing  schemes  but  it  is  desirable  to  assess 
the  magnitude  of  the  problem  before  exploring  more 
complex  schemes  with  their  likely  convergence  pe¬ 
nalties  . 

The  solution  of  time-dependent  equations  implies 
the  need  for  a  closure  assumption  to  represent  the 
unknown  Reynolds  stress  terms  and,  in  common  with 
many  previous  investigations  of  flows  which  separa¬ 
te  from  surface  discontinuities,  a  two-equation  mo¬ 
del  has  beeo  used.  The  experimental  investigation 
required  approximately  half  of  the  present  effort 
and  is  accordingly  described  in  detail.  It  made 
use  of  a  flying  hot-wire  arrangement  to  measure 
the  characteristics  in  the  regions  of  separated 
and  high  turbulence  intensity  flow  and  the  precision 
and  application  of  the  technique  are  discussed. 

The  problem  of  measurements  in  the  separated 
flows  in  the  vicinity  of  airfoils  at  angle  of  at¬ 
tack  has  been  considered  in  a  number  of  previous 
papers  among  which  those  of  Young  et  al3,  Bachalo 
and  Johnson4,  Coles  and  Wadcock5,  Solignac®< 

Johnson  and  Spaid7  and  Nakayama3  are  worthy  of  spe¬ 
cial  note  in  that  they  made  use  of  either  laser- 
Doppler  velocimetry  or,  as  in  the  third  paper,  fly¬ 
ing-wire  anemometry.  The  laser-anemometry  measu¬ 
rements  of  Simpson  et  al8  and  Hastings  and  Moreton9 
were  also  made  in  turbulent  separating  boundary 
layers  and  are  relevant  to  the  present  work.  Cal¬ 
culations  of  boundary  layers  up  to  separation  were 
considered  in  the  1968  Stanford  Conferences  [Coles 
and  Hirst1®]  and  some  further  work  is  referred  to  by 
Le  Balleur  et  al  13,  Bradshaw  et  al  12.  Melnik13 
and  Marvin34.  In  general,  the  calculation  efforts 
which  account  for  regions  of  separated  flow  have 
made  use  of  interactions  between  solutions  of  the 
potential  and  boundary-layer  equations. 

Exceptions  include  Murphy15,  Thompson  et  al16, 
Sugavanam  and  Wu17  and  Rhie  and  Chow  who  solve 
a  form  of  the  Navier-Stokes  equations  to  predict 
separation.  Among  the  relevant  wake  studies  are 
those  of  Andreopoulos  and  Bradshaw19,  Viswanath  et 
al3®,  Yu31,  Hah  and  Lakshminarayana33  and  Baker  et 
al33:  the  second  includes  calculations  which  compa¬ 
re  solutions  obtained  with  the  boundary  layer  equa¬ 
tions  and  the  Navier-Stokes  equations  for  a  symme¬ 
tric  wake  and  the  second  last  solves  the  elliptic 
iavier-Stokes  equations  in  boundary  layer  co-ordi- 


nates  for  an  asymmetric  wake.  The  Einal  paper  sol¬ 
ves  a  parabolised  form  of  the  Navier-Stokes  equa¬ 
tion  with  a  viscous-corrected  potential  flow  solu¬ 
tion.  In  general,  present  experimental  and  compu¬ 
tational  investigations  have  been  concerned  with 
small  regions  of  separated  flow  and  their  conse¬ 
quences  for  the  downstream  wake. 

Our  objective  is  to  develop  a  calculation  method 
but,  since  this  required  consideration  of  a  parti¬ 
cular  flow,  the  experimental  investigation  is  des¬ 
cribed  next  and  is  followed  by  a  section  dealing 
with  the  equations,  turbulence  model,  finite-dif  fei'- 
ence  assumptions  and  solution  algorithm.  The  re¬ 
sults  of  the  calculation  method  are  presented  and 
compared  with  the  measured  values  in  the  fourth 
section  which  discusses  the  precision  and  implica¬ 
tions  for  future  work. 


II.  Experimental  Investigation 


The  flow  configuration  is  shown  on  figure  1  and 
comprised  a  lm  flat  plate  with  a  trailing  flap  lo¬ 
cated  in  the  working  section  of  a  low  speed  wind 
tunnel.  The  cross-section  of  the  tunnel  was  450x 
300mm  and  the  uniform  velocity  at  exit  from  the  8 
to  1  area  contraction  was  26.3m/s  with  an  rms  of 
the  corresponding  fluctuations  of  0.24m/s.  The 
flat  plate  was  located  at  1  degree  incidence  and 
the  flap  at  17.5  degrees,  both  with  respect  to 
the  tunnel  coordinates.  The  boundary  layers  on  the 
upper  surface  of  the  plate  and  the  tunnel  roof  were 
subjected  to  trips,  comprising  of  1.5mm  wire,  and 
located  0.57m  from  the  leading  edge.  The  trailing 
flap  was  250mm  long  and  was  connected  to  the  plate 
by  a  radius  of  812.5mm.  This  arrangement  caused 
the  upper  surface  boundary  layer  to  separate  appro¬ 
ximately  200mm  upstream  of  the  trailing  edge  and 
gave  rise  to  the  characteristic  boundaries  indicat¬ 
ed  on  figure  1. 


In  the  upstream  region  of  the  upper  surface,  for 
most  of  the  lower  surface  and  for  much  of  the  wake, 
the  flow  had  a  preferred  direction  and  comparati¬ 
vely  low  turbulence  intensities.  In  these  regions, 
it  was  possible  to  measure  the  velocity  characte¬ 
ristics  with  impact  probes  and,  as  outlined  by 
Thompson  and  Whitelaw24,  a  combination  of  Pitot 
tubes,  static  pressure  probes,  static  wall-pres¬ 
sure  taps  and  hot  wires  allowed  measurements  in 
and  around  the  wall  boundary  layers.  For  the  re¬ 
sults  presented  here,  and  away  from  the  separated 
flow  region,  a  Pitot-static  probe  of  external  dia¬ 
meter  2.2mm  provided  information  of  the  mean  velo¬ 
city  and  static  pressure  distributions.  Close  to 
the  separation  region  and  where  the  flow  angle 
deviated  significantly  from  that  of  the  surface, 
a  five-hole  probe  of  2.5mm  external  diameter  guid¬ 
ed  the  use  of  the  Pitot  static  tube  and  quantified 
the  flow-angle  distribution.  Close  to  the  wall, 
a  flattened  Pitot  tube  of  0.45mm  external  width 
allowed  the  measurement  of  mean  velocity  with  re¬ 
duced  blockage  and  gradient  effects. 


In  the  boundary  layers  and  in  the  downstream 
wake,  velocity  characteristics  were  determined 
with  single  (DISA  55P11)  and  cross-wire  probes 
(DISA  55P61)  linked  to  anemometers  (DISA  55M10) 
and,  through  a  mini  computer  (P0P8E)  and  analo- 
ue-to-digital  voltage  convertor  (AD01)  to  a  digi¬ 
tal  magnetic  tape.  The  wires  were  calibrated  in 
the  free  stream  of  the  wind  tunnel  and  digitally 
linearised  on  the  mini  computer  with  the  procedu¬ 
res  recommended  by  Thompson  25.  The  transform 


functions  used  to  obtain  velocity  characteristics 
from  the  signal  voltage  are  the  same  as  those  des¬ 
cribed  by  Ribeiro  and  Whitelaw^fi. 

Measurements  are  more  difficult  in  a  region  of 
separated  flow  with  laser  velocimetry,  pulse-wire 
anemometry  and  flying-wire  anemometry  offering  dif¬ 
ferent  possible  advantages.  A  flying-wire  arran¬ 
gement  was  selected  for  the  present  measurements 
of  velocity  characteristics  which  were  supplement¬ 
ed  by  static-pressure  measurements  obtained  with 
the  five-hole  probe.  The  essential  details  of 
the  flying-wire  mechanism  are  provided  in  Table  1. 
The  signals  from  an  encoder,  which  identified  the 
position  of  measurement  and  the  probe  velocity, 
and  from  the  anemometer  or  anemometers  were  ob¬ 
tained  simultaneously  and  ensemble  averaged  to 
within  1.5%  with  a  95%  confidence  level.  The  ef¬ 
fective  velocity  transform  equations  were  similar 
to  those  for  the  stationary  wire  but  modified  to 
take  account  of  the  known  wire  velocity.  Further 
details  have  been  reported  by  Thompson^7. 

The  two-dimensionality  of  the  flow  was  examined 
in  several  ways.  In  the  upstream  boundary  layer 
measurements  of  wall  static  pressure,  mean  veloci¬ 
ty  profiles  and  normal  stress  profiles  were  iden¬ 
tical  at  any  S-location,  within  experimental  error, 
oeer  more  than  90%  of  the  tunnel  width.  Surface 
flow  visualisation  showed  that  the  mean  separa¬ 
tion  line  was  straight  and  normal  to  the  flow  over 
the  central  140mm  of  the  flap  although  passive 
side-wall  control  vanes  were  required  to  achieve 
this.  The  flying  wire  was  used  to  measure  mean  ve¬ 
locity  profiles  on  the  geometric  centre-line  and 
50mm  to  either  side  and  the  results,  which  were 
obtained  at  values  of  s/c  of  0.96,  x/c  of  1.06  and 
1.20,  agreed  within  1.5%  of  the  local  values. 

The  skin  friction  coefficient,  wall  static 
pressure  coefficient,  free-stream  velocity  and  sta¬ 
tic  pressure  coefficient  normalised  with  the  free 
stream  velocity  and  static  pressure  at  the  bounda¬ 
ry  layer  trip  are  shown  in  Figure  2.  The  values 
of  skin  friction  coefficient  were  obtained  from 
Clauser  charts  using  <=0.41  and  B=5  which  confirm¬ 
ed  that  a  logarithmic  region  exists  in  the  attach¬ 
ed  boundary  layer  prior  to  separation  albeit  re¬ 
ducing  in  width  with  downstream  distance.  The  in¬ 
fluence  of  the  change  in  wall  curvature,  at  s/c 
of  0.68,  can  be  seen  to  have  affected  the  pressu¬ 
re  and  velocity  field  some  5%  of  chord  further 
upstream.  The  static  pressure  coefficient  varies 
between  the  wall  and  the  free  stream  from  just  up¬ 
stream  of  the  curvature  and  throughout  the  separat¬ 
ed  region  to  the  trailing  edge. 

Figure  2  also  shows  the  momentum  thickness  and 
shape  factor,  calculated  with  the  velocity  measur¬ 
ed  locally  at  the  edge  of  the  boundary  layer.  Va¬ 
lues  are  presented  for  the  separated  region  al¬ 
though  their  applicability  is  limited  since  terms 
in  the  cross-stream  momentum  eo-  ition  are  impor¬ 
tant  in  this  region.  It  can  b€  seen  from  the  mo¬ 
mentum  thickness  and  shape  factor  that  the  boun¬ 
dary  layer  grows  rapidly  as  separation  is  approach¬ 
ed  with  values  of  8mm  and  2.7  respectively  at  the 
location  of  mean  streamline  detachment. 

The  distribution  of  static  pressure  coefficient 
in  the  attached  boundary  layer  and  wake  are  shown 
on  figure  3.  The  magnitude  of  the  cross-stream 
pressure  gradient  increases  as  detachment  is  ap¬ 
proached  and  at  s/c  of  0.826,  achieves  a  value 


which  is  approximately  2.6  times  that  of  the  lon¬ 
gitudinal  pressure  gradient.  The  implications  of 
these  pressure  variations  are  discussed  further 
in  section  4. 

The  general  organisation  of  the  mean  veloci¬ 
ties  in  the  separated  region  is  represented  by 
the  vector  and  streamline  plates  of  Figure  4. 

The  streamlines  were  determined  by  integrating 
the  mean  velocity  profiles  and  show  the  negative 
velocity  region  close  to  the  surface  and  through¬ 
out  the  length  of  the  bubble.  The  cross-stream 
velocity  in  the  separated  region  is  larger  than 
the  corresponding  streamwise  velocity  particular¬ 
ly  in  the  regions  of  flow  approaching  attachment 
and  after  separation  of  the  reverse  flow  boundary 
layer:  they  are  small,  however,  compared  with  the 
free  stream  velocity.  The  negative  flow  region 
extends  about  25mm  beyond  the  trailing  edge  after 
which  the  shear  layers  which  circumvent  the  recir¬ 
culation  interact  and  develop  into  the  asymmetric 
wake. 


from  the  trailing  edge  to  x/c  of  0.021  and  includes 
about  12  per  cent  of  the  length  of  the  recircula¬ 
tion  bubble.  The  mean  velocity  remains  small  insi¬ 
de  the  bubble  after  the  trailing  edge  and  its  di¬ 
rection  indicates  there  is  entrainment  from  the  ou¬ 
ter  forward  flowing  boundary  layer  as  the  rear  stag¬ 
nation  point  is  approached.  Downstream  of  the  lo¬ 
cation  where  the  two  shear  layers  interact,  the 
shape  factor  asymtotically  approaches  1.4  as  the 
momentum  thickness  decreases  at  a  faster  rate  than 
the  displacement  thickness.  Here,  the  static  pres¬ 
sure  variation  across  the  boundary  layer  decreases 
with  downstream  distance.  At  x/c  of  0.066  a  pres¬ 
sure  difference  exists  between  the  suction  and  pres¬ 
sure  sides  which  gradually  reduces  until  they  are 
equal  at  the  end  of  the  near  wake  at  about  20%  of 
chord  downstream  of  the  trailing  edge.  In  the  far 
wake,  beyond  x/c  of  0.25,  the  mean  velocity  reco¬ 
vers  to  form  a  plane  mixing  layer  profile. 


III.  Computational  Investigation 


Profiles  of  mean  velocity  and  flow  angle  are 
shown  on  figures  5  and  6  respectively  for  the  re¬ 
gion  up  to  separation,  in  the  separated  region, 
and  in  the  wake:  it  should  be  noted  that  the  co¬ 
ordinate  system  has  changed  at  the  trailing  edge 
to  correspond  to  the  tunnel  rather  than  the  body 
although  the  flow  angle  is  measured  relative  to 
the  tunnel  throughout.  The  measurements  for  the 
attached  boundary  layer  extend  to  s/c  of  0.87  and 
measurements  with  a  predominant  direction  in 
the  wake  begin  at  x/c>=0.016  although  instantaneous 
flow  reversals  were  still  experienced.  The  in¬ 
tervening  region  features  the  recirculation  bubb¬ 
le  with  its  maximum  40mm  width  and  250mm  length 
and  negative  mean  velocities  less  than  20%  of  the 
free  stream  value.  The  free  shear  layer  which 
circumvents  the  upper  boundary  of  the  recircula¬ 
tion  region  appears  to  start  forming  at  approxi¬ 
mately  7%  of  chord  upstream  of  the  location  where 
the  mean  streamlines  detach  from  the  surface.  In 
the  velocity  profiles  downstream  of  this  and  be¬ 
fore  detachment,  the  mean  velocity  gradient  across 
the  flow,  au/gy,  decreases  and  then  increases  at 
a  distance  less  than  10  per  cent  of  the  boundary 
layer  thickness  away  from  the  wall.  The  corres¬ 
ponding  kink  in  the  velocity  distribution  may  oc¬ 
cur  because  the  mean  flow  near  the  wall  is  de¬ 
flected  outwards  around  the  region  of  recircula¬ 
tion.  The  corresponding  flow  angles  in  this  re¬ 
gion  indicate  the  tendency  towards  separation  with 
the  rapid  increase  in  flow  angle  spreading  away 
from  the  surface  as  separation  is  approached. 

The  velocity  profiles  in  the  separated  region  are 
characterised  by  the  shear  layer  at  the  edge  of 
the  recirculation  bubble  which  spreads  as  the 
strain  rate  increases  with  downstream  distance  and 
by  the  reverse  flow  boundary  layer  which  begins 
around  the  trailing  edge  and  continues  towards  the 
location  of  mean  streamline  detachment.  The  flow 
angle  is  consistent  with  the  larger  transverse 
velocity  directed  towards  the  surface  in  the  low¬ 
er  half  of  the  bubble  and  particularly  in  the  vi¬ 
cinity  of  the  trailing  edge  and  of  the  separation 
of  the  reverse-flow  boundary  layer. 

The  wake  can  be  divided  into  three  regions: 
the  very  near  wake  where  negative  mean  velocities 
exist,  the  near  wake  where  the  3hear  layers  from 
the  suction  and  pressure  side  interact  and  the 
far  wake  where  recovery  to  a  fully  developed  plane 
mixing  layer  occurs.  The  very  near  wake  extends 


The  results  discussed  here  relate  to  the  re¬ 
gion  of  the  flow  identified  by  the  solution  domain 
of  figure  7.  Thus,  boundary  conditions  were  as¬ 
signed  on  all  sides  of  the  solution  domain  and 
the  differential  equations  solved,  in  finite- 
difference  form  and  with  a  mesh  of  grid  points 
determined  with  the  aid  of  a  solution  of  the  cor¬ 
responding  potential-flow  equation  The  equa¬ 
tions  solved  represent  mean  consei  tion  of  mass, 
momentum,  kinetic  energy  and  rate  of  turbulent 
dissipation  and  may  be  written  in  the  form  shown 
below  with  the  coefficients  given  in  Table  2. 
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The  use  of  the  k-e  turbulence  model  represents  a 
compromise  between  extreme  possibilities  each  with 
known  problems  rather  than  a  directly  justifiable 
choice.  Algebraically  specified  length  scales  are 
generally  unsatisfactory  in  recirculating  flows 
and  Reynolds  stress  models  are  more  expensive  in 
computer  time. 

The  application  of  the  conservation  equations 
in  this  form  is  clearly  uneconomic  in  regions  whe¬ 
re  the  boundary-layer  assumptions  are  valid  and 
the  solution  domain  was  chosen  as  a  compromise 
which  minimised  these  regions  while  allowing  spe¬ 
cification  of  boundary  conditions,  based  on  experi- 


mental  knowledge.  Thus  the  upstream  boundary  cor¬ 
responds  to  a  location  immediately  upstream  of 
the  influence  of  boundary-layer  curvature  where 
measurements  of  all  properties  were  available  in 
the  boundary  layer,  except  the  rate  of  dissipa¬ 
tion  which  was  obtained  from  the  equation 

e=Sk'  57  ~ 

Detailed  knowledge  of  the  lower  surface  boundary 
layer  was  used  for  the  upstream  boundary  condi¬ 
tions  of  the  flow  entering  the  calculation  domain 
from  beneath  the  trailing  edge.  However,  the 
boundary-layers  on  the  upper  and  lower  surfaces 
of  the  wind  tunnel  were  quantified  only  in  terms 
of  a  no  slip  boundary  condition  and  zero  normal 
gradient  assumptions  were  made  for  k  and  e.  In 
all  cases,  interpolation  of  measurements  necessa¬ 
ry  to  determine  values  at  the  selected  node  points 
and,  at  some  future  date,  the  influence  of  this 
interpolation  needs  to  be  quantified.  In  compari¬ 
son  with  the  other  sources  of  uncertainty  discus¬ 
sed  in  the  following  paragraphs,  it  is  believed 
to  be  unimportant.  The  downstream  boundary  was 
chosen  at  a  location  where  the  flow  was  presumed 
to  be  well  approximated  by  fully  developed  flow 
and  zero  normal  gradients  were  presumed.  This 
assumption  needed  to  be  tested  and  relevant  re¬ 
sults  are  reported  below 

The  nature  of  the  streamlines  shown  on  figure  4 
suggests  that,  although  a  rectangular  Cartesian 
grid  could  be  used  to  represent  the  flow,  it 
would  lead  to  a  very  uneven  distribution  of  calcu¬ 
lation  accuracy  since  some  gradients  would  be  much 
better  represented  .than  others.  To  help  to  over¬ 
come  this  problem,  a  calculation  scheme  based  on 
the  solution  of  the  potential  flow  equations  was 
applied  to  the  generation  of  lines  of  constant 
stream  function  and  velocity  potential  and  the 
intersections  were  taken  as  the  nodes  for  the  fi¬ 
nite  difference  solution  of  the  conservation  equa¬ 
tions.  The  potential  flow  equations  do  not  take 
any  account  of  separation  and  the  resulting  node 
distribution  was  concentrated  in  this  region  to 
ensure  that  the  cell  Reynolds  numbers  were  as 
small  as  possible.  This  was  essential,  since  the 
streamlines  could  be  expected  to  intersect  the 
cells  at  angles  which  could  lead  to  numerical  dif¬ 
fusion  for  those  cases  where  the  cell  Reynolds 
number  exceeded  121. 


The  Laplace  equations  for  the  velocity  potent¬ 
ial,  i,  and  stream  function, 1(1 ,  of  an  irrotational 
flow  were  solved  in  the  inverse  form: 


Mitha'.((^)'  +  (-|i)  1 
i  <0  -i  $ 


I  /  (  (fr1 

3* 


and  located  the  intersections  of  iso-vorticity  and 
iso-stream  function  lines.  The  equations  were 
solved  in  finite-difference  form  with  the  TEACH 
program  operated  in  a  manner  similar  to  that  des¬ 
cribed  by  Gosman  and  Johns^®.  The  boundary  of  the 
calculation  domain  was  arranged  to  be  coincident 
with  the  surface,  the  tunnel  roof,  a  location 
upstream  of  separation  selected  with  experimental 


knowledge,  and  a  short  distance  downstream  of  the 
trailing  edge  with  it  extended,  for  this  calcula¬ 
tion,  parallel  to  the  tunnel  roof.  An  orthogonal 
curvilinear  mesh  of  48x48  nodes  was  generated 
within  this  domain.  The  near-wall  nodes  were  link¬ 
ed  to  the  surfaces  by  normals  to  the  cubic  polyno¬ 
mials  used  to  describe  the  surface  shape. 

The  48x48  grid,  generated  as  described  above, 
was  linked  to  similar  but  geometrically  expanding 
rectangular  Cartesian  grids  which  were  specified 
to  represent  the  flow  stemming  from  lower  surface 
and  in  the  downstream  wake.  The  resulting  grid 
of  60x60  nodes  implied  that  solutions  of  the  Na- 
vier-Stokes  equations  would  be  expensive  and  time 
consuming.  The  results  described  below  were,  as 
a  consequence,  obtained  with  fewer  nodes  and  these 
were  selected  with  empirical  knowledge  of  the  re¬ 
gions  of  steep  gradients  and  angled  streamlines. 

The  grid  generated  in  the  above  manner  corres¬ 
ponds  to  an  orthogonal  curvilinear  system  of  equa¬ 
tions  and  the  conservation  equations  were,  there¬ 
fore,  written  in  the  common  form: 
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and  were  solved  by  the  central-difference/upwind 
arrangement,  with  staggered  locations  of  velocity 
and  scalar  quantities,  of  the  TEACH  computer  pro¬ 
gram.  In  this  equation  ♦  can  represent  any  of  the 
dependent  variables  of  equations  2  to  5,  T ^  the 
corresponding  diffusivity,  and  f2  are  the  cor¬ 
responding  metric  coefficients  and  C;  and  £2 
are  the  coordinates  corresponding  to  the  stream 
function  and  velocity  potential  obtained  from 
the  solution  of  equations  8  to  10.  The  metric 
coefficients  were  obtained  from  this  solution  with 
cubic  polynomials  to  connect  the  constant  vortici- 
ty  or  stream  function  locations,  and  were  incor¬ 
porated  into  the  finite-difference  form  using  sur¬ 
face  integrals  to  obtain  the  cell  face  areas,  vo¬ 
lumes,  arc  lengths  and  radii  of  curvature  in  the 
Sj  and  r 2  directions .  The  Coriolis  and  centripi- 
tal  accelerations,  with  higher  order  curvature 
terms  were  incorporated  in  the  source  term,  S^, 
as  were  terms  representing  dissipation  and  pro¬ 
duction  of  turbulent  kinetic  energy  in  the  k  and 
£  equations. 

A  typical  grid,  generated  by  the  above  method 
and  used  in  the  solution  of  equation1  *,  is  shown 
on  figure  7.  It  comprises  30x30  nodes,  selected 
from  the  60x60  mesh  initially  generated,  and  led 
calculation  times  of  around  850s  for  about  250 
iterations  required  to  achieve  a  convergence  cri¬ 
terion  Of  0.1%  of  the  maximum  residual  of  any  de¬ 
pendent  variable  including  the  mass  flow  of  the 
pressure  correction  equation.  Under-relaxation 
was  employed  with  all  equations  with  maximum  un¬ 
der-relaxation  factors  of  0.5. 

It  should  be  noted  that  in  the  present  ortho¬ 
gonal  curvilinear  coordinates,  the  generation 
term  given  by  equation  7  has  the  form 
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with  r](  and  radii  of  curvature  of  the  stream 
function  and  velocity  potential  lines  respectively. 

It  can  be  expected  that  this  and  the  second  order 
terms  which  have  been  retained  in  the  turbulence 
conservation  equations,  will  not  fully  represent 
the  effects  of  stabilising  curvature  in  the  turbu¬ 
lence  model  but  the  proposals  of  previous  work, 
for  example  those  of  Launder  et  al2®,  Gibson2^  and 
Leschinzer  and  Rodi2-'-  have  not  conclusively  been 
shown  to  be  satisfactory  and  have  not  been  incor¬ 
porated. 

IV.  Calculated  Results  and  Discussion 

The  calculated  mean  velocity  vectors  of  figure  8 
may  be  compared  with  the  measurements  of  figure  3 
and  are  clearly  in  good  qualitative  agreement.  As 
quantified  in  figure  9,  mean  streamline  detachment 
was  calculated  to  occur  at  0.866  rather  than  the 
0.870  of  the  measurements.  The  overall  size  of  the 
reverse  flow  region  is  wider  by  some  10*  and  ex¬ 
tends  to  a  value  of  x/c  of  0.021  rather  than  the 
0.016  of  the  measurements.  The  calculations  also 
show  that  the  normal  momentum  is  greater  than  the 
longitudinal  momentum  in  the  vicinity  of  separa¬ 
tion  and  in  the  shear  layer  surrounding  the  bubble 
where  the  normal  pressure  gradient  has  its  largest 
values.  Within  the  bubble,  the  mean  velocity  has 
a  maximum  value  of  approximately  20*  of  the  free 
stream  velocity  and  the  normal  and  longitudinal  ve¬ 
locities  have  similar  magnitudes  with  the  former 
being  larger  at  the  beginning  and  end  of  the  rever¬ 
se  flow  boundary. 

The  free  stream  velocity  and  wall  pressure  dis¬ 
tributions  are  shown  on  figure  10.  The  difference 
between  the  measured  and  calculated  velocity  dis¬ 
tribution  is  consistent  with  the  discrepancy  in 
the  size  of  the  recirculation  region  which  may,  in 
part,  be  due  to  the  inadequate  representation  of 
streamline  curvature  as  discussed  previously  The 
pressure  distribution  is,  of  course,  very  different 
from  that  obtained  from  the  Laplace  equations  in 
the  vicinity  of  the  separation  region  and  is  in 
close  accord  with  the  measured  results  except  where 
there  are  insufficient  nodes  to  represent  the  stream- 
wise  gradients  at  the  start  of  curvature. 

The  distribution  of  skin  friction  coefficient 
of  figure  10  is  also  in  good  agreement  with  expe¬ 
riment  and  was  obtained  with  the  aid  of  the  wall 
functions: 
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These  wall  functions  linked  the  wall  to  the  finite- 
difference  node  closest  to  it  and  always  located 
at  a  value  of  y+  less  than  50  and  greater  than  10 
with  the  minimum  occurring  in  the  separated  region. 

The  results  presented  on  figures  7  to  10  and 
discussed  above  are  encouraging  and  it  is  essential 
to  determine  the  extent  to  which  they  depend  on  the 
numerical  detail  of  the  calculations.  A  partial 
answer  to  this  question  can  be  provided  on  the  basis 
of  the  limited  number  of  tests  referred  to  in  the 
following  paragraph.  It  is  clear  from  the  velocity 
profiles  of  figure  11  that  the  calculated  wake  is 
wider  than  it  should  be  and,  since  experience  with 
the  present  turbulence  model  would  suggest  that  it 
should  be  slightly  narrower,  the  difference  must  be 
associated  with  numerical  inaccuracy.  Accordingly 
the  influence  of  the  location  of  the  downstream 
boundary  condition  was  investigated  and  shown  to 
Pa  negligibly  small  and  subsequent  calculations 
were  performed  with  the  same  number  of  nodes  dif¬ 
ferently  located  in  the  solution  domain  of  figure  7 
and  with  smaller  numbers  of  nodes. 

With  30x30  nodes  and  a  greater  number  located 
away  from  the  near-flap  region,  the  velocity  and 
pressure  fields  were  very  similar  and  this  sug¬ 
gested  that,  although  the  cell  Reynolds  numbers  in 
the  free  stream  had  magnitudes  up  to  10 ’,  the  re¬ 
sulting  truncation  errors  were  unimportant.  This 
conclusion  was  supported  by  calculations  with 
20x20  nodes  which  gave  very  similar  velocity  and 
pressure  values  away  from  the  surface  of  the  flap: 
even  the  velocities  in  the  outer  region  of  the  re¬ 
circulation  were  little  changed  although  the  wake 
was  even  wider  with  this  number  of  nodes.  The 
distribution  of  nodes,  with  concentration  way  from 
the  flap  region,  gave  rise  to  different  near  wall 
values.  In  particular,  the  skin-friction  was  al¬ 
tered  by  up  to  5  and  15%  in  the  boundary  layer  and 
separated  region  respectively  by  locating  the  near 
wall  node  in  the  y+  region  between  20  and  90,  in 
contrast  to  the  10  to  50  range  used  earlier.  Lo¬ 
cal  velocities  and  pressure  coefficients  were  dif¬ 
ferent  by  up  to  14*  and  0.003  with  the  wall-pres¬ 
sure  coefficient  showing  a  maximum  difference  of 
0.0012.  These  maximum  discrepancies  occurring  in 
the  vicinity  of  separation. 

The  influence  of  the  location  of  the  roof  and 
floor  of  the  wind  tunnel  did  not  appear  to  be  very 
great  since  their  representation  by  the  actual  and 
expanded  tunnel  co-ordinates  led  to  the  same  wall- 
pressure  coefficient  on  the  flap  and  to  the  same 
size  of  separation  region.  Similarly,  the  loca¬ 
tion  of  separation  of  the  mean  streamline  was  al¬ 
ways  calculated  to  an  accuracy  of  not  less  than 
the  distance  between  grid  nodes  in  the  S-direction. 
The  sensitivity  of  the  skin-friction  coefficient 
is,  at  least  in  part,  due  to  the  use  of  the  law 
of  the  wall  in  regions  where  it  does  not  strictly 
apply  but  it  is  clear  that  either  more  nodes,  or 
a  higher  order  finite-difference  scheme  is  required 
to  represent  the  gradients  in  the  near-wall  and 
naar-wake  regions. 


with  the  production  of  turbulent  kinetic  energy  mo-  Further  work  is  necessary  to  quantify  fully  the 

dified  to  take  some  account  of  the  normal  stress  influence  of  numerical  detail  and  to  separate  er- 

in  the  form  rors  due  to  numerical,  turbulence-model  and  wall- 

function  assumptions.  Measurements,  including 


more  detailed  near-wall  information,  are  essential 
as  are  numerical  procedures  such  as  that  of  McGuirk 
et  al32.  jt  is  useful  to  note  that  ratio  of  3P/3y 
to  3P/3x  immediately  upstream  of  separation  and  in 
the  near  wake,  defines  the  need  for  equations  which 
represent  both.  In  addition,  the  evaluation  of  the 
measured  convection  terms  showed  that  the  y-momen- 
tum  terms  were  generally  greater  than  the  x-momen- 
tum  terms  in  the  downstream  region  of  the  separa¬ 
tion  region,  of  similar  magnitude  in  the  central 
region  and  smaller  in  the  upstream  region,  except 
very  close  to  the  wall.  Direct  evidence  of  the  ma¬ 
gnitudes  of  the  diffusion  terms  cannot  be  deducted 
from  the  present  measured  results  but  the  calculat¬ 
ed  results  show  that  they  are  most  important  in  the 
vicinity  of  the  edge  of  the  recirculation  region 
and  diminish  in  value  towards  the  free  stream  and 
the  near  wall,  although  their  influence  may  be 
outweighed  by  numerical  diffusion  in  some  regions 
of  the  flow  and  particularly  in  the  near  wake. 
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Essential  details  of  the  flying-hot  wire 
anemometer 


Dimensions:  a  0.160m 

b  0 . 3S7m 

c  0.127m 

r  0.04-0. 06m 

Velocity:  shaft  (maximum)  100 rad/s 

probe  (maximum)  13.5m/s 


Calibration  range: 

Time  in  sampling  part  of  cycle 
Time  in  dormant  part  of  cycle 
Maximum  uncertainties:  probe  speed 

flow  velocity 
flow  angle 


0-30m/s 

Ts«0.01s 

Td“5s 

0.04m/s 

0.012Ure{ 

0 . 6degrees 


TABLE  2 

Turbulence  model  constants 


V  £1  t2  k  e 

0.09  1.44  1.92  1.0  1.22  0.4187  9.793 
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Figure  1.  Flow  configuration:  DT  mean  streamline  detachment:  IT  incipient  separation  (1%  probability  of 
reversed  flow);  Q= 0  line  of  zero  mean  velocity;  YpU  fraction  of  time  flow  is  in  the  down¬ 
stream  direction;  5  boundary  layer  thickness  (U/(J  =0.95). 
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Figure  2.  Distributions  of  momentum  thickness,  skin  friction  coefficient,  surface  and  free  stream  static 
pressure  coefficient  and  free  stream  velocity  ratio. 
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Abstract 

The  three-dimensional  Navier-Stokes  equations 
governing  steady,  turbulent  subsonic  flows  have  been 
simplified  into  the  "parabolic1'  form  using  a  formal  order 
of  magnitude  analysis  procedure.  The  results  of  this 
analysis  confirm  that  the  transverse  moment  m 
equations,  to  first  order,  govern  appropr  ate  pressure 
distr.butions,  and  that  the  continuity  equation  gove-ns 
first  order  effects  of  transverse  plane  vel  icities.  This 
paper  summarizes  the  identification  of  a  well-posed, 
initial-boundary  value  differential  equation  descript  on, 
and  construction  and  evaluation  of  a  numerical  solution 
algorithm  for  the  parabolic  Navier-Stokes  equations  in 
physical  variables. 

L  Introduction 


II.  Problem  Statement 


The  three-dimensional  PNS  equation  system  for  the 
steady,  subsonic  turbulent  flow  of  an  isoenergetsc  fluid,  to 
the  principal  scale  of  ordering1,  is 


A  wide  variety  of  important  aerodynamics  problem 
configurations  are  characterized  by  the  velocity  vector 
oeing  principally  aligned  with  a  single  coordinate 
direction.  Provided  there  is  no  reversal  of  this  dominant 
component  of  velocity,  the  three-dimensional  parabolic 
Navier-Stokes  (PNS)  equation  system  is  a  candidate  for 
solution  of  the  problem  class.  A  formal  order  of 
magnitude  PNS  analysis  confirms1,  in  this  scenerio,  that 
axial  diffusion  processes  are  negligible,  and  that  the 
transverse  momentum  equations  principally  govern 
transverse  plane  pressure  distributions.  The  continuity 
equation  governs  first  order  effects  on  momentum.  The 
transverse  momentum  equation  can  be  combined,  jsing 
the  divergence  operator,  into  a  quasi-linear  pressure 
Poisson  equation  possessing  complementary  and 
particular  solutions.  The  boundary  conditions  for  the 
complementary  solution  enforce  overall  ellipticity,  while 
the  particular  solution  yields  modifications  due  to 
convection,  viscosity  and  Reynolds  stress  distributions. 
A  turbulence  closure  model  is  also  required,  and  the 
parabolic  form  of  the  two-equation  turbulence  kinetic 
energy-isotropic  dissipation  system  is  assumed  the 
minimum  acceptable  level  of  simplicity. 

With  the  basic  governing  equation  system  thus 
defined,  construction  of  a  suitable  algorithm  requires 
addressing  the  ordering  analysis  and  the  boundary 
conditions.  A  primitive  variables  formulation  must 
rearrange  the  continuity  equation  to  yield  a 
deterministic  system  for  transverse  velocities,  cf.  Baker 
et.al.1,  OodgeS  Patankar^.  Alternatively.,  a  vector 
potential  function  can  be  defined  to  identically  satisfy 
the  continuity  equation,  and  a  vorticity  equation  derived 
to  replace  the  transverse  momentum  equations,  cf. 
Briley  et.al.4,  Mikhail  et.al. 5.  One  dominant  factor 
controlling  this  basic  decision  is  the  boundary  condition 
specifications  associated  with  various  solution  domains, 
including  flows  which  are  fully  bounded,  semi-bounded 
and/or  totally  nonbounded.  This  variability  suggests 
retaining  the  physical  variables  problem  description.  For 
flexibility,  and  the  inherent  mathematical  robustness  of 
the  construction,  a  finite  element  penalty  function 
algorithm  is  appropriate.  This  paper  presents  a 
statement  of  the  algorithm,  boundary  condition 
specifications,  and  the  results  of  computational 
experiments  for  a  class  of  problem  definitions. 


L(k)  =  fjj.  [ouxk]  *  |j-  jiujk  +  3[ck  i  Ujuz 

* +  *p  “?“T  +  Sc  * 0 

L(e)  *  fe-[Bu'l3  +  +  'pCe  I  Vi  Mrj 


The  variables  appearing  in  equations  1-5  have  their 
usual  interpretation  in  fluid  mechanics,  where  superscript 
bar  denotes  conventional  time  averaging11,  and  the  cross 
coupling  of  fluctuations  in  density  and  velocity  have  been 
assumed  negligible.  The  tensor  index  summation 
convention  is  implied,  with  X[  aligned  with  the  principal 
flow  direction,  and  1  <  j  <  3  and  2  <  (k,i)<_  3.  The 
turbulence  kinetic  energy  k  is  the  trace  of  the  Reynolds 
stress  tensor,  e  is  the  isotropic  dissipation  function,  and  Re 
is  the  characteristic  Reynolds  number. 

For  the  variety  of  reported  results,  the  Reynolds 
stress  tensor  field  constitutive  model  of  Baker  et.al.1  has 
been  employed.  The  PNS  ordering  analysis  indicates  the 
extremum  significance  of  components  of  ujuj’is  one  order 
smaller  than  unity.  Simplifying  the  constitutive  equation 
to  this  order  yields 


1 


UlUi 


The  coefficients  Cj,  1  <  31  <  4,  in  equation  6  are 
correlation  constants;  the  standard  values  are  C  = 
{0.94,  0.067,0.56,  0.063}.  01 

in  the  primitive  form,  equations  1-6  do  not 
represent  a  well-posed  initial-boundary  vaiue  problem 
discription  for  the  subsonic  flow  problem  class,  As  a 
consequence  of  the  ordering,  the  scalar  continuity 
equation  governs  both  components  of  velocity  in  the 
transverse  plane  perpendicular  to  <|.  As  cited  in  the 
Introduction,  various  algorithm  constructions  have  been 
formulated  to  address  this  issue.  The  approach  taken  in 
the  present  analysis  is  to  employ  a  finite  element 
penalty  function  formulation,  and  to  append  the  order 
(  <5  )  transverse  plane  momentum  equations, 


L*(uk) 


-  3  h*  *1 

+  3 _ 
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to  equation  3.  Further,  equation  3  is  rearranged  to  the 
pressure  Poisson  equation. 
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Equation  8  represents  a  quasi-linear  elliptic 
boundary  value  problem,  possessing  complementary  and 
particular  solutions).  The  complementary  solution  pc  to 
the  homogeneous  form  of  equation  3  is  obtained  using 
farfield  boundary  conditions  defined  by  the  exterior 
flow,  or  in  the  fully  bounded  domain  case,  by  the  duct 
geometry.  The  particular  solution  p„  to  equation  8  is 
thus  generated  using  homogeneous  Oirichlet  boundary 
conditions  where  pc  is  known.  The  total  three- 
dimensional  pressure  field  p  is  the  sum  pc  +  pp,  which  in 
general  requires  execution  of  multiple  PN5  solutions,  in 
an  interaction  algorithm  construction,  to  impose  pp  axial 
pressure  gradients  into  the  u[  momentum  equation 
solution. 

Upon  addition  of  equations  3  and  7,  L(uk)  *  L^(uk) 
represents  a  well-posed  initial-boundary  value  problem 
for  uk,  upon  addition  of  the  order  (<S2)  terms  to  the 
appropriate  scalar  components  of  the  Reynolds  stress 
tensor,  which  are 


+  ^k 
cixJT  3xt 


(9) 


111.  Finite  Element  Penalty  Algorithm 

For  the  dependent  variable  set  q(xp  =  (uj,  k,  z,  pp, 
Pc,  u|Uj  },  equations  2,  3  +  7,  4,  5,  8,  6  ♦  9  represent  a 
well-posed,  initial-boundary  value  problem  description  on 
the  three  dimensional  domain  3  =  R2xx[={x,  ,  x  j  :  x  ^ 


s  R2  and  x[  z  [  x i ,x j )}  .  There  is  the  additional 
fundamental  requirement  that  equation  1  be  rigorously 
satisfied,  since  it  governs  first  order  phenomena.  The 
problem  statement  is  completed  with  a  polytropic 
equation  of  state  for  determination  of  3  for  the 
isoenergetic  flow. 

As  the  consequence  of  the  PNS  reformulation,  each 
of  the  first  six  members  of  the  set  q  are  eligible  for 
constraint,  on  the  boundary  3R  of  R7,  a  linear 
combination  of  Dirichlet  and  Neumann  boundary 
conditions.  The  first  five  of  these  members  are  also 
required  specified  as  an  initial-condition  on  the  plane 
R3  x  x^.  No  boundary  conditions  are  appropriate  for  the 
algebraic  equations  governing  u,'uj( 

The  finite  element  penalty  algorithm,  for 
determination  of  the  semi-discrete  approximation  ^(xp 
to  q{xj),  is  based  on  classical  concepts  for  differential 
constraints  in  the  statement  of  variational  boundary  value 
problems7.  These  concepts  are  extended  to  the  very  non¬ 
linear  PNS  problem  class  using  a  Galerkin  weighted- 
residuals  formulation.  Deferring  details*,  the  transverse 
plane  domain  R7  is  discretized  into  the  union  of  non¬ 
overlapping  subdomains  R|,  wherein  the  functional  form 
for  the  x^  dependence  of  the  semi-discrete  approximaiton 
qh  is  assumed  a  priori  specifiable.  A  convenient  form  is 
the  cardinal  basis  {  Nk  (x*  1} ,  the  members  of  which  are 
polynomials  on  x?  complete  to  degree  k.  Hence,  the 
semi-discrete  approximation  becomes  the  union  of 
elemental  approximations, 

q(Xj)  :-qh(x.)  HU^(x.) 


5  {Nk(xi>}T{<3I(x‘>>e 


where  subscript  and/or  subscript  e  denotes  pertaining  to 
the  (finite  element)  domain  R|.  Further,  { QI  }e 
represents  the  values  taken  by  <!je  at  the  nodes  of  the 
domain  R7,  and  1  <  1  <  13  is  a  tensor  index  denoting  the 
appropriate  (nodal)  vector  dependent  variable  set  ofqh. 

With  definition  of  qh,  equations  10-11  permit  direct 
evaluation  of  the  semi-discrete  approximation  error  Ltqh) 
in  each  of  the  PNS  governing  differential  equations.  The 
basic  concept  in  the  calculus  of  a  discretized  variational 
boundary  value  problem  is  to  render  this  error  extremum 
in  some  norm.  In  the  Galerkin  weighed-residuals 
extension  of  this  concept,  this  is  accomplished  by 
requiring  this  error  to  be  orthogonal  to  the  space  of 
functions  {  Nk  }  selected  to  define  the  semi-discrete 
approximation,  i.e. 


i  {N  }  l(qh)dT  =  S  f  {N.  }L(qe)dT  =  {0}  (12) 

Jr*  k  e  Jr*  k 

e 

The  middle  expression  in  equation  12  emphasizes  that  the 
actual  calculus  operations  are  performed  on  the  elemental 
domains  Rj.  The  resultant  element  (column)  matrices  are 
projected  to  the  matrix  structure  of  the  global  domain 
using  the  assembly  operator  Se,  which  is  simply  matrix 
addition  by  rows*. 


Equation  12  defines  the  numerical  solution 
algorithm  for  the  complete  set  with  the  exception  of 
the  combined  equations  3  and  7  for  uj.  Here,  the 
definition  of  the  extremum  must  be  augmented 
(penalized)  such  that  the  continuity  equation  is  also 
satisfied.  The  functional  form  for  this  statement,  which 
is  an  extension  of  the  classical  concept^,  is 


The  actual  calculus  operations  defined  in  equation  13  are 
again  performed  on  an  elemental  basis  and  assembled, 
and  X  is  an  (arbitrary)  parameter  penalizing  the 
statement  of  semi-discrete  error  orthogonalization  for 
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Equations  12-13  define  the  finite  element  penalty 
algorithm  for  the  PNS  equation  system.  The  theoretical 
arbitrariness  remaining  is  solely  the  degree  1<  of  the 
cardinal  basis  {N^},  spanning  either  three-sided  or  four¬ 
sided  element  domains  R|,  the  penalty  parameter  \  and 
the  functional  form  for  L(oh).  However,  equations  12-13 
are  definitions  of  non-linear  matrices,  and  resolution  of 
the  resultant  problem  definitions  in  linear  algebra 
remains.  For  the  semi-discrete  approximations  { uy.kh, 
e^},  equations  12-13  are  matrix  statements  expressing 
the  X[  -ordinary  derivative  of  the  appropriate  elements 
of  {QI}e,  equation  11.  A  Taylor  series  defines  the 
matrix  algebra  statement  for  the  assembly  of  these 
elements  of  {Ql } ,  1<_  1  <  5,  as. 


(FI)  i  {QI}j+1  -  {QUj  -  AxCQI}^  *  •••  5 


In  equation  14,  {Ql}j*i  represents  this  ordinary 
derivative  evaluated  at  some  location  on  the  interval 
xj*i  -  Xj  =  ix  as  defined  by  the  parameter  0  <  0<  1. 

Equation  12,  evaluated  for  pip  and  ujuj*',  yields 
directly  the  appropriate  column  matrix  statement  { FI}  = 
{0},  6  <_  l  <  13.  Combined  with  equation  14,  the  resultant 
linear  algebra  statement  of  the  finite  element  penalty 
algorithm  for  the  PNS  equation  system,  becomes 

jn^k,  X,  0,  ax,  {QI} 

Equation  13  is  a  highly  non-linear  algebraic 
equation  system,  the  character  of  which  is  largely 
determined  by  the  choice  of  the  arbitrary  solution 
parameters  k,  X, 0  ,  and  ax.  Equation  13  does  not  readily 
admit  a  useful  linearization,  even  for  0=0  which 
corresponds  to  explicit  integration.  Hence,  the 
appropriate  solution  statement  is  the  (Newton)  matrix 
solution  form, 
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where  p  is  the  iteration  index  at  step  xj*i»  and 

w>jtf  =  wi>;+i +  «qi>$ 


(16) 


(17) 


Equation  17  defines  the  fully-discrete  approximation  to 
the  dependent  variable  set  at  the  nodes  of  UR2,  hence 
also  qh(x-|)  throughout  R2,  see  equation  10.  Equation  IS 
defines  the  (Newton)  Oacooian  of  the  non-linear  algeDraic 
equation  system,  equation  15. 

IV.  Some  Basic  Decisions 


Equation  15  delineates  the  basic  decisions  to  be 
made  regarding  implementation  of  the  finite  element 
penalty  algorithm  into  a  computer  code.  In  acdition,  for 
i  >  0,  a  decision  is  recuired  regarding  approximate 
construction  of  the  Newton  algor. thm  Jacobian  [31, 
equation  IS,  since  it's  size  for  the  turteen  dependent- 
variable  PNS  statement  is  unwieldy  on  present  computers. 
The  decision  on  k,  equation  11,  of  course  mpacts 
considerably  on  the  "size"  of  [  3] . 

The  aerodynamics  analyses,  document  ig  tne  theory 
as  summarized  herein,  have  been  conducted  using  the 
CMC:3DPNS  computer  program. Eacn  of  the  cited 
basic  decisions  has  therefore  been  maoe,  as  'mclemented 
for  this  code.  In  light  of  the  resultant  mderstancing  of 
how  the  algorithm  functions,  as  well  as  advances  mace  in 
vector  computer  architectures,  some  of  tnese  decisions 
should  and  will  eventually  become  modit  ed.  This  in  no 
way  detracts  from  the  proof  of  theory  and  practice  that 
has  resulted  using  this  code. 

Bearing  this  in  mind,  the  discretization  of  R2  is 
defined  as  the  union  of  triangular  cross-section  finite 
elements  spanned  by  the  linear  (k=l)  natural  coordinate 
cardinal  basis.  The  trapezoidal  rule  is  employed  for  the 
integration  algorithm,  9  =  W  in  equation  14.  The  penalty 
parameter  X  ,  following  extensive  numerical 
experimentation,  has  been  defined  as  the  diagonal  matrix, 


XP  [XJP  =  C  Ax  rUlJjP+1 


(19) 


where  C  is  a  constant  of  order  unity,  and  the  elements  (on 
the  diagonal)  of  ruij^i  are  {  Ul},+i,  the  nodal 
distribution  of  {Ql}  computed  at  each  iteration  p  at  xj+p 

The  functional  form  of  the  penalty  term,  equation 
13,  involves  definition  of  an  auxiliary  dependent  variable 
ih,  as 


L(ph) 


(20) 


The  boundary  conditions  for  0  are  a  linear  combination 
of  homogeneous  Dirichlet  and  Neumann  constraints, 
defined  according  to  required^  flow  porosity  on  various 
segments  of  3R.  Hence,  qh  is  augmented  for  one 
additional  entry,  the  solution  of 
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The  Galerkin  weighted-residuals  algorithm 
statement  for  equation  21  is  the  algebraic  equation 
system  •  FH  i  -  ;Q  which  is  added  to  equation  15, 
hence  equations  16-15.  Therefore,  the  explicit  form  of 
:he  complete  penalty  term  in  equation  13  is. 


Regarding  the  Newton  algorithm  Jacobian, 
equation  IS  has  been  replaced  in  CMC:3DPNS  with  two 
sparse  matrices,  yielding  a  corresponding  compromise  on 
overall  convergence  rate  while  significantly  reducing  the 
Jacobian  matrix  rank.  The  initial-valued  dependent 
variables  {  u!?,  k,  are  sequentially  solved  as  multiple 
right  side  substitutions  to  equation  16,  using  the  u*1 
Jacobian,  [Jill  ; ,  i ,  whe-" 


tJ11^  5  fljjTT  (23) 


The  Poisson  field  variables  •"  p£,  pp,  c*1’,  are  solved 
sequentially  as  multiple  rignt  side  substitutions  using  the 
p£  Jacobian  [  J66  ].  The  scalar  components  of  ujuj'are 
determined  using  an  elemental  averaging  and  assembly 
procedure,  equivalent  to  solving  equation  16  using  [  383] 
for  multiple  right  side  substitutions.  The  algorithm 
timing  utilizes  the  sequence  [311],  !  J66  1,  [388],  with 
update  of  the  Jacobians  occurring  at  every  iteration. 
Details  of  the  formation  of  these  Jacobians  is  given  in 
reference  8. 


V.  Documentary  Results 

A  fairly  voluminous  library  of  documentary  results 
has  been  generated  and  published  on  performance 
aspects  of  the  PN5  finite  element  penalty  algorithm. 
The  following  synopsis  emphasizes  the  essential  points  as 
a  function  of  domain  boundedness.  All  cited  solutions 
were  generated  by  the  same  code,  the  problem  definition 
being  completely  contained  within  the  general  boundary 
condition  statement. 


i-(qh)  =  ai(q)qh  +  a;(q)  n.  +  ai(q)  =  0  (26) 

j  J 

Semi-Bounded  Solution  Domain 

This  is  the  most  typical  aerodynamic  specification, 
wherein  the  PNS  equation  system  solution  is  sandwiched 
in  between  an  exterior,  three-dimensional  potential  flow 
solution  and  an  aerodynamic  configuration.  Examples 
include  three-dimensionai  boundary  layers,  juncture 
region  flows  and  trailing  edge  wake  flows  among  others. 
In  each  case,  the  exterior  flow  potential  solution 
provides  the  PN5  farfield  boundary  conditions  for  the 
complementary  pressure  solution  pjJ. 

Figure  la)  illustrates  an  idealized  wing-body 
junction  region,  and  Figure  lb)  defines  the  PNS  solution 
domain  R*  and  appropriate  boundary  condition 
specifications  for  qh,  equation  24.  Baker  et.al.' 
document  algorithm  performance  for  the  case  of  the 


region  defined  by  the  right  intersection  of  two,  10%-thick 
parabolic  arc  airfoils  at  zero  angle  of  attack.  Figure  2 
compares  the  algorithm  predictions  of  transverse  plane 
velocity  distributions  u,  (x j/C  =  0.5,  x^),  on  the  lower 
surface  of  the  juncture  ‘region,  for  turbulent  and  laminar 
flow.  The  lateral  flowfield  reversal  computed  in  the 
lower  reaches  of  the  laminar  flow  calculation  are  in 
qualitative  agreement  with  the  two-dimensional 
prediction  of  Rubin,  et.al.'^.  regarding  this  feature.  The 
PNS  algorithm  solution  converged  to  a  stationary  total 
pressure  distribution,  p(xj)  =  pc  -  pp,  in  three  interaction 
sweeps.  The  Newton  algorithm  convergence  limit  was 
defined  at  e  =  3  x  1Q~,*1  and  the  error  in  satisfaction  of 
the  continuity  equation  1, measured  in  the  energy  norm  of 
-  p,  was  maintained  of  the  order  of  10*6  at  the  final 
iteration  of  each  solution  step. 

As  a  second  example,  Figure  3a)  shows  the  two- 
dimensional  problem  definition  of  a  non-separated  trailing 
edge  wake  flow,  and  Figure  3b)  defines  the  associated 
algorithm  boundary  conditions.  Figure  4  compares  the 
results  of  the  third  interaction  PNS  solution  with 
experimental  data  on  the  region,  1.0  <  xj/C  <  1.10,  for 
turbulent  flow  13.  The  agreement  on  mean  flow 
distributions  uj(xj)  is  excellent,  Figure  4a).  Furthermore, 
similar  agreement  on  components  of  the  Reynolds  stress 
tensor  was  achieved,  including  the  various  peaks  and 
growth  rates,  see  Figures  4b)-c).  Similar  levels  of 
agreement  have  been  documented  for  conventional 
laminar  and  turbulent  boundary  layer  flows'1*. 

Fully  Bounded  Solution  Domain 

The  general  aerodynamic  problem  class  of  flows  in 
engine  inlet  and  exhaust  ducts  exemplifies  this  problem 
class.  The  complementary  pressure  boundary  conditions 
are  derived  from  the  duct  curvature  and  inlet  pressure, 
and  the  resultant  complementary  pressure  axial  gradient 
is  augmented  to  conserve  axial  mass  flux,  cf.  Patankar^. 
Figure  5a)  illustrates  a  symmetric  quarter  plane  PNS 
solution  domain  R?  for  flow  in  a  straight  duct  of 
rectangular  cross-section.  Figure  5b)  defines  the 
corresponding  distribution  of  boundary  conditions.  Baker 
et.al.l  document  comparisons  between  the  PNS 
predictions  and  the  experimental  data  of  Melling  and 
Whitelawl5  f0r  the  case  of  Re  =  10**.  In  Figure  6,  the 
computed  uj  isovel  distributions  indicate  good  agreement 
on  level  and  inflection  points,  in  the  lower  reaches  of  the 
wall  layers,  although  the  experimental  data  indicate  a 
significantly  more  turbulent  core  region.  Figure  7 
compares  the  fully  developed  counter-rotating  vortex 
patterns  in  u,  which  indicate  quite  good  qualitative  and 
quantitative  agreement.  The  PNS  solutions  confirm  the 
causal  mechanism  to  be  non-isotropy  of  the  Reynolds 
stress  tensor,  u .  u,' ,  and  Figure  8  summarizes  the 
comparison. 

Aerodynamic  ducts  of  general  interest  are  typically 
of  non-uniform  cross-section,  thus  inducing  axial  pressure 
gradients.  These  gradients  will  reflect  dominantly  into 
the  structure  of  the  turbulent  flow,  especially  near  the 
walls.  Figure  9  illustrates  the  essential  aspect  in  a  two- 
dimensional  setting.  Figure  10  compares  the  distributions 
of  PNS  predicted  transverse  velocities  u2  for  a  simple 
diverging  and  converging  cross-section  with  20°6  area 
change.  The  correct  mirror  symmetries  result,  and  the 
levels  are  quite  small  except  in  the  transition  region. 
Figures  11-12  compare  the  corresponding  PNS  prediciton 
of  k  and  e  ,  the  principal  distinctions  being  the  larger 
peaks  produced  by  the  favorable  pressure  gradient 
associated  with  the  converging  duct.  No  experimental 
data  are  available  for  comparison,  but  these  results  do 


emphasize  the  importance  of  sufficient  discretization  to 
resolve  the  wall  layers  along  with  a  suitable  low 
turbulence  Reynolds  number  modification  to  the 
Reynolds  stress  equation. 

Non-bounded  Solution  Domain 

The  aerodynamics  problems  of  multiple  free-jet 
interaction  and  wake  vortex  flows  exemplify  the  non- 
bounded  solution  domain  definition.  For  example.  Figure 
13a)  illustrates  a  multiple  jet  configuration,  and  Figure 
13b)  defines  the  corresponding  PNS  domain  boundary 
condition  distribution.  A  key  factor  here  is  that  the 
farfield  boundary  must  be  porous  to  cross-flow,  sucn  that 
influx/efflux  can  be  admitted  in  response  to  the 
entrainment  action  of  the  jets.  The  farfield  boundary 
condition  on  complementary  pressure  pc  is  typically  a 
homogeneous  constant  in  this  instance. 

As  an  example,  Figure  14  summarizes  the 
symmetric  half-plane  PNS  prediction '6  of  mixing  and 
entrainment  produced  by  a  turbulent  slot  jet  of  naif- 
width  rif  on  the  region  0  <  x j /Hf  <  1.0.  The  gradual 
erosion  of  the  potential  core  in  0(  is  evident,  Figure 
14a),  as  well  as  the  distribution  of  entrainment  (negative 
U2)  from  the  farfield,  Figure  14b).  The  sharp  growth  and 
resultant  monotonic  decay  of  both  k  and  £  are  also 
illustrated.  Figures  14c)-d). 

Figure  15  compares  the  PNS  prediction '6  0f 
symmetric-half,  transverse  plane  velocity  distributions 
u  ,  one  diameter  downstream  of  a  single,  circular  cross- 
section  jet  for  laminar  and  turbulent  flow.  Both 
solutions  document  essentially  radial  entrainment,  with 
diametric  opposition  along  the  circumference  of  the  |et 
(recall  Figure  14b)).  The  salient  defining  feature  of  this 
comparison  is  that  the  extremum  normalized  magnitude 
of  uj  for  the  laminar  case  is  u^1  =  0.0017,  while 
u™  =  0.044  for  the  turbulent  case.  Therefore,  in 
comparison,  the  measure  of  entrainment  is  enhanced  by 
a  factor  of  20  for  the  turbulent  case.  Finally,  Figure  16 
shows  the  PNS  predicted  distribution  of  transvere  plane 
velocity  a,  produced  by  a  symmetric  multiple-free-jet 
configuration,  consisting  of  four  jets  each  centered  on 
the  bisector  intersection  of  each  quadrant  with  the 
circle.  A  pattern  of  eight  counter-rotating  vortex  pairs 
has  been  induced,  by  the  rapid  decay  of  this  closely- 
coupled  multi-jet  geometry,  with  a  complex  pattern  of 
influx/efflux  on  the  farfield  boundary.  This  prediction  is 
in  good  qualitative  agreement  with  smoke  flow 
visualization  experimental  data,  including  a  variety  of 
parameter  modifications  and  comparisons' 6. 


VI.  Conclusions 

The  spectrum  of  computational  results  generated 
using  a  finite  element  penalty  numerical  algorithm  for 
approximate  solution  of  the  three-dimensional  parabolic 
Navier-Stokes  equations  for  steady,  subsonic  turbulent 
and  laminar  flows,  serves  to  document  the  mathematical 
appropriateness  and  robustness  of  the  construction.  With 
addition  of  the  energy  equation,  and  identification  of  the 
linear  momentum  mj  =  3  uj,  the  formal  construction 
should  be  e  ,-ially  appropriate  for  supersonic  flows.  The 
theoretical  concepts  underlying  the  algorithm 
formulation  are  direct  extensions  of  fundamental 
principals  in  constrained  extremization  of  a  variational 
boundary  value  problem.  As  such,  the  PNS  application 
has  verified  the  use  and  utilization  of  classical  concepts 
in  mechanics  applied  to  the  computational  problem  class. 
It  is  hoped  that  this  may  be  the  progenitor  of  a  long  and 


fruitful  association,  that  will  focus  computational  fluid 
mechanics  algorithm  constructions  within  the  robust 
framework  of  theoretical  and  applied  mechanics,  the  very 
backbone  of  engineering  analysis. 
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Figure  3.  Characterization  of  a  Semi-Bounded 
Aerodynamic  Trailing  Edge  Wake  Flow,  a)  Geometry,  b) 
Penalty  Algorithm  Boundary  Conditions. 


Figure  1.  Characterization  of  a  Semi-Bounded 
Aerodynamic  Juncture  Region  Flow,  a)  Geometry,  b) 
Penalty  Algorithm  Boundary  Conditions. 


Figure  9.  Comparison  Between  Penalty  Algorithm 
Fig1  -e  2.  Penalty  Algorithm  Prediction  of  Parabolic  Prediction  and  Experiment  For  Wake  Region  Flow, 

Arc  Juncture  Region  Transverse  Plane  Velocity  uj  NACA  63-012  Airfoil,  a  =  0°,  a)  Mean  Axial  Velocity  u[, 

Distribution,  X|/C  =  0.5,  a)  Laminar  Flow,  u™  =  0.06  b)  Reynolds  Shear  Stress  ufu2i  c)  Reynolds  Normal  Stress 

M  Turbulent  Flow,  uj1  =  0.10.,  from  Ref.  1.  u  i u  from  Ref.  13. 
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Figure  '*.  Comparison  Between  Penalty  Algorithm 
Prediction  and  Experiment  For  Wake  Region  Flow, 
NACA  63-012  Airfoil,  =  0  ,  a)  Mean  Axial  Velocity  uj, 
b)  Reynolds  Shear  Stress  upJ2*  c)  Reynolds  Normal  Stress 
uju],  from  Ref.  13,  Concluded. 
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Figure  5.  Characterization  of  a  Fully  Bounded  Duct 
Flow,  a)  Geometry,  b)  Penalty  Algorithm  Boundary 
Conditions. 


Figure  6.  Comparison  Between  Penalty  Algorithm 
Solution  and  Experimental  Data,  Axial  Velocity  u) 
Distribution,  xj/D^  =  37,  a)  PNS  Prediction,  from  Ref.  I, 
b)  Experimental  Data,  from  Ref.  15. 
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Figure  7.  Comparison  Between  Penalty  Algorithm 
Solution  and  Experimental  Data,  Transverse  Plane  u^ 
Distribution,  X[/Dh  =  37,  a)  PNS  Prediction,  from  Ref.  I, 
b)  Experimental  Data,  from  Ref.  15. 


Figure  S.  Comparison  Between  Penalty  Algorithm 
Solution  and  Experimental  Data,  Transverse  Reynolds 
Normal  Stress  u^uj  Distribution,  X[/Dh  =  37,  a)  PNS 
Prediction,  from  Ref.  1,  b)  Experimental  Data,  from 
Ref.  15. 
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Figure  9.  Characterization  of  a  Fully  Bounded, 
Variable  Area  Duct  Flow,  a)  Geometry,  b)  Penalty 
Algorithm  Boundary  Conditions. 
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Figure  10.  Penalty  Algorithm  Duct  Flow  Prediction  of 
Transverse  Velocity  u2  Distributions,  a)  Diverging  Cross- 
Section,  b)  Converging  Cross-Section,  from  Ref.  14. 
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Figure  12.  Penalty  Algorithm  Duct  Flow  Prediction  of 
Isotropic  Dissipation  Function  £  Distributions,  a) 
Diverging  Cross-Section,  b)  Converging  Cross-Section 
from  Ref.  14. 


Figure  13.  Character  Nation  of  an  Unbounded  Multiple 
Free-Uet  Flow,  a)  Geometry,  b)  Penalty  Algorithm 
Boundary  Conditions. 
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Figure  15.  Penalty  Algorithm  Prediction  of  Transverse 
Plane  Velocity  0,  Distributions,  Isolated  Circular  C_ross- 
Section  Free-Oet,  X[/Dh  =  1.0,  a)  Laminar  Flow,  u^  = 
0.0017,  o)  Turbulent  Flow,  uP1  =  0.044,  from  Ref.  16. 
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Figure  16.  Penalty  Algorithm  Prediction  of  Transverse 
Plane  Velocity  uj  Distributions,  Four  Free-Oets,  xj/R  s 
1.5,  from  Ref!  16T 
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1.0  Introduction 

Many  years  ago,  about  World  War  II,  I  believe,  I 
learned  the  definition  of  an  airplane.  It  is  a  de¬ 
vice  that  almost  won't  work.  A  missile  was  defined 
slightly  later.  It  is  a  device  that  almost  will 
work.  But  perhaps  now  with  all  the  advances  in 
rockets  and  spacecraft,  the  airplane  definition 
would  be  more  appropriate. 

These  definitions  characterize  our  problem  because 
first-line  airplanes  are  truly  exceedingly  compli¬ 
cated,  very  expensive  devices;  in  fact,  worth  their 
weight  in  sterling  silver,.-1  The  ^backbone*  of  an 
airplane  is  its  wing,  and  this  with  its  many  nu¬ 
ances  and  complications  is  the  subject  of  iqy  lec¬ 
ture,  in  which  I  shall  outline  the  aerodynamic  prob¬ 
lems  and  roughly  indicate  the  status  of  solutions. 

Compared  with  many  other  fields,  the  analysis  of  the 
fluid  flow  about  a  body  such  as  a  wing  is  in  its  in¬ 
fancy.  In  aerodynamics,  many  of  the  properties  of  a 
Dody  are  found  by  estimation,  by  interpolation  be¬ 
tween  known  answers,  by  calculation  for  a  highly 
simplified  approximation,  and  the  like.  But  in  some 
fields  that  is  not  so,  at  all.  If  we  had  to  apply 
aerodynamic  methods  to  finding  some  arithmetic  pro¬ 
duct,  say  (211  ♦  3071 )  x  (62.6  ♦  9.51),  we  would 
likely  work  from  a  graph  determined  by  some  "beacon" 
values  that  could  be  calculated  and  then  Interpo¬ 
late,  because  we  did  not  really  know  how  to  evalu¬ 
ate  this  particular  product. 

To  get  a  bit  more  complicated,  weight  estimation  and 
calculation  is  a  very  important  function  in  the  de¬ 
sign  of  aircraft.  The  word  "estimation"  comes  from 
not  knowing  initially  the  exact  size  of  some  part 
such  as  a  structural  member,  but  if  a  shape  1$  given 
and  the  material  identified  so  that  density  is 
known,  weight  estimation  becomes  simply  a  process  of 
calculating  the  volume,  and  I  emphasize  "calculat¬ 
ing,"  not  estimating.  If  one  wishes  to  take  the 
necessary  pains,  the  volume  can  be  calculated  to  any 
degree  of  accuracy.  Unlike  the  aerodynamici st,  who 
is  said  to  assume  everything  but  the  responsibility, 
the  weight  man  can  precisely  calculate  the  weight  of 
any  shape  that  he  Is  given. 

The  same  can  be  said  for  many  parts  of  the  structur¬ 
al  problem.  If  a  structures  man  Is  given  any  cross 
section,  no  matter  how  complicated,  he  can  calculate 
the  section  modulus  in  a  straightforward  manner. 
Electrical  circuit  analysis  Is  the  same  way.  Given 
resistances,  capacitances.  Impedances,  etc.  the 
analyst  writes  a  differential  equation  that  exactly 
Indicates  currents,  transients,  etc.  at  least  to  the 
accuracy  known  for  the  elements. 


But  until  recently  aerodynamics  has  had  little  of 
this  true  calculation.  The  art  consisted  of  "bea¬ 
con"  type  of  answers  -  the  flow  about  a  sphere,  or 
ellipsoid,  a  two-dimensional  wing  at  low  angle  of 
attack,  the  boundary  layer  on  a  flat  plate,  etc. 
These  known  solutions  would  then  be  used  as  guide- 
points  or  beacons  to  go  from  them  to  the  actual  case 
by  a  process  of  estimation  and  correction. 

For  many  years  I  considered  one  of  my  underlying 
goals  in  research  was  to  develop  methods  of  calcu¬ 
lating  the  aerodynamic  properties  of  bodies.  An 
ordinary  brick  is  really  quite  a  simple  shape,  but 
can  we  calculate  the  lift,  drag,  moments,  and  pres¬ 
sure  distribution  for  it,  at  all  orientations?  The 
weight  man  certainly  can  do  his  equivalent  job. 
Looking  at  the  broad  problem  like  this  makes  me  feel 
very  humble,  because  from  this  viewpoint  obviously 
v aerodynamic  analysis  is  in  its  infancy.  Some  people 
may  reply  that  I  am  being  too  severe,  but  the  brick 
is  not  that  far  from  some  aircraft  problems.  Con¬ 
sider  a  wing  with  a  spoiler  extended  from  the  upper 
side. 

In  reality,  due  mainly  to  the  electronic  calculator 
we  have  progressed  a  long  ways  in  the  last  forty 
years.  Around  1940  calculation  of  flow  around  an 
arbitrary  airfoil  could  indeed  be  done  provided  the 
shape  was  “easy"  and  quite  fair.  I  am  speaking  of 
methods  like  Theodorsen's  method.  But  calculation 
was  almost  a  "stunt".  I  did  it  once  and  it  took  me 
most  of  two  weeks  as  I  remember.  Of  course  there 
was  thin  airfoil  theory,  but  this  is  more  or  less 
one  of  my  "beacons".  Nothing  could  be  done  on 
multi-element  airfoils  except  for  the  special  case 
of  an  infinite  set  of  airfoils  in  cascade.  Also,  of 
course  the  analyses  were  essentially  for  M»0,  the 
only  effect  of  Mach  number  being  accounted  for  by 
Prandtl-Glauert  or  Karman-Tsien  types  of  correc¬ 
tions. 

The  calculation  of  flow  about  bodies  of  revolution, 
even  at  zero  angle  of  attack,  was  even  less  devel¬ 
oped  than  the  two-dimensional  problem  such  as  for 
airfoils.  There  was  von  KarmAn's  method  originally 
developed  for  airships,  Fuhrmann  type  bodies  ana  of 
course  the  prolate  spheroid  family.  But  even  so 
simple  a  body  as  a  hemisphere-cylinder  combination 
was  quite  beyond  the  existing  analytic  capability. 

When  dealing  with  the  boundary  layer  problem,  there 
were  Pohl hausen  and  Thwaite's  type  of  methods  for 
low-speed  adiabatic  type  of  laminar  flow.  Some  work 
on  the  integral  method  existed  for  heat  transfer, 
but  the  methods  were  never  developed  very  far.  In 


turbulent  flows,  with  pressure  gradient,  everything 
depended  on  von  Kirmin's  integral  equation.  The 
main  accounting  for  the  effect  of  pressure  gradient 
for  changes  in  skin  friction  was  to  use  the  local 
velocity  instead  of  the  freestream,  together  with 
the  momentum  thickness,  e.  Also  of  course,  the 
methods  applied  only  at  M=0,  without  heat  transfer, 
and  were  only  two  dimensional . 

But  at  the  present  time,  thanks  in  great  part  to 
CFO,  so  long  as  the  flow  remains  attached,  we  can 
calculate  the  inviscid  flow  for  any  reasonable  shape 
when  MaO,  or  is  small,  both  two  dimensional  and 
three  dimensional,  whether  internal  or  external. 

For  instance,  the  flow  has  been  calculated  for  the 
very  complicated  shape  of  the  space  shuttle  mounted 
on  the  Boeing  747  airplane.  The  latest  and  very 
active  development  is  calculation  of  transonic  flow, 
complete  with  shocks,  for  three-dimensional  wings  of 
arbitrary  shape.  So  you  see  we  have  progressed  from 
barely  being  able  to  analyze  a  two-dimensional  air¬ 
foil  at  M=0  to  rather  routine  analysis  of  a  three- 
dimensional  wing  at  any  Mach  number. 

In  the  field  of  turbulent  boundary  layers,  I  do  not 
think  the  progress  has  been  so  great.  Of  course, 
now  there  are  quite  rational  methods  that  can  calcu¬ 
late  the  boundary  layer  flow  for  two-dimensional 
problems  and  arbitrary  pressure  gradients  so  long  as 
separation  does  not  set  in.  Also,  heat  transfer  ef¬ 
fects  and  Mach  number  are  handled  well,  and  in  gen¬ 
eral,  the  accuracy  as  determined  by  experiment  is 
good.  Furthermore,  a  great  many  three-dimensional 
problems,  including  heat  transfer  and  Mach  numbers 
other  than  zero,  can  be  handled,  but  this  work  has 
not  settled  to  a  routine.  However,  the  progress  has 
not  been  so  great  as  for  inviscid  flow  because 
basically  we  know  little  more  of  the  real  fundamen¬ 
tals  of  turbulent  flow  than  we  did  many  years  ago. 

So  our  development  of  methods  of  analysis  is  based 
upon  a  weak  foundation  because  the  governing  equa¬ 
tions  are  really  not  known.  Of  course,  many  tests 
leading  to  better  founded  empiricism  have  been  made 
since  World  War  II,  but  the  data  is  still  empiri¬ 
cism  of  the  type  that  led  me  to  say  that  aerodynam¬ 
ics,  at  least  in  many  ways,  is  just  an  Involved  in¬ 
terpolation  process,  working  from  beacon  data. 


But  for  laminar  flow,  the  situation  is  considerably 
different.  Here  the  governing  equations  are  known, 
and  because  of  the  computer,  great  strides  have  been 
maoe  in  their  solution.  For  two-dimensional  prob¬ 
lems,  providing  the  input  conditions  are  sufficient¬ 
ly  well  known,  and  again,  providing  the  flow  is 
attached,  four-place  accuracy  can  be  obtained,  if 
needed,  for  highly  arbitrary  conditions.  Including 
boundary -layer  suction.  Hence,  questions  of  laminar 
boundary- layer  flow  can  be  answered  by  pure  calcula¬ 
tion,  just  as  one  finds  the  product  of  (211  ♦  3071) 
x  (62.6  ♦  9 . Si ) .  Much  can  be  done  for  three-dimen¬ 
sional  flows  as  well,  but  calculations  are  not  as 
routine  as  for  two-dimensional  because  of  crossflow 
and  reverse-flow  problems,  three-dimensional  separa¬ 
tion,  and  the  like.  However,  it  should  be  noted 
that,  at  the  Reynolds  numbers  of  airplanes,  the  ex¬ 
tent  of  laminar  flow  will  be  small  unless  some  form 
of  laminar  flow  control  (LFC)  Is  being  used,  and 
then,  because  It  is  sought  only  at  low  angles  of  at¬ 
tack,  separation  should  not  be  a  problem. 

I  have  long  been  interested  in  flow-field  calcula¬ 
tions.  My  first  attempt  by  other  than  classical 
methods  was  to  use  Southwell's  relaxation  method  to 
calculate  flow  around  a  symmetrical  "bumpy"  airfoil 


at  zero  angle  of  attack.  We  succeeded  (I  mean  we 
got  a  sensible  answer)  after  about  two  weeks  of 
steady  work.  Later,  I  wished  to  study  the  boundary- 
layer  flow  into  a  suction  slot.  I  wrote  out  equa¬ 
tions  that  I  thought  covered  the  situation  and  put 
them  into  a  finite  difference  form  and  asked  for  a 
time  estimate  from  computing,  which  then  had  its 
first  electronic  calculator,  the  IBM  701.  The  esti¬ 
mate  was  2000  machine-hours,  so  that  put  an  end  to 
that  effort.  My  panel  method  for  potential  flow  was 
more  successful,  but  it  is  not  really  CFD. 

Then,  as  better  computers  arrived,  I  tackled  the  or¬ 
dinary  laminar  boundary-layer  equations  with  suc¬ 
cess.  This  led  me  to  see  what  could  be  done  for 
turbulent  boundary  layers,  and  here  we  had  luck  be¬ 
cause  a  very  simple  algebraic  formulation  for  tur¬ 
bulent  transport  properties  yielded  considerable 
success. 

So  you  see  I  have  been  periodically  in  and  out  of 
the  field  of  CFD,  but  since  1975  when  I  retired,  I 
have  done  no  more  work  in  the  area.  In  preparation 
for  this  paper,  I  have  reviewed  many  of  the  sympos¬ 
iums,  papers,  and  books  on  the  subject,  and  while  I 
am  generally  aware  of  the  state  of  the  art,  I  find  I 
have  been  left  far  behind  technically.  One  can  say 
that,  at  present,  CFD  is  a  leading  style,  and  be¬ 
cause  it  is  relatively  new,  results  leading  to 
papers  are  rather  easily  obtained.  Hence,  many 
scientists  have  gravitated  to  the  area.  This  is 
good  because  it  is  a  natural  and  attractive  way  for 
a  new  field  to  get  explored  rapidly.  Right  after 
World  War  II,  I  observed  the  same  phenomenon  and 
rapid  exploration,  but  then  it  was  in  linearized 
supersonic  aerodynamics. 

But  although  many  are  gravitating  to  this  field,  I 
do  not  mean  it  is  simple.  Far  from  it.  There  are 
exceedingly  many  subtleties  -  the  numerical  stabil¬ 
ity  problem,  questions  such  as  whether  a  finite  dif¬ 
ference  representation  truly  represents  the  differ¬ 
ential  equation  in  tbe  limit,  the  boundary  problem, 
grid  systems,  etc.  For  instance,  a  derivative  some¬ 
where  in  a  net  can  be  written  in  many  ways,  some  of 
which  are  stable,  others  not,  and  each  may  have 
different  truncation  errors.  With  this  wealth  of 
detailed  knowledge  that  has  developed,  including  all 
the  special  nuances,  I  find  I  am  quite  unable  to 
provide  any  authoritative  discussion  or  review  of 
the  actual  technical  subject. 

Instead,  I  shall  try  to  point  out  the  total  job  as 
applied  to  airplanes  and  show  where  we  are,  at  the 
present  moment. 

But  before  proceeding,  I  wish  to  point  out  one  very 
important  fact.  If  computing  can  be  done  instead  of 
testing,  the  lead  time  for  obtaining  useful  answers 
is  reduced  tremendously.  Depending  on  the  problem 
and  how  well  one  is  tooled  up  for  it,  a  new  answer 
can  be  found  by  CFD  in  from  one  day  to  a  week;  for 
example,  a  change  in  a  wing  design.  Furthermore, 
there  is  little  difficulty  in  getting  access  to  a 
computer,  at  least  for  important  problems.  But  if  a 
model  must  be  tested  in  a  wind  tunnel,  even  with  nu¬ 
merical  milling  to  make  the  model,  the  numerical  de¬ 
scription  of  the  model  must  be  put  into  the  machine, 
then  the  model  must  be  hand  finished  and  checked, 
then  mounted  in  the  tunnel,  and  then  tested.  A 
month  is  substantially  the  minimum  time  to  get  test 
results  on  a  new  model.  Furthermore,  a  good  wind 
tunnel  is  usually  involved  with  some  other  test,  and 
immediate  access  is  a  rarity.  Finally,  with  CFD,  a 


small  change  In  shape,  as  of  a  wing,  can  often  be 
made  by  modifying  a  few  numbers.  But  a  small  change 
in  shape  of  a  wind  tunnel  model  means  either  fasten¬ 
ing  on  some  added  material,  or  machining  some  off, 
either  process  taking  considerable  time.  So  turna¬ 
round  time  is  a  tremendous  advantage  to  CFO,  and 
cost  may  compound  that  advantage. 

2.0  A  Few  Conwents  About  the  Operation 
of  Airplanes 


A  basic  reason  for  continually  trying  to  Improve  the 
design  and  accuracy  of  analysis  of  airplane  compon¬ 
ents  is  to  improve  the  airplane  performance.  There¬ 
fore,  it  seems  proper  to  show  basically  and  very 
briefly  how  drag,  weight,  aspect  ratio,  and  other 
major  parameters  influence  airplane  performance. 

From  the  equations,  one  can  then  sense  more  direct¬ 
ly  the  incentives  for  Improvement. 

Unless  the  ultimate  in  accuracy  is  sought,  it  is 
very  satisfactory  and  useful  to  note  that  typically 
the  drag  of  an  airplane  varies  parabol ically  with 
Cl,  or  more  specifically,  the  drag  coefficient  can 
be  written  as 

CL2 

C0-C0f^  (11 

Here  C0  is  the  total  drag  coefficient,  Cof  is  the 

drag  coefficient  at  zero  lift  -  the  friction  drag, 
or  so-called  parasite  drag,  A  Is  the  aspect  ratio, 
and  e  the  span-efficiency  factor.  That  is,  eA  is 
the  effective  aspect  ratio.  Because  of  its  simpli¬ 
city,  this  formula  is  very  easily  manipulated  to 
yield  such  results  as 
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Shortly,  the  term  (Cl  '  /Colmax  wl11  be  used.  Its 
formula  is 


(It - )  ,  1  (•  _eA_)l/4  (3) 

Co  max  4  3 

Equation  (2)  is  more  applicable  for  a  conventional 
airplane,  and  Equation  (3)  1$  more  applicable  for  a 
jet  airplane.  They  are  given  here  because  they 
clearly  and  simply  reveal  the  way  the  several  meas¬ 
ures  of  airplane  characteristics  affect  airplane 
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performance.  (L/Dln,**  varies  with  A  ,  hence  gains 
from  increased  aspect  ratio  are  fairly  substantial. 
Also  note  that  (l/D)max  in,Pr°ves  as  Co^’1/2,  so  re¬ 
ductions  in  drag  help  greatly.  The  span  efficiency 
factor  e  is  a  lumped  parameter  that  takes  into  ac¬ 
count  the  deviations  in  Induced  drag,  from  the  ideal 
elliptical  wing  as  well  as  the  variations  of  skin 
friction  and  other  drag  with  Cl*  On  typical  air¬ 
planes,  it  lies  in  the  0.8  to  0.9  range. 

For  the  jet  airplane,  the  effects  of  these  parame¬ 
ters  are  somewhat  different.  Now  the  gains  from  as- 
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pect  ratio  vary  only  as  A  while  gains  from  drag 
reduction  vary  as  Cq^"2/4.  These  tell  us  that,  as 
compared  with  piston-propeller  airplanes,  the  jet 


will  tend  to  have  a  lower  aspect  ratio  and  its  aero¬ 
dynamic  cleanliness  should  be  at  a  premimum. 

On  many  airplanes,  range  is  one  of  the  most  impor¬ 
tant  measures  of  performance.  On  commercial  air¬ 
planes,  it  certainly  is,  and  on  many  military 
airplanes  the  maximum  combat  radius  is  of  major 
importance.  For  a  piston  engine,  the  fuel  consump¬ 
tion  is  proportional  to  brake  horsepower  which  is 
proportional  to  thrust  times  velocity.  But  for  a 
jet  engine,  the  fuel  consumption  is  more  nearly  pro¬ 
portional  to  thrust.  Then  it  is  easy  to  show  that 
the  fundamental  equation  for  range,  R,  of  a  jet  air¬ 
plane  is 

dR  =  Vdt  *  —  —  —  (4) 


Here  c‘  is  the  thrust  specific  fuel  consumption  of 
the  engine,  usually  given  as  pounds  per  hour  per 
pound  of  thrust,  W  is  the  instantaneous  weight  of 
the  airplane,  and  dW  is  what  is  being  used  as  fuel. 
Equation  (4)  also  can  be  written  in  another  form, 
bringing  in  Mach  number  and  velocity  of  sound  as 

ad  -aM  CL  dW 


In  this  form,  since  Cl/Cq  is  a  function  of  Mach  num¬ 
ber,  it  is  clear  that  for  best  instantaneous  miles 
per  gallon,  the  quantity  MCl/Cq  should  be  maximized. 

However,  to  keep  it  at  its  maximum  value  requires 
flight  at  variable  altitude.  In  conmercial  opera¬ 
tion,  airplanes  do  climb  as  their  fuel  is  used  up, 
but  only  a  mile  or  so  in  2500  miles.  Hence,  for 
purposes  of  this  paper,  which  is  to  bring  out  how 
parameters  affect  the  performance  of  an  airplane,  we 
will  present  the  range  formula  for  a  jet  airplane 
that  is  flying  at  constant  altitude.  In  Equation 
(4),  the  velocity  enters  directly.  When  it  is  elim¬ 
inated  in  terms  of  Cl,  etc.  we  get  for  the  range  in 
miles 
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In  this  formula,  Wq  is  the  initial  weight  or  weight 
at  the  beginning  of  the  range  flight,  and  Wj  is  the 
final  weight.  The  term  o  is  the  ratio  of  the  air 
density  at  altitude  to  its  value  at  sea  level,  and  S 
is  the  wing  area.  This  formula  brings  the  main  fac¬ 
tors  all  together.  First  of  all,  notice  that  the 

range  varies  as  (c1)"1,  so  any  improvements  in  fuel 
comsumptlon  lead  to  large  range  gains  or  perhaps 
fuel  savings.  The  range  is  also  directly  propor¬ 
tional  to  the  maximum  value  of  Cl^2/Cd-  Equation 
(3)  describes  the  maximum  value  and,  in  fact,  could 
have  been  substituted  in  Equation  (6),  but  as  Equa¬ 
tion  (6)  stands,  the  Cl-Cq  polar  does  not  have  to  be 
parabolic.  Wg/aS  Is  an  effective  wing  loading,  and 
obviously  the  higher  the  altitude,  the  better  for 
range  so  long  as  drag  rise  due  to  Mach  number  does 

not  reduce  ( Cl  1 ^2/Co )max •  At  35,000  ft,  a  is  about 

0.3,  so  an  airplane  whose  wing  loading  is  100  Ib/f? 

? 

has  an  effective  wing  loading  of  330  lb/ft  ;  by  it¬ 
self,  o  indicates  that  flight  should  be  at  high 
altitude.  The  last  term  in  (6)  shows  the  effect  of 


the  fuel  carried.  The  weight  ratio  is  to  the  1/2 
power.  If  Equation  (5)  had  been  integrated,  a  log¬ 
arithmic  variation  would  have  been  obtained,  but 
differences  are  not  great  so  long  as  one  does  not  go 
to  extremes.  In  short.  Equation  (6)  shows  that 
range  is  proportional  to  (Ci_*/2/Co)max»  the  effec¬ 
tive  wing  loading,  and  (Wj/Wq ) 1/2 .  in  this  form,  it 
is  interesting  that  the  range  is  finite  even  if  the 
airplane  were  100%  fuel  so  that  Wi  >  0.  The  Wj/Wg 
term  shows  the  importance  in  design  of  keeping  the 
airplane  weight  low.  Therefore,  greater  wing  thick¬ 
ness  or  stronger  materials  can  directly  affect  the 
weight,  or  they  may  alter  the  optimum  aspect  ratio 
which  is  a  direct  factor  in  determining  C^^/Cg, 
according  to  Equation  (3). 

Before  closing  this  part,  a  few  comments  about  e  and 
its  estimation  are  in  order.  We  mention  again  that 
the  product  eA  is  the  effective  aspect  ratio,  and  it 
arises  in  both  Equations  (2)  and  (3).  Therefore, 
when  engineers  are  estimating  the  performance  of  an 
airplane,  attempts  both  to  improve  e  and  to  make  ac¬ 
curate  estimates  of  it  become  quite  important,  for 
elliptic  lift  distribution,  it  is  theoretically 
equal  to  unity.  But  in  actuality,  there  are  devia¬ 
tions  from  this  ideal.  Wing-fuselage  junctures, 
small  gaps,  nacelles,  flap  brackets,  unusual  plan- 
forms,  etc.  essentially  reduce  e  in  an  inviscid 
fashion.  But  e  is  affected  by  the  boundary  layer  as 
well  because  the  profile  drag  Increases  as  C|_  is  In¬ 
creased.  The  main  fact  is  that  e  helps  describe  the 
total  variation  of  drag  with  Ci_.  Obviously,  it  is  a 
function  of  Mach  number. 

In  my  years  at  McDonnell  Douglas,  I  have  witnessed 
several  lengthy  attempts  to  improve  the  accuracy  of 
estimating  e,  which  is  poor.  The  work  was  a  mixture 
of  theory  and  correlation  with  test  data.  As  you 
might  expect,  each  new  study  yielded  slightly  dif¬ 
ferent  methods  and  results,  out  the  studies  really 
were  down  in  the  noise  level  of  our  knowledge,  so  no 
significant  improvement  ever  was  made.  So  as  I  see 
it,  one  part  of  your  overall  job  is  to  produce  a 
sound  and  accurate  method  of  estimating  e  -  or  bet¬ 
ter  still,  the  entire  polar.  Anyone  who  does  indeed 
make  a  real  advance  in  estimation  of  e  or  the  polar 
will  receive  the  undying  gratitude  of  the  aerodynam¬ 
ic  performance  engineers. 

The  design  of  an  airplane  Involves  two  aspects  - 
design  and  off -design  features.  Except  for  some 
military  requirements,  design  properties  are  gener¬ 
ally  for  relatively  low  lift  coefficients,  meaning 
attached  flow.  Here,  thanks  to  various  methods  in¬ 
cluding  CFD,  aerodynamics  is  becoming  reasonably 
capable  of  truly  analyzing  such  flows.  But  to  be  a 
"well  tempered  airplane,"  the  airplane  must  behave 
satisfactorily  in  a  wide  range  of  off-design  condi¬ 
tions,  including  the  stall  and  recovery  from  it. 

Also  of  course,  there  is  the  possibility  of  engine 
failure.  For  multi-engine  airplanes,  failure  should 
not  lead  to  catastrophe  -  the  airplane  should  have 
reasonable  takeoff  and  flight  qualities,  including 
of  course  the  ability  to  counter  the  adverse  yaw  due 
to  asymmetric  thrust. 

Another  condition  that  is  called  off-design  here  is 
the  takeoff  and  landing  condition.  Here,  wheels  are 
extended.  Sometimes,  there  might  even  be  high-lift 
bouncary-layer  control.  In  these  landing  and  take¬ 
off  conf (guratlons,  the  airplane  geometry,  i.e.,  the 
boundary  conditions.  Is  vastly  more  complicated. 


For  maximum  lift,  the  flows  are  very  likely  to  be 
flows  with  partial  separation.  Furthermore,  very 
near  the  ground,  the  ground  acts  as  another  bounda¬ 
ry  to  the  flow  which  must  be  taken  into  account. 
Fortunately,  in  landing  and  takeoff,  speeds  are  low 
so  that  incompressible  methods  of  analysis  appear 
adequate.  But  the  military  are  greatly  concerned 
with  transonic  maneuverability.  Here,  lift  enhanc¬ 
ing  devices  may  be  extended  and  then  the  problem  be¬ 
comes  one  of  transonic  flow  past  slotted  airfoils  at 
high  Mach  number.  So  you  see  that,  while  the  design 
condition  is  exceedingly  important,  it  is  only  a 
small  portion  of  the  entire  airplane  design  problem. 

3.0  The  Wind  Tunnel 

Before  proceeding  to  my  basic  subject,  some  mention 
of  the  wind  tunnel  is  in  order,  if  for  no  other  rea¬ 
son  than  that  the  general  aim  of  groups  like  the 
present  one  is  to  reduce  the  need  for  wind  tunnel 
tests  and  perhaps  someday  to  eliminate  them.  So  it 
is  useful  to  study  the  competition. 

While  there  are  a  few  limits,  the  wind  tunnel  basic¬ 
ally  can  supply  answers  to  any  airplane-aerodynamic 
problem  or  question  that  is  put  to  it.  In  a  sense, 
it  is  the  ultimate  in  analogue  calculation.  The 
main  requirement  is  first  to  make  a  properly  shaped 
scale  model,  second  to  put  it  at  the  attitude  of  in¬ 
terest,  and  third  to  turn  on  the  wind  and  measure 
forces,  pressures,  and  other  features  of  the  flow 
that  may  be  of  interest.  For  example,  a  strake 
leaves  a  vortex  trail.  To  analyze  the  flow  theore¬ 
tically  is  a  formidible  undertaking,  but,  to  find 
its  effect  in  the  wind  tunnel,  nothing  more  need  be 
done  than  to  make  the  proper  shape  of  strake,  mount 
it  on  the  model,  measure  its  effect  on  balances,  and 
perhaps  do  some  flow  visualization.  The  use  of 
scale  models  Is  on  an  extremely  fundamental  founda¬ 
tion,  as  is  easily  shown  by  manipulating  the  Navier- 
Stokes  equations. 

As  already  noted,  models  are  difficult,  costly,  and 
Slow  to  build  and  test.  Often,  as  the  author  has 
seen  many  times,  many  parts  of  a  design  are  frozen 
well  before  the  wind  tunnel  results  are  ever  ob¬ 
tained.  Then  the  tests  are  mainly  a  check  on  the 
decisions.  When  computed  results  are  meaningful  and 
believed,  there  is  a  tremendous  gain  in  time.  With 
all  out  company  support,  a  wind  tunnel  result  might 
arrive  in  a  month,  but  a  computer  answer  might  ar¬ 
rive  in  a  day,  if  changes  from  some  previous  config¬ 
uration  are  not  too  great.  But  the  wind  tunnel  has 
some  operational  advantages.  If  characteristics  are 
to  be  measured  over  a  range  of  Mach  numbers  and  lift 
coefficients  for  a  particular  configuration,  all 
that  is  necessary  is  to  set  the  speed  of  the  tunnel 
and  the  angle  of  attack  and  then  measure  the  forces. 
Each  data  point  takes  only  a  few  seconds,  depending 
on  the  kind  of  wind  tunnel  being  used.  But  if  cal¬ 
culations  are  to  supply  the  answers  and  if  Mach  num¬ 
ber  is  Involved,  the  governing  flow  equations  are 
non-linear,  and  then  each  new  data  point  requires  a 
complete  new  calculation.  So  if  results  are  sought 
for  5  Mach  numbers  and  10  C|_  values  the  flow  field 
problem  must  be  solved  anew  50  times.  But  in  the 
wind  tunnel,  all  50  results  can  be  obtained  from  one 
setup. 

It  was  noted  above  that  the  use  of  scale  models  has 
an  extremely  sound  foundation.  But  there  are  many 
side  problems,  and  that  is  another  reason  why  aero- 
dynamlcists  are  not  entirely  happy  with  wind  tun¬ 
nels.  First  of  all,  the  flow  is  not  truly  matched 


unless  the  Reynolds  number  is  matched,  and  that  is 
very  hard  to  do.  Furthermore,  for  a  true  scale  mo¬ 
del  ,  a 1 1  the  boundary  conditions  on  the  model  should 
be  scaled  as  well.  But  that  is  often  impossible  or 
impractical  to  do.  There  may  be  visible  butt  joints 
in  the  *,olid  model  that  do  not  exist  in  the  full- 
scale  airplane.  Flap  brackets  and  the  like  are  pro¬ 
bably  only  approximate  respresentation  of  the  flight 
article.  Also,  on  an  airplane,  there  is  a  certain 
amount  of  general  airflow  from  one  place  to  another 
because  parts  are  not  perfectly  sealed.  That  kind 
of  flow  is  certainly  not  matched  on  the  model. 

A  new  development  is  the  cryogenic  wind  tunnel  that 
will  easily  match  full-scale  Reynolds  numbers  with  a 
small  model.  If  the  effective  smoothness  of  the 
full-scale  model  were  to  be  matched,  the  model  would 
need  the  smoothness  of  plate  glass.  I  look  forward 
to  seeing  just  how  well  flight  results  will  be 
reproduced  when  flight  Reynolds  numbers  are  truly 
matched. 

There  are  other  differences.  The  model  is  in  a  wind 
tunnel  and  has  wall  effects.  It  has  supports  such 
as  stings  that  affect  results.  The  tunnel,  being  a 
moving  stream,  has  a  different  level  of  turbulence 
compared  with  flight  in  the  free  air.  The  tunnel  is 
very  noisy  and  noise  has  a  large  effect  on  transi¬ 
tion.  All  these  factors  can  make  the  measured  an¬ 
swers  different  from  flight,  even  when  the  Reynolds 
number  is  matched  exactly.  An  interesting  possibil¬ 
ity  is  foreseen,  however.  With  the  advance  of  CFD 
and  other  methods  of  analysis,  calculations  can  be 
easily  made  with  and  without  wall  effects,  with  and 
without  the  sting  support,  with  and  without  power 
effects,  and  with  and  without  other  factors.  Such 
types  of  calculations  may  provide  much  more  sophis¬ 
ticated  wind  tunnel  corrections  than  those  used  at 
present.  Then  even  though  the  wind  tunnel  remains 
the  primary  test  instrument,  a  combination  of  CFD 
corrections  plus  the  wind  tunnel  may  lead  to  a  hy¬ 
brid  method  that  provides  data  that  is  more  accur¬ 
ate  than  that  now  yielded  by  conventional  wind 
tunnel  tests. 

Work  exists  on  reducing  these  drawbacks.  Slotted 
walls  now  exist,  and  work  is  underway  on  adaptive 
walls.  With  the  cryogenic  tunnel,  the  magnetic  sup¬ 
port  system  begins  to  look  feasible.  With  it,  the 
model  just  floats  in  the  middle  of  the  tunnel  and 
strut  Interference  is  entirely  eliminated. 


ing  has  not  decreased  one  bit  with  time.  This  fact 
is  true  in  spite  of  our  considerable  advance  in  an¬ 
alytical  capability.  What  is  happening,  at  least 
partially,  is  that  our  standards  and  demands  are  in¬ 
creasing  fast  enough  to  compensate  for  our  gains  in 
analytic  capability.  We  wish  for  a  better  wing  or  a 
better  moment  curve  or  more  detailed  data,  so  more 
configuration  changes  and  tests  must  be  run.  So  the 
use  of  the  wind  tunnel  is  not  fading  out.  I  have 
been  thinking  of  the  wind  tunnel  as  a  development 
tool.  Of  course,  it  also  has  a  major  function  as  a 
research  tool.  For  this  function,  I  see  no  real  in¬ 
roads  either. 

For  what  it  is  worth,  practically  my  first  job  after 
finishing  college  was  to  make  the  performance  esti¬ 
mates  for  the  Douglas  OC-5  transport.  This  airplane 
was  unusual  in  that  it  was  built  without  any  wind- 
tunnel  tests  at  all.  In  my  performance  report,  1 
remember  that  I  predicted  the  high  speed  to  be  220 
mph.  The  final  official  flight  tests  showed  that 
the  high  speed,  indeed,  to  be  exactly  220  mphl  The 
best  performance  estimates  are  based  strongly  on 
flight  test  data  of  previous  airplanes,  because  wind 
tunnel  tests  do  not  exactly  duplicate  many  features 
of  the  airplane,  such  as  Reynolds  number,  power 
plant  installation  effects,  flow  leakages,  etc. 


4.0  Wings  -  Clean  as  in  Cruise 


Originally,  it  was  planned  to  discuss  wings  in  two 
sections  -  one  inviscid  and  the  other  viscid.  But 
complications  develop  because  the  two  kinds  of  flows 
are  intimately  connected.  A  more  logical  breakdown 
is  wings  with  fully  attached  flow  and  wings  with 
varying  degrees  of  separated  flow.  In  this  section, 
we  discuss  the  case  of  unseparated  flow  although 
that  is  not  explicitly  stated  in  the  heading;  of 
course,  cruise  should  not  involve  separated  flow. 


On  many  aircraft  wings,  the  clean  condition  is  the 
design  problem,  for  a  most  basic  purpose  of  an  air¬ 
plane  is  to  obtain  good  cruise  performance  which  oc¬ 
curs  at  low  lift  coefficients  and  with  attached 
flow.  While  lift  coefficients  may  be  low,  any  anal¬ 
ysis  must  treat  both  variable  Mach  number  and  vari¬ 
able  lift  coefficient.  But  if  there  is  some  kind  of 
inverse  approach,  a  design  point  might  be  selected 
for  a  single  lift  coefficient  -  Mach  number  combina¬ 
tion. 


But  in  spite  of  these  troubles,  which  may  degrade 
the  accuracy  of  the  results  or  sometimes  give  en¬ 
tirely  wrong  ones,  the  wind  tunnel  must  remain  as 
the  standard  by  which  CFD  Is  judged,  not  particular¬ 
ly  for  accuracy  but  for  versatility.  I  have  heard 
it  stated  that  fluid  dynamics  calculation  has  pro¬ 
gressed  to  the  point  where  it  can  supply  first- 
order  answers,  and  the  wind  tunnel  is  used  to  sup¬ 
ply  answers  to  second-order  effects.  While  not 
really  an  accurate  statement  it  conveys  the  general 
idea.  As  one  example  of  a  first-order  answer,  we 
mention  the  drag,  lift,  and  pressure- distribution  of 
airfoils  that  are  less  than  about  15%  thick  at  the 
lower  lift  coefficients  and  at  low  Mach  numbers. 

With  these  qualifications,  I  believe  the  forces  can 
be  calculated  as  accurately  as  the  wind  tunnel  will 
measure,  provided  the  wind  tunnel  has  low  turbu¬ 
lence.  But  near  and  above  the  stall,  the  wind  tun¬ 
nel  is  the  only  sure  way  to  obtain  answers  that  have 
reasonable  accuracy. 

While  I  have'  not  made  any  careful  study,  I  am  under 
the  impression  that  the  amount  of  wind  tunnel  test¬ 


Before  getting  into  specifics,  the  author  would  like 
to  mention  the  problem  of  calculating  drag.  Profile 
drag  is  really  a  second-order  effect.  A  typical 
lift  coefficient  is  1.0.  A  typical  drag  coefficient 
Is  0.01  or  two  orders  of  magnitude  less.  There  are 
mainly  two  ways  of  calculating  the  drag  -  directly 
by  integrating  the  pressures  and  shears  over  the 
surface  or  by  looking  at  the  momentum  defect  far 
downstream.  The  author  finds  the  situation  exasper¬ 
ating.  Except  for  very  thin  airfoils  at  low  angles 
of  attack,  a  pressure  drag  caused  by  the  bounaary 
layer  displacement  thickness  develops,  and  the  drag 
calculated  by  integrating  pressures  and  shears  is 
unsatisfactorily  inaccurate. 

The  other  way  is  to  look  at  the  momentum  defect  far 
downstream.  For  low  angles  of  attack  and  attached 
flow,  the  boundary  layer  on  a  single  surface  can  be 
calculated  rather  accurately  almost  to  the  trailing 
edge,  but  at  this  point  the  local  pressures  are  not 
ambient  and  the  wall  boundary  condition  suddenly 
changes,  so  the  boundary  layer  must  be  properly 
traced  past  the  trailing  edge  into  the  wake  and  on 


to  Infinity.  While  special  studies  have  indeed  been 
made,  no  reliable  and  production  method  of  finding 
the  momentum  defect  caused  by  the  drag  has  yet  been 
developed. 

Up  to  this  point,  the  writer  has  mainly  been  think¬ 
ing  of  the  simplest  case  -  two-dimensional  flow. 

But  the  real  flow  is  three  dimensional,  as  on  a 
swept  wing.  Further,  if  one  is  to  be  concerned  with 
the  true  problems,  there  are  even  worse  kinds  of 
three  dimenionalities  -  corners,  wing  tips,  under¬ 
slung  nacelles  and  their  pylons,  not  to  mention  mis¬ 
cellaneous  effects  such  as  fences,  gaps  at  joints, 
etc. 

While  on  this  subject,  it  seems  best  to  consider  the 
worst  problems  although  they  properly  belong  in  the 
next  section.  These  are  the  problems  of  calculating 
the  drag  when  there  is  partial  separation  as  at  high 
lift  and  when  flaps  and  slats  are  extended  to  vary¬ 
ing  degrees.  Consider  an  extended  slat.  Now  the 
shears  must  be  calculated  on  both  airfoil  elements. 
Pressure  drag  effects  will  be  much  greater  because 
the  boundary  layers  are  much  thicker  and  more  com¬ 
plicated.  Or  if  one  tries  to  trace  the  wake  defect 
to  infinity,  one  must  follow  the  $1at  wake  along  the 
side  of  the  main  airfoil  through  a  strongly  rising 
pressure  region,  then  pick  up  the  main  airfoil  wake 
at  the  trailing  edge,  and  follow  the  develop.nent  of 
both  to  infinity.  The  two  boundary  layers  and  wakes 
may  or  may  not  merge.  If  they  do  merge,  the  problem 
becomes  even  more  complicated. 

Again,  this  is  two-dimensional  thinking.  The  prob¬ 
lem  of  really  basic  analysis  on  a  real  three-dimen¬ 
sional  swept  wing  becomes  far  worse.  There  may  be 
added  complications  such  as  slats.  Often  a  slat  is 
only  part  span,  so  it  has  a  variable  load  distribu¬ 
tion  along  its  length,  and  at  its  ends,  vortices  are 
shed  which  trail  back  over  the  wing,  further  adding 
to  the  three  dimensionality. 

One  noteworthy  step  in  this  area  has  been  made.  We 
now  seem  to  be  able  to  calculate  the  initial  wave 
drag  rise  for  an  arbitrary  clean  wing,  that  is,  the 
inviscid  portion.  But,  shades  of  d'Alembert's  para¬ 
dox,  the  full  problem  of  the  viscous  portion  is  with 
us  nearly  as  much  as  it  was  forty  years  ago.  So 
here  is  a  very  important  problem,  because  the  drag 
is  such  a  key  to  airplane  performance.  Obviously, 
all  this  problem  is  directly  connected  to  the  esti¬ 
mation  of  the  airplane  efficiency  factor,  e.  It  is 
noted  here  that  the  general  accuracy  sought  in  ail 
these  problems  Is  not  really  very  high.  It  is  about 
what  can  be  read  from  an  8-1/2  x  11  in.  graph  whose 
zeros  are  not  suppressed. 

On  the  simple  wing  at  low  angle  of  attack,  remark¬ 
able  progress  has  been  made  in  the  last  few  years. 
Reasonably  accurate  direct  and  inverse  methods  for 
compressible  flow  have  been  developed.  The  basic 
full  inviscid  equations  (the  Euler)  are  known  but 
have  not  been  solved  very  much,  so  even  though  many 
good  Inviscid  solutions  of  varying  degrees  of  accur¬ 
acy  do  now  exist,  further  development  of  methods  is 
clearly  part  of  any  long-range  attack.  Your  job  is 
to  gradually  develop  efficient  application  of  the 
more  comprehensive  equations. 

But  there  are  still  uncertainties  about  some  of  the 
basic  calculations,  physical  uncertainties  that  are 
not  likely  to  be  eliminated  by  one  grand  application 
of  some  very  comprehensive  equation.  The  exact  pro¬ 
cess  of  circulation  change  across  a  fuselage  Is  not 


known  very  well.  Perhaps  a  better  theory  of  the 
lift  of  a  body  of  revolution  at  angle  of  attack 
would  help  this  problem.  Nor  is  the  flow  physics 
fully  known  at  a  wing  tip.  On  a  gradually  rounded 
wing  tip.  just  when  does  the  classical  Kutta  condi¬ 
tion  cease  to  exist?,  and  for  the  blunter  portions 
of  the  trailing  edge,  how  is  the  circulation  deter¬ 
mined?  Much  work  has  been  done  on  the  details  of 
the  final  vortex  rollup  and  buildup  at  the  wing  tip, 
but  most  is  a  kind  of  global  analysis.  A  really  de¬ 
tailed  understanding  is  needed.  Winglets  and  tip 
tanks  complicate  the  problem.  Also  of  course. 
Mangier  and  Smith  have  added  to  the  confusion  by 
showing  that  the  flow  for  a  swept  wing  must  leave 
parallel  to  one  side  or  the  other,  not  the  bisector 
of  the  airfoil.  Here  is  another  question  to  re¬ 
solve.  Another  complication  that  must  be  handled, 
if  we  are  ever  to  arrive  at  true  design  methods,  is 
the  problem  of  nacelles  and  underwing  stores  on  mil¬ 
itary  airplanes.  These  also  affect  the  lift  and 
lift  distribution.  At  present,  the  only  good  way  of 
determining  the  effects  is  to  resort  to  the  wind 
tunnel.  Will  we  ever  be  able  to  make  flat-out  cal¬ 
culations?  A  feature  common  to  some  of  these  prob¬ 
lems  is  longitudinal  concave  and  convex  corner 
problems.  Work  is  being  done  on  these,  but  there 
is  much  further  to  go. 

Another  problem  that  can  be  important,  even  at  low- 
lift  coefficients,  is  the  effect  of  wing  r  gidity. 
The  problem  is  largely  structural,  but  deflections 
are  brought  on  by  aerodynamic  loads,  and  accurate 
design  of  the  flying  machine  must  yield  a  good  de¬ 
sign  under  operating  deflection  and  load  conditions. 
One  classic  example  of  problems  of  this  kind  that 
must  be  kept  in  mind  is  aileron  reversal.  When  an 
aileron  is  deflected  down  to  lift  a  wing,  moments 
are  applied  that  may  twist  the  entire  wing  to  nega¬ 
tive  angles  at  high  speed,  thus  negating  the  effect 
of  the  aileron.  Currently  many  wind  tunnel  models 
are  built  to  model  the  airplane  in  some  loaded  (and 
deflected)  condition,  rather  than  the  unloaded  con¬ 
dition,  in  order  to  obtain  data  that  more  accurate¬ 
ly  represents  the  loaded  aircraft  in  flight. 

CFD  requires  many  coordinate  points  of  the  shape  to 
be  analyzed.  These  must  be  specified  to  a  high  de¬ 
gree  of  accuracy,  because  frequently  differences  be¬ 
tween  adjacent  points  are  taken  to  get  slopes.  The 
problem  of  supplying  them  for  a  complicated  snape 
such  as  a  swept  wing  or  wing-pylon  combination  has 
unexpectedly  developed  into  a  real  nuisance.  When 
several  thousand  coordinate  points  must  be  loaded 
into  a  computer,  determination  of  them  by  conven¬ 
tional  hand  methods  is  a  far  longer  job  than  the 
final  flow  calculation.  So  you  see  that  a  require¬ 
ment  for  automated  input  is  apparent.  The  entire 
airplane  exterior  must  be  defined  by  equations. 

Where  parts  were  originally  defined  by  flexible 
splines  or  by  eye  they  must  be  converted  into  equa¬ 
tions  in  order  to  be  usable. 

A  viscous  problem  that  should  be  answered  is  the 
question  of  transition.  Here  neither  the  wind  tun¬ 
nel  or  calculation  does  particularly  well.  Only 
flight  test  gives  an  authoritative  answer.  The  best 
calculations  of  transition  are  really  just  esti¬ 
mates.  The  position  of  transition  depends  on  the 
pressure  distribution,  amount  of  sweep,  contamina¬ 
tion  from  the  fuselage,  amount  of  surface  roughness 
and  irregulari ties,  ambient  noise,  concave  curva¬ 
ture  as  on  some  supercritical  airfoil  sections,  and 
turbulence.  However,  in  the  atmosphere,  turbulence 
is  so  low  it  does  not  seem  to  affect  transition. 
Accounting  for  the  effects  of  turbulence  in  a  wind 


tunnel  is  very  important,  but  it  is  an  artificial 
problem,  because  it  arises  only  in  connection  with 
wind  tunnel  tests.  Of  course  wing  surface  tempera¬ 
ture  conditions  also  affect  transition,  and  then 
there  is  the  entire  subject  of  Laminar  Flow  Control 
which  is  receiving  renewed  emphasis  with  the  present 
fuel  situation.  When  laminar  flow  is  sought,  pre¬ 
diction  of  the  transition  point  or  the  amount  of 
suction  needed  to  move  it  to  a  specified  location 
become  especially  important  because  the  extent  of 
laminar  flow  now  becomes  large.  On  present  day  jet 
transports,  that  is  not  a  problem  because,  due  to 
the  destabilizing  effect  of  sweep,  there  will  proba¬ 
bly  be  only  lx  laminar  flow  or  less,  so  even  if  we 
miss  the  true  transition  point  by  100 X,  the  overall 
error  in  position  is  only  IX  chord.  In  this  connec¬ 
tion  a  rough  rule  of  thumb  for  drag  calculations  can 
be  given.  To  determine  drag,  just  ignore  the  part 
that  is  laminar  and  consider  only  the  turbulent  por¬ 
tion.  That  is,  if  the  first  40X  of  an  airfoil  is 
laminar,  the  profile  drag  of  the  airfoil  is  about 
the  same  as  if  it  were  only  60X  as  large,  but  all 
turbulent.  So  you  clearly  see  that  the  amount  of 
laminar  flow  strongly  affects  the  performance  of  an 
airplane. 

Thus,  another  part  of  your  job  is  to  improve  the 
methods  of  predicting  transition  for  given  condi¬ 
tions,  or  conversely,  the  conditions  that  are  re¬ 
quired  to  get  a  given  amount  of  laminar  flow  must 
be  specified  more  accurately.  Theory  for  the  prob¬ 
lem,  at  present,  is  in  the  same  sad  state  as  that 
of  turbulence,  so  a  very  long  haul  is  seen,  and  for 
many  years,  prediction  methods  will  be  basically  em¬ 
pirical  but  will  be  improved  gradually  by  refine¬ 
ments  here  and  there.  But  I  repeat,  if  ever  we  are 
to  do  a  good  job  of  drag  calculation,  accurate  pre¬ 
diction  of  transition  is  a  necessary  part  of  the 
job. 

Another  problem  that  can  arise  is  that  of  the  lead¬ 
ing  edge  vortex  flow  that  may  occur  on  highly  swept 
wings  such  as  supersonic  designs.  Development  of 
this  vortex  drastically  affects  the  slope  of  the 
lift  curve,  so  analysis  is  Important.  Good  progress 
is  being  made  on  its  analysis,  but  its  prediction 
and  the  prediction  of  pressure  distributions  of 
wings  having  leading  edge  vortices  is  far  from 
solved.  The  problem  and  conditions  for  its  strength 
are  far  more  complicated  than  the  simple  Kutta  con¬ 
dition  at  the  trailing  edge,  but  the  solution  must 
be  known  accurately  because  it  directly  affects  the 
lift  and  pressure  distributions.  Development  of  a 
leading  edge  vortex  makes  a  first-order  difference 
in  wing  characteri sties,  so  the  problem  Is  definite¬ 
ly  Important.  To  complicate  your  job,  sometimes  the 
vortex  bursts,  and  this  bursting  point  too  should  be 
predicted,  but  the  prediction  of  vortex  bursting  is 
in  a  far  more  primitive  state  than  the  prediction  of 
transition. 

While  this  section  is  mainly  concernea  with  attached 
flow,  it  is  well  to  mention  another  problem  here  - 
laminar  bubbles  and  reattachment.  If  a  laminar  flow 
encounters  an  adverse  gradient,  it  separates  very 
easily.  But  the  separation  may  not  be  extensive. 

It  may  just  form  a  laminar  bubble  which  is  quite  an 
unstable  flow  that  can  easily  turn  turbulent  and 
then  reattach  before  there  is  any  catastrophic 
change  in  the  flow  pattern.  Will  the  bubble  cause 
major  separation  or  not?  Will  it  turn  turbulent 
first  and  just  remain  as  a  bubble?  Here  is  another 
problem  of  transition  prediction.  The  bubble  also 
may  be  caused  by  a  shock.  While  considerable  work 


has  been  done  on  the  problem  and  there  are  rules  for 
predicting  behavior,  the  problem  can  hardly  be  con¬ 
sidered  solved  in  any  basic  sense.  The  bubble  of 
course  affects  the  pressure  distribution,  the  lift, 
and  the  drag.  Predictions  are  not  entirely  satis¬ 
factory  even  for  two-dimensional  flow.  The  predic¬ 
tion  of  bubble  bursting  is  in  an  even  more  primitive 
state  if  the  bubble  is  three  dimensional  as  on  a 
swept  wing. 

Even  though  the  flow  is  all  essentially  attached, 
your  job  has  many  problems.  Most  seem  to  involve 
viscous  effects.  For  the  inviscid  portion,  you  know 
the  proper  equations  and  are  making  remarkable  pro¬ 
gress  in  solving  them  subject  to  the  correct  bound¬ 
ary  conditions.  Similar  progress  is  being  made  on 
the  exceedingly  useful  inverse  problem.  But  there 
are  nagging  problems  involving  viscosity  except  per¬ 
haps  where  the  flow  is  purely  laminar,  where  here 
too  we  know  the  equations.  But  most  flows  are  tur¬ 
bulent,  so  to  beat  the  wind  tunnel  you  must  gain 
better  knowledge  of  the  basic  turbulent  processes, 
i.e.,  corner  flows,  bubbles,  transition,  and  leading 
edge  vortices.  Except  possibly  for  transition,  the 
wind  tunnel  can  provide  answers  very  well.  It  is  a 
wonderful  analogue  device,  but  one  whose  role  in 
aerodynamics  will  slowly  be  reduced,  we  hope.  Con¬ 
tinuous  improvements  are  being  made  in  the  inviscid 
calculations,  but  ominously  in  the  background  is  the 
loss  of  accuracy  due  to  viscous  effects.  The  prob¬ 
lem  is  aptly  identified  by  the  title  of  a  recent  pa¬ 
per  by  Lars  Ericsson  entitled  "Viscous  Flow-Nemisis 
of  the  Theoretician  in  Pursuit  of  Higher  Order 
Accuracy. 


5.0  Wings  -  Dirty  as  for  High  Lift 


While  design  conditions  as  considered  in  the  previ¬ 
ous  section  are  very  important,  the  entire  flight 
envelope  covers  a  far  greater  range  of  conditions, 
and  for  them  the  airplane  must  still  be  a  satisfac¬ 
tory  flying  machine.  Hence,  most  of  the  problems  of 
the  previous  section  apply  here  too  but  under  more 
complicated  and  more,  extreme  conditions. 


An  obvious  problem  is  that  of  stability.  In  the 
previous  section,  we  hinted  that  the  full  three- 
dimensional  boundary  layer  must  be  found,  but  there 
it  was  mainly  for  design  and  analysis  purposes. 

Here  it  is  needed  especially  for  flying  qualities 
determination,  as  for  pitchup  -  and  the  analysis  is 
mainly  at  the  more  extreme  conditions.  Stall  pat¬ 
terns  must  be  calculated.  That  means  inviscid  flow 
fields  must  be  calculated  at  several  high-lift  coef¬ 
ficients,  and  then  three-dimensional  boundary  layers 
must  be  calculated  at  these  same  lift  coefficients 
in  order  to  finally  determine  such  relations  as 
CM-C|_  curves.  In  synmetrical  flight,  if  the  tip  of 
a  swept-back  wing  Ibses  its  lift  first,  the  tips 
will  tend  to  drop,  leading  to  the  phenomena  called 
pitchup,  which  is  a  highly  undesirable  staoility 
characteristic.  That  is,  the  airplane  tends  to  in¬ 
crease  its  angle  of  attack  instead  of  reducing  it  by 
diving  out  of  a  stall.  To  really  analyze  this  char¬ 
acteristic  for  a  complete  range  of  lift  coeffic¬ 
ients,  it  will  be  necessary  to  compute  the  complete 
distribution  of  lift,  and  at  higher  lifts,  many 
wings  will  have  partially  separated  flow.  So  the 
basic  problem  is  three-dimensional  lift  with  partial 
separation  -  certainly  a  formidable  problem.  Flow 
or  shear  patterns  right  on  the  surface  will  be  in¬ 
teresting,  but  only  as  a  guide  as  to  wnat  the  force 
distribution  will  be. 


Several  configurations  must  be  checked.  First  the 
clean  condition,  because  the  airplane  normally  flies 
that  way,  and  both  high  and  low  Mach  numbers  must  be 
checked.  Furthermore,  on  combat  airplanes,  maneu¬ 
verability  at  high  Mach  number  is  very  important,  so 
here  especially  the  properties  must  be  checked. 

Also  of  course,  tne  airplane  must  take  off  and  land. 
Here  flaps  and  slats  are  used,  and  they  are  usually 
at  different  settings  for  the  two  conditions.  Hence 
several  more  configurations  are  involved  here,  but 
mainly  these  conditions  are  only  at  low  Mach  number, 
so  compressibility  is  only  weakly  involved. 

More  than  symmetrical  flight  is  involved,  rolling 
and  yawing  stability  for  instance.  For  these,  be¬ 
cause  the  flows  are  highly  nonlinear,  flow  fields 
and  boundary  layers  must  be  calculated  as  a  func¬ 
tion  of  yaw,  meaning  several  more  calculations. 
Airplanes  have  roll  rate  requirements.  When  the 
wing  is  rolling,  the  relative  onset  flow  is  along  a 
helix,  so  that  the  different  portions  of  the  wing 
are  at  different  angles  of  attack.  This  causes  a 
damping  in  roll  which  must  be  overcome  by  the  ailer¬ 
ons  if  the  roll  rate  is  to  be  met.  So  in  addition 
to  symmetrical  configurations  involving  flaps  and 
slats  at  various  settings,  a  complete  calculational 
design  procedure  will  involve  span  load  analysis  for 
an  unsymmetrical  wing  with  ailerons  deflected  -  and 
this  too  must  be  over  the  Mach  number  range. 

Finally  in  the  range  of  conditions  to  be  considered 
must  be  mentioned  the  ground,  because  the  airplane 
must  land.  The  grouna  affects  the  downwash  and 
hence  the  lift  pattern,  and  longitudinal  and  lateral 
stability  here  too  must  be  satisfactory,  so  some 
further  calculations  are  indicated,  probably  by  ap¬ 
proximating  the  ground  with  a  reflection  plane  mo¬ 
del.  Also  of  course,  if  one  is  attempting  to  find 
the  stability  behavior  at  extreme  lift  coefficients, 
the  configuration  being  analyzed  must  be  complete. 
The  fuselage  must  be  incluued  and  nacelles  certainly 
should  be  included  because  they  can  have  strong  ef¬ 
fects  on  the  lift  distribution  and  local  separation. 
There  is  no  question  about  the  necessity  for  check¬ 
ing  this  ground  condition.  It  is  so  important  that 
aerodynami cists  are  willing  to  spend  considerable 
extra  money  in  wind  tunnel  tests  of  this  condition, 
including  the  construction  of  ground  boards.  Ground 
effect  analysis  can  require  numerous  calculations. 

At  each  new  height  and  attitude,  the  basic  geometry 
is  changed,  thus  requiring  a  new  calculation.  In 
the  infinite  atmosphere,  a  few  primary  calculations 
are  enougn  for  all  cases  because  their  results  can 
be  linearly  combined  If  the  Mach  number  is  low. 

Another  challenging  problem  Is  the  analysis  of  spoi¬ 
lers.  If  one  tries  to  lift  a  wing  by  downward  de¬ 
flection  of  an  aileron,  a  nose-down  twisting  moment 
is  developed  in  the  whole  wing  section.  Depending 
on  the  elasticity  of  the  wing,  this  can  nullify  the 
effect  of  the  aileron  as  already  noted.  Therefore, 
spoilers  often  are  now  used  as  auxiliary  controls 
because  they  do  not  Introduce  such  adverse  moments. 

A  spoiler  has  separated  flow  behind  it.  So  now  you 
see  there  exists  the  problem  of  analyzing  the  three- 
dimensional  flow  and  force  distribution  for  a  range 
of  spoiler  deflections,  wing  Cj_  values  and  Mach  num¬ 
bers.  Unless  shortcuts  can  be  found,  the  number  of 
calculations  becomes  very  large.  But  wind  tunnel 
tests  easily  solve  this  problem.  For  each  spoiler 
setting,  the  C|_  range  Is  covered,  and  It  In  turn  is 
checked  at  several  Mach  numbers.  This  problem  is 
not  too  much' different  from  my  previously  mentioned 
flow  about  a  brick. 


In  the  landing  and  takeoff  condition,  flaps  and 
slats  are  extended  varying  amounts.  The  flap  is 
likely  to  be  at  least  a  double-slotted  type,  ana  if 
so,  together  with  the  slat  we  have  at  least  a  four- 
element  airfoil.  If  true  analysis  is  ever  to  exist, 
the  boundary  layer  and  inviscid  flow  past  the  system 
must  be  calculated,  and  because  we  are  now  inter¬ 
ested  in  the  extremes,  the  flow  must  be  analyzed  for 
cases  of  partial  separation.  Partial  separation  may 
occur  first  on  any  one  of  the  elements,  and  then  un¬ 
less  the  analysis  is  stopped  right  there,  it  must 
proceed  in  spite  of  the  partial  separation  on  to 
the  maximum  angle  of  attack.  In  fact,  very  inter¬ 
esting  problems  arise  such  as  predicting  the  effect 
of  Reynolds  number  or  there  may  be  partial  separa¬ 
tion  in  one  of  the  flap  gaps,  and  now  we  find 
a  complicated  problem  of  merging  boundary  layers  or 
wakes  and  interactions.  The  problem  of  drag  estima¬ 
tion  was  mentioned  earlier.  Here  it  is  much  worse, 
but  very  Important  because  engineers  not  only  want 
low-drag  flap  systems  to  go  with  the  high  lift  but 
want  to  know  their  drag.  Now  in  estimating  the 
drag,  we  must  trace  the  wake  development  of  all  the 
elements  all  the  way  to  infinity,  or  must  sum  shear 
and  pressure  forces  directly  on  the  elements,  if 
anything  more  than  empirical  relations  are  to  be 
used. 

The  thinking  to  this  point  has  been  two  dimensional. 
But  flaps  on  a  real  airplane  are  quite  three  dimen¬ 
sional.  So  now  modified  span  load  analyses  are  in¬ 
dicated.  A  flap  usually  stops  at  the  ailerons,  but 
on  many  airplanes  it  can  have  changes  in  sweep  angle 
and  even  breaks  along  its  length.  On  many  trans¬ 
ports  there  is  a  portion  directly  behind  the  engines 
that  is  not  deflected  at  all  in  order  to  keep  it  out 
of  the  jet  blast.  Furthermore,  slats  are  not  full 
span,  so  the  three  dimensionality  must  be  consid¬ 
ered  for  them  too.  Then  from  a  design  point,  the 
question  of  their  extent  arises,  because  their  stop¬ 
ping  point  helps  determine  the  general  stall  behav¬ 
ior  of  the  entire  wing.  So  you  see  again  the  need 
for  both  the  three-dimensional  inviscid  analysis  and 
three-dimensional  boundary  layer  and  separation 
analysis,  or  else  one  grand  analysis. 

At  this  time,  it  is  not  known  whether  effects  for 
the  inviscid  flow  are  linear,  enabling  superposition 
to  be  used,  since  Mach  numbers  are  low,  or  whether 
the  problem  is  nonlinear.  The  reason  it  may  have  to 
be  handled  as  a  nonlinear  problem  is  that  the  down- 
wash  field  is  a  function  of  lift  coefficient,  and 
because  lift  coefficients  may  be  high,  the  downwash 
may  be  large.  Then  it  may  be  insufficient  to  make 
some  general  assumption  about  the  location  of  the 
trailing  vortex  system.  Of  course  the  viscous  flow 
analysis  is  nonlinar  anyway  because  of  the  nature  of 
the  equations. 

One  final  point  should  be  mentioned.  Flaps  and 
slats  must  be  mechanically  supported.  Wind  tunnel 
tests  show  that  the  support  brackets  substantially 
reduce  the  lift  increments  supplied  by  the  flaps  and 
slats.  So  in  any  ultimate  system  of  calculation, 
the  brackets  too  must  enter  as  part  of  the  configur¬ 
ation.  Exactly  how  to  do  anything  basic  is  quite  a 
problem.  In  their  cleanest  form,  the  brackets  in¬ 
troduce  viscous  corner  flows  in  a  strongly  varying 
pressure  field.  Perhaps  if  the  flow  is  all  at¬ 
tached,  the  potential  flow  portion  of  the  analysis 
can  Indeed  be  made,  but  because  the  brackets  are  a 
moving  device,  they  are  poorly  streamlined,  and  so 
the  flow  past  them  will  be  one  with  partial  separa¬ 
tion  for  which  a  potential  flow  approximation  is 
poor. 


One  good  feature  of  the  entire  problem  Is  mentioned 
here.  Because  the  flow  is  for  high  angle  of  attack 
conditions,  a  slat  probably  exists,  and  it  is  ex¬ 
tended  so  that  we  know  that  there  will  be  no  1  ami  - 
nar  flow.  Hence,  here  prediction  of  transition  is 
easy.  But  there  still  can  be  problems.  If  the  wing 
has  no  slat  and  Its  accompanying  joint.  It  may  be 
sufficiently  smooth  to  support  laminar  flow.  In 
that  case,  the  underside  is  at  quite  a  favorable 
radlent,  and  long  runs  of  laminar  flow  could  exist 
f  the  wing  Is  not  beset  with  constructional  rough¬ 
ness  such  as  joints,  flush  rivets,  inspection  pan¬ 
els,  and  the  like.  Ignoring  the  extent  of  laminar 
flow  in  these  cases  will  lead  to  poor  accuracy  in 
the  drag  calculations. 

So  far  we  have  only  considered  questions  and  prob¬ 
lems  of  the  primary  design.  But  there  are  add-on 
devices  that  can  greatly  improve  some  of  the  behav¬ 
ior  at  high-lift  coefficients.  A  notable  one  is  the 
strake,  i.e. ,  a  small  portion  of  the  wing  near  the 
root  that  has  much  more  sweep  than  the  rest  of  the 
leading  edge.  A  strake  develops  a  leading  edge  type 
of  vortex  flow  that  travels  down  over  the  rest  of 
the  wing  and  thereby  delays  separation.  The  idea 
oes  at  least  as  far  back  as  the  DC-3  which  used  one 
n  front  of  the  vertical  surface  to  delay  its  stall 
to  high  yaw  angles.  Because  the  strake  is  a  very 
powerful  device,  combat  aircraft  have  Incorporated 
it  from  the  very  beginning,  otherwise  the  wing  would 
be  significantly  inferior  competitively.  So  here  is 
an  added  complication  to  your  job.  The  inviscid 
analysis  is  not  one  of  just  treating  the  proper 
shape  at  high  angle  of  attack,  because  a  vortex  of  a 
strength  to  be  determined  must  be  added,  and  then 
afterward,  the  highly  three-dimensional  boundary 
layer  must  be  calculated.  How  to  handle  the  invis¬ 
cid  portion  is  being  worked  on,  but  it  is  not  yet 
down  to  a  science.  But  certainly,  if  calculations 
are  to  substitute  for  the  wind  tunnel,  problems  like 
this  must  be  handled  well.  On  a  new  model,  probably 
several  strake  designs  are  tested  In  the  wind  tunnel 
to  find  the  best.  If  CFO  is  ever  to  replace  the 
wind  tunnel,  calculations  predicting  the  effect  of 
the  different  shapes  become  the  necessary  equiva¬ 
lent. 

Vortex  generators,  that  is,  small  wings  placed  at 
angle  of  attack  on  the  main  wing  and  perpendicular 
to  it,  may  be  used.  In  one  sense,  a  vortex  genera¬ 
tor  Is  a  kind  of  crutch  or  a  pair  of  eyeglasses  to 
fix  up  a  bad  wing.  But  it  is  a  very  powerful  de¬ 
vice,  and  at  times  a  better  wing  can  be  made  by  us¬ 
ing  It  as  a  “tool”  from  the  beginning.  For  in¬ 
stance,  on  the  new  767  transport,  Boeing  has  found 
that  seven  vortex  generators  on  each  wing  can  re¬ 
place  a  complicated  black-box  stability  augmentation 
device.  Vortex  generators  shed  vortices  that  trail 
over  the  surface  and  modify  the  boundary  layer  - 
thus,  changing  separation  patterns  and  the  accom¬ 
panying  force  coefficients.  The  analysis  problem  Is 
much  like  that  for  the  larger  strakes.  But  here, 
because  of  the  small  size  of  the  generators,  we  are 
not  much  interested  in  details  of  the  flow  on  the 
generator.  The  basic  problem  is  to  calculate  the 
effect  of  the  vortices  on  the  flow  field  and  then 
calculate  what  they  do  to  the  boundary  layer.  While 
they  are  quite  small,  their  smallness  is  probably 
the  least  of  the  problems,  because  to  obtain  the 
necessary  locally  very  fine  grid  system,  one  of  the 
embedded  mesh  techniques  can  be  used.  In  inviscid 
flow,  it  is  easy  to  introduce  a  longitudinal  vortex 
and  find  Its' effect  on  the  flow  field,  but  here  the 
vortex  is  just  at  the  edge  of  the  boundary  layer. 


and  it  is  not  clear  whether  inviscid  pressure  calcu¬ 
lations  will  suffice.  Wind  tunnel  tests  may  be 
needed  to  show  what  modifications  in  theory  are  nec- 
esssary  before  analysis  can  replace  the  wind  tunnel. 

Fences  are  another  common  “fix"  device.  They  reduce 
the  spanwise  flow  of  the  boundary  layer.  Wore  basic 
knowledge  of  their  operation  is  needed,  and  then, 
just  as  a  wind  tunnel  can  show  the  effect  of  the 
fence,  the  effect  must  be  predicted  if  ever  CFD  be¬ 
comes  mature. 

Of  course  there  are  many  other  problems;  they  are 
rarer  but  should  be  kept  in  mind.  At  times,  blow¬ 
ing  boundary  layer  control  is  used  on  flaps  to  get 
higher  lift.  It  is  used  on  the  F-4  fighter.  So  the 
wall  jet  problem  now  becomes  involved.  STOL  and 
VTOL  aircraft  are  more  complicated  applications  of 
powered  lift.  Sometimes  the  flap  may  be  a  blown 
flap,  I.e.,  in  the  slipstream  of  the  jet.  Or  the 
Coanda  effect  may  be  used  as  on  the  YC-14.  Any 
sound  analysis  of  these  types  must  involve  the 
three-dimensional  effects.  Another  consideration  is 
buffeting.  Prediction  of  the  buffet  boundary  is 
certainly  important  because  it  helps  define  the 
flight  envelope  of  the  airplane.  While  some  really 
basic  predictions  exist,  it  is  believed  that  the 
buffet  boundary  can  be  satisfactorily  inferred  from 
static  calculations.  That  is  what  is  now  done,  us¬ 
ing  steady  state  wind  tunnel  test  results.  Buffet¬ 
ing  occurs  at  extreme  conditions  and  can  exist  in 
some  kind  of  transonic  maneuvering  condition,  but 
usually  the  Important  configuration  condition  is  the 
airplane  clean.  So  In  some  senses,  buffeting  be¬ 
longs  in  the  previous  section,  but  It  is  Included 
here  because  it  is  for  extremes  and  involves  some 
separation. 

If  one  searches,  there  are  many  more  problems  to  be 
found,  but  they  seem  to  be  of  lesser  importance.  To 
name  one,  I  mention  the  landing  and  takeoff  condi¬ 
tion.  In  addition  to  the  extended  flaps  and  slats, 
the  landing  gear  is  down,  and  usually  It  comes  out 
of  the  wing.  Sometimes  when  the  gear  Is  extended, 
the  landing  gear  door  is  returned  to  Its  original 
position  to  cover  the  cavity.  Then  the  problem  is 
simpler,  just  the  bluff  landing  gear  to  account  for. 
But  often  the  door  is  left  open.  Then  we  are  faced 
with  analyzing  the  flow  past  a  large  three-dimen¬ 
sional  cavity  in  a  wing;  drag  and  force  coeffici¬ 
ents  being  the  items  of  Interest.  So  you  see,  the 
problems  seem  endless,  but  all  that  I  have  mentioned 
are  checked  routinely  in  the  wind  tunnel,  even  spin 
characteristics.  If  the  airplane  is  a  fighter  or 
some  other  kind  that  requires  high  maneuverability. 
Accurate  analysis  of  a  spinning  airplane  is  close  to 
the  ultimate  in  complication,  because  the  entire 
airplane  must  be  considered  and  the  flow  is  largely 
separated. 

Occasionally  unsteady  flow  problems  arise,  but  us¬ 
ually  they  are  not  main  line.  The  ordinary  wind 
tunnel  Is  principally  a  steady-state  testing  means, 
and  analoguously  CFD  methods  aim  mainly  at  steady 
state  answers.  But  there  are  unsteady  problems  or 
even  some  flows  that  are  unsteady  but  have  long  time 
average  values.  Of  course,  buffeting,  dynamic  sta¬ 
bility,  and  flutter  all  involve  unsteady  flows.  In 
many  cases,  it  is  probably  not  difficult  to  extend 
methods  to  handle  the  unsteady  problem.  For  in¬ 
stance,  one  major  method  of  analysis  uses  the  full 
time-wise  equations  of  motion  to  march  forward  in 
time  through  the  transient  until  the  steady  state  is 
well  approximated. 


! 


6.0  Concluding  Remarks 

As  you  see,  the  complete  analysis  and  design  job  is 
really  fomidlble.  It  is  really  formidible  even  in 
the  inviscid  portions  where  we  know  the  equations 
that  apply  -  the  Euler  equations  for  the  most  gen¬ 
eral  case.  The  viscous  portions,  especially  flows 
Involving  some  turbulent  separation,  are  even  worse, 
because  the  basic  equations  are  not  even  known.  The 
laminar  viscous  equations  are  known,  but  on  air¬ 
planes,  laminar  flow  is  so  rare  that  it  is  not  very 
important.  However,  tests  and  thought  should  devel¬ 
op  better  relations  such  as  turbulent  transport  pro¬ 
perties,  and  so  the  viscous  analysis  should  slowly 
follow  the  inviscid.  But  at  the  pace  that  methods 
and  computers  are  being  developed,  it  is  likely  that 
the  viscous  portions  of  analyses  will  be  a  major 
drag  to  real  advances. 

But  the  state  of  the  art  has  undergone  really  re¬ 
markable  progress.  Even  such  problems  as  wings  with 
nacelles  beneath  them  are  now  being  analyzed  tran- 
sonically,  and  methods  are  in  sight  for  analyzing 
wings  with  stores  or  other  small  objects.  The  pre¬ 
sent  state  of  analysis  is  especially  applicable  to 
the  design  condition  which  is  the  one  that  primari¬ 
ly  determines  the  shape  and  size  of  the  airplane. 

So  the  methods  are  becoming  quite  useful  right  now. 
We  have  gone  a  long  ways  from  when  all  we  could  do 
was  analyze  a  two-dimensional  airfoil  in  incompres¬ 
sible  flow  or  a  symmetrical  transonic  shape  at  zero 
lift.  But  who  flies  two-dimensional  airfoils?  Fly¬ 
ing  one  transonical ly  at  zero  lift  might  be  excit¬ 
ing,  but  the  flight  will  not  last  long. 

However,  an  airplane  must  have  satisfactory  behav¬ 
ior  over  a  large  range  of  conditions,  and  calcula¬ 
tion  of  this  behavior  at  these  extremes  Is  in  its 
infancy,  and  I  see  a  long  haul  of  many  years.  It  is 
now  impossible  to  predict  whether  we  will  reach 
these  extended  objectives,  or  just  end  up  on  some 
plateau  short  of  them.  The  computer  has  vastly  ex¬ 
tended  our  capability,  but  it  will  not  extend  it  in¬ 
finitely,  and  turbulence  and  separation  problems  are 
so  complicated,  that  it  is  difficult  to  tell  whether 
advanced  computers  and  methods  will  have  the  needed 
capability.  But  the  writer  is  fairly  optimistic 
that  methods  for  analyzing  viscous  problems  for  one 
kind  of  flow  will  be  found,  then  slowly  another, 
then  another,  etc. 

Then  we  can  expect  the  wind  tunnel  to  suffer  In¬ 
roads.  At  this  time,  at  low  speed  and  low  lifts, 
there  often  Is  no  sense  In  running  wind  tunnel  tests 
on  two-dimensional  airfoils,  because  we  can  calcu¬ 
late  coefficients  as  accurately  as  we  can  measure 
them.  Likewise,  we  are  approaching  that  same  state 
for  practical  three-dimensional  wings.  Therefore, 
the  wind  tunnel  will  be  used  less  and  less  to  search 
for  optimums.  The  optimum  will  be  found  theoretic¬ 
ally.  Then  it  will  be  tested  to  make  a  cursory 
check  that  it  is  performing  as  predicted.  But  the 
main  tests  will  be  for  the  extremes  of  operation, 
moment  breaks,  stall  pattterns,  drag  at  high  lift, 
and  the  like.  Or  as  already  said,  somewhat  inaccur¬ 
ately,  the  wind  tunnel  mainly  will  be  used  to 
examine  second-order  effects.  So  gradually  over  the 
years,  the  use  and  purpose  of  the  wind  tunnel  will 
change.  How  It  seems  to  be  in  a  period  of  transit¬ 
ion  away  from  finding  design  point  shapes.  Later 
as  the  CFO  and  other  calculatlonal  art  progresses. 
Inroads  will,  be  made  on  the  prediction  of  extremes, 
and  perhaps  some  day,  only  a  few  special  checks  will 
be  needed.  But  the  entire  problem  is  really  awful. 


If  CFD  methods  are  ever  to  be  used  in  a  relatively 
routine  method  by  engineers,  there  must  be  much 
automatic  searching  and  testing  for  special  flow 
features.  Does  a  leading  edge  vortex  exist  or  not? 
Oo  laminar  bubbles  exist?  Where  is  transition? 

This  kind  of  Information  cannot  be  loaded  in  ahead 
of  time,  so  the  computer  must  find  whether  some 
special  flow  exists  or  not,  or  its  extent.  Then  to 
progress  further,  it  must  use  a  form  of  program  that 
handles  the  special  kind  of  flow  that  has  been 
found.  If  it  does  not  do  this  relatively  automatic¬ 
ally,  the  calculations  must  be  in  the  hands  of  ex¬ 
perts,  but  wind  tunnel  testing  does  not  require 
fluid  mechanics  experts.  So  that  state  seems  far  in 
the  future,  and  the  author  is  reminded  of  a  favorite 
saying  of  his  -  Thank  God  for  the  Wind  Tunnel. 

I  have  heard  it  stated  that  aerodynamics  is  a  mature 
science,  and  support  for  its  continued  development 
should  be  at  a  low  level.  Before  automatic  compu¬ 
ters  arrived,  it  indeed  was  on  a  sort  of  plateau, 
but  that  plateau  has  been  crossed,  and  we  now  are  on 
an  uphill  climb  again.  So  the  statement  is  either 
true  or  not  true,  according  to  your  viewpoint.  If 
you  never  expect  to  make  significant  Inroads  into 
both  the  design  and  so  called  second-order  analysis 
of  shapes,  then  the  statement  is  true.  But  if  we  do 
think  we  can  finally  analyze  all  or  many  of  these 
fringe  problems,  then  the  discipline  is  really  in 
its  infancy,  because  at  present,  we  can  do  hardly 
anything.  Remember  my  reference  to  flow  about  a 
very  simple  shape  -  a  brick? 

While  any  really  fundamental  calculation  of  turbu¬ 
lence  and  its  transport  properties  still  seems  out 
of  the  question,  much  of  the  rest  of  the  problem 
seems  much  nearer  attainment.  Many  problems,  such 
as  the  wing  design  problem,  now  can  be  handled  with 
the  existing  better  state  of  the  art  computers.  To 
be  definite,  the  author  would  hazard  a  guess  that, 
if  our  capability  were  increased  by  1000  times,  we 
could  analyze  most  of  these  extremes,  at  least  suf¬ 
ficiently  well  to  be  very  useful.  By  1000  times,  I 
mean  some  kind  of  combination  of  computer  speedup 
and  capacity  plus  improved  algorithms.  I  hope  these 
viewpoints  are  interesting  and  of  some  help.  It  is 
significant  that  your  calculatlonal  capability  has 
progressed  so  far  that  there  is  some  justification 
for  a  paper  such  as  this.  Forty  years  ago,  this 
kind  of  paper  would  have  been  absurd. 

Postscript 

Since  this  paper  Is  a  general  distillation  of  know¬ 
ledge,  obtained  from  i numerable  sources,  no  referen¬ 
ces  have  been  cited.  But  for  anyone  who  wishes  to 
know  more  about  the  workings,  problems,  design,  and 
performance  of  airplanes,  two  books  are  cited.  The 
first  is  Airplane  Performance  Stability  and  Control 
by  C.  D.  Perkins  and  R.  E.  Hage,  John  Wiley  &  Sons 
1949.  This  is  an  older  book  but  contains  very  good 
presentations  of  all  the  basic  problems  of  an  air¬ 
craft,  which  have  not  changed  much  with  time.  The 
second  1  s  The  Aerodynamic  Design  of  Aircraft  by 
D.  Kuchemann,  Pergamon  Press  1978.  It  is  a  very  up 
to  date  and  excellent  treatise  on  configuration  de¬ 
sign  of  aircraft  for  the  several  speed  ranges.  It 
emphasizes  the  aerodynamic  problems  and  is  especi¬ 
ally  concerned  with  gaining  an  understanding  of  the 
aerodynamics  of  the  various  parts.  Kuchemann  was 
one  of  the  worlds  leading  experts  in  aerodynamic  de¬ 
sign  and  analysis. 
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Abstract 

This  paper  surveys  some  recent  progress  which 
have  been  achieved  to  generate  numerical  methods 
based  on  Viscous-Inviscid  Interaction,  for  lifting 
flows, with  strong  interaction  phenomena  and  sepa¬ 
rations.  The  composite  solution  is  deduced  from  a 
Defect  Formulation  of  the  viscous  equations,  appro¬ 
ximately  solved  with  a  boundary-layer-like  integral 
method,  coupled  with  an  overlapping  inviscid  pro¬ 
blem,  where  the  viscosity  controls  the  boundary  con¬ 
ditions. 

Are  summarized  the  concepts  for  the  Viscous- 
Inviscid  splitting,  the  detailed  first  order  Thin- 
layer  Defect  aquations,  the  allowance  on  the  nor¬ 
mal  pressure  gradient,  the  singularities  in  non¬ 
interactive  viscous  steady  or  unsteady  solutions, 
the  full  upstream  influence  recovery  in  interacted 
solutions,  the  turbulent  integral  closure, based  on 
new  three-dimensionnal  velocity  profiles  and  on 
turbulent  transport-  equations  ,  the  numerical  re¬ 
laxation  techniques  developped  for  the  viscous- 
inviscid  coupling. 

Methods  and  applications  are  shown  for  2D- 
flows  on  airfoils,  in  low  speed,  or  transonic,  or 
unsteady  conditions,  with  multi-elements  or  spoi¬ 
ler  devices,  and  for  3D-flows  on  wings.  Separation 
is  solved  in  steady  2D-flows  and  quasi-3D  flows 
(infinite  swept  wing). 


Introduction 

Joint  progress,  both  in  Direct  Navier-Stokes 
solvers  as  well  as  in  Composite  methods  of  solution, 
are  now  believed  [1  to  5]  to  be  determinant  on  fur¬ 
ther  computing  capability  and  numerical  techniques. 

This  paper  summarizes  some  developments  and 
results  for  the  Composite  approach,  with  Viscous- 
Inviscid  splitting  and  with  overlapping  computa¬ 
tional  domains.  The  Composite  solution  is  based  on 
a  vir  jus  Defect  Formulation  [5,  7,  15],  coupled 
with  a  pseudo-lnvlscid  problem  where  the  viscosity 
controls  the  boundary  conditions.  The  Defect  for¬ 
mulation  insures  that  the  viscous  solution  is  mat¬ 
ched  continuously  with  the  outer  pseudo-lnviscid 
solution,  and  not  simply  patched. 


gral  equations,  which  interact  the  equivalent  in¬ 
viscid  flow  via  differential  and  strongly  coupled 
viscous-inviscid  boundary  conditions.  A  noteworthy 
point  is  that  a  first  order  approximation  to  the 
Defect  Integral  form  of  the  Thin-layer  Navier- 
Stokes  equations  may  reduce  to  the  usual  integral 
form  of  the  Prandtl  equations  without  requiring 
that  the  normal  pressure  gradient  vanishes.  Conse¬ 
quently,  if  we  assume  that  a  few  closure  relations 
between  the  Defect  Integral  thicknesses  can  be  ex¬ 
trapolated  from  a  boundary-layer-like  closure,  ba¬ 
sed  on  velocity  profiles  modelling  associated  to  a 
simplified  model  of  turbulence,  then  a  set  of  inte¬ 
racting  integral  equations,  boundary-layer-like, 
may  be  deduced  to  close  very  simply  the  pseudo- 
inviscid  problem,  without  involving  the  Prandtl 
assumptions. 

Due  to  che  viscid-inviscid  interaction,  the 
first  order  set  of  integral  equations  Is  free  of 
separation  singularities  [6,  7],  as  well  of  the  sin¬ 
gularities  observed  in  pressure-precribed  Prandtl 
solutions  [8,  9,  7],  in  steady  or  unsteady  flows. 

In  separated  or  reverse  flow  regions,  non-interac¬ 
tive  and  regular  viscous  solutions  may  be  marched 
in  the  free  stream  direction,  using  inverse  methods 
where  the  pressure  is  an  unknown  [10,  11,  6,  12, 

13]  both  in  steady  or  unsteady  flows  [8].  The  up¬ 
stream  influence  recovery  is  always  present,  at 
least  because  of  the  viscous-inviscid  coupling, 
even  in  supersonic  regions.  This  is  due  to  the  be¬ 
haviour  of  the  branching  solutions,  which  are  always 
subcritical  [6,  14].  The  removal  of  the  supercriti¬ 
cal  interactions  of  Crocco-Lees  illustrates  that  a 
normal  pressure  gradient  is  approximately  taken  into 
account  with  the  Defect  Formulation,  or  simply  with 
the  Defect  integral  continuity  equation  (wall-trans¬ 
piration  coupling). 

Finally,  the  first  order  Defect  integral  form 
of  the  thin-layer  Navier-Stokes  equations,  interac¬ 
ted  with  an  outer  equivalent  inviscid  flow,  removes 
all  major  shortcomings  of  boundary  layer  theory, 
and  provides  a  basis  to  compute  the  strong  interac¬ 
tion  phenomena  in  flows  Involving  thin  viscous- 
layers,  including  separations,  trailing-edges,  wa¬ 
kes  and  shock-boundary  layers  interactions.  Further 
investigation  of  higher  order  Defect  integral  equa¬ 
tions  is  of  course  possible,  either  to  improve  the 
overall  accuracy,  as  suggested  by  East  [16],  or  to 
insure  an  asymptotically  consistent  approximation 
of  the  momentum  equations  at  infinite  Reynolds  num¬ 
ber,  in  turbulent  flow,  as  pointed  out  by  Melnik 


From  an  integration  normal  to  the  surface, 
che  Defect  Formulation  ration  ally  provides  inte¬ 


[17].  Presently,  only  a  second  order  modelling  of 
the  normal  momentum  equation,  uncoupled  from  the 
tangential  momentum  equation,  has  been  used  to  take 
into  account  the  interaction  effect  of  the  wake  cur¬ 
vature  . 


ponents,  ^  the  density,  p  the  pressure,  denoting  u, 
w,  p  ,  p,  the  corresponding  unknowns  of  the  pseudo- 
inviscid  problem,  7  the  viscous  stress  terms,  the 
Xavier-5 tokes  equations  may  be  written,  with  h»l*Kz: 


The  first  order  approximation  of  the  Defect 
form  of  the  thin-layer  Navier-Stokes  equations  may 
also  be  solved  easily  using  finite  difference  tech¬ 
niques,  in  the  same  way  as  the  Prandtl  equations, 
as  pointed  by  Carter  [18].  Although  the  relative 
merits  compared  to  the  integral  methods  of  solution 
are  probably  balanced,  the  interest  of  the  integral 
method  approach  is  based  on  two  non-negative  points. 
If  the  discretization  tangent  to  the  surface  has 
still  to  resolve  the  viscous-inviscid  interaction 
exactly  as  in  Navier-Stokes  solvers,  the  integral 
methods  avoid  a  fine  discretization  normal  to  the 
surface,  which  may  be  determinant  on  computer  res- 
sources  for  complex  flows.  On  the  other  hand.,  if  the 
integral  methods  are  closed  with  a  rather  global  tur- 
bulcrt  modelling,  where  details  are  lost,  the  over¬ 
all  efficiency  and  robustness  look  rather  good,  for 
a  wide  range  of  shear  layers,  at  the  present  state 
of  the  art. 
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Equations  (3)  correspond  to  the  smooth  mat¬ 
ching  conditions  with  the  inviscid  far  field.  Ad¬ 
ditional  equations  are  necessary  to  determine  the 
Pseudo-inviscid  problem.  The  choice  is  not  unique 
and  defines  the  Composite  solver.  For  example,  an 
irrotational  pseudo-inviscid  problem  may  be  selected 
either  with  p-p  as  suggested  by  Dodge  [19]  ,  or  with 
w-w  as  suggested  by  Rubin,  Khosla  [20]  . 

1.3.  Defect  Formulation 


We  summarize  in  the  following  the  detailed 
equations,  the  turbulent  closures,  the  numerical  re¬ 
laxation  techniques  which  have  been  developped  for 
the  viscous-inviscid  coupling.  Methods  and  a  few  re¬ 
sults  are  shown  for  two-dimensional  flows,  low  spe¬ 
ed,  or  transonic,  or  unsteady,  and  in  three-dimen¬ 
sional  flows.  Separation  may  be  solved,  via  interac¬ 
ted  inverse  viscous  solutions,  in  steady  two-dimen¬ 
sional  or  quasi  three-dimensional  flows  (infinite 
swept  wings) . 

I.  VISCOUS-INVISCID'  SPLITTING  -  DEFECT  FORMULATION 

1.1.  Zonal  solver  approaches 

The  composite  methods  of  solution  involve  ba¬ 
sically  the  splitting  of  a  global  problem  into  se¬ 
veral  interacting  ones,  which  requires  a  coupling 
algorithm.  A  first  approach  is  a  zonal  splitting 
where  coupled  subdomains  are  patched  [5,  7]  . 

The  subdomains  may  either  be  relevant  of  the 
same  equations  and  numerical  techniques,  as  fre¬ 
quently  in  patched  inviscid  computations,  or  dis¬ 
sociate  viscous  and  inviscid  domains,  as  for  exam¬ 
ple  the  patching  model  of  the  interacting  boundary 
layer  theory  [5,  14].  The  coupling  may  be  achieved 
either  with  a  strict  patching  technique  along  the 
junction  boundaries  of  the  different  subdomains,  or 
with  a  small  overlap  of  the  subdomains 

The  determinant  concept  is  that  a  single  set 
"f  equations  is  directly  representative  of  the  so¬ 
lution  Inside  each  zone  or  subdomain. 


Here,  the  Pseudo-inviscid  problem  is  selected 
to  satisfy  the  exact  inviscid  flow  equations.  The 
equation  (1)  is  then  split  : 
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The  definitions  of  the  inviscid  fluxes  in  (4)  are 
similar  to  relations  (2).  The  equations  (5)  repre¬ 
sent  a  Defect  form  of  the  Navier-Stokes  equations. 
In  addition  to  the  matching  conditions  (3),  deno¬ 
ting  cf  (x,o,t)  >»  f  (x,o*,t)  -  f  (x,o_,t)  the  dis¬ 
continuities  (when  the  line  z*o  is  the  center  of  a 
wake),  the  viscous  boundary  conditions  are  : 
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The  pseudo-inviscid  boundary  conditions  are  dedu¬ 
ced  from  an  integration  normal  to  the  surface.  The 
continuity  equation  provides  the  exact  displacement 
effect  : 
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WAKE  <pW!s,o,t)» f  [p-p)o>  *  A  J’(pu.-pi)41r  ,9I 

The  exact  curvature  effect  of  the  wake  is  : 
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1.2.  Composite  solver  approaches 


On  the  contrary,  the  Defect  Formulation  assu¬ 
mes  that  the  pseudo-inviscid  domain  fully  overlaps 
the  viscous  regions,  inside  which  both  the  pseudo- 
inviscid  problem  and  the  viscous  problem  contribute 
equally  to  determine  the  overall  composite  solution. 
The  same  concept  is  used  to  split  a  turbulent  solu¬ 
tion  into  an  averadged  problem  plus  a  fluctuation 
problem.  The  splitting  involves  both  the  equations 
and  the  boundary  conditions  of  the  problem. 

Considering  a  contour  z«Ot  whose  curvature  is 
X  (x),  denoting  u,  w  the  curvilinear  velocity  :om- 


II.  APPROXIMATION  TO  THE  THIN-LAYER  NAVIER-STOKES 
EQUATIONS 

From  this  point,  the  so-called  Thin-Laver 
Navier-Stokes  equations  (or  Parabolized  equations) 
will  be  assumed.  All  the  viscous  terms  are  then  re¬ 
moved,  excepted  the  usual  shear  stress  term  of 
Prandtl  in  the  x  -  momentum  equation.  The  set  of 
equations  is  a  non-parabolic  one. 

II. 1.  First  order  approx  Lmat  ion  of  the  pres¬ 
sure. 


2 


3ecause  of  the  previous  non-asymptot  ic  choice, 


a  first  order  expansion,  based  on  the  gauge  z-5z . 
may  be  applied  simply  to  the  z-momentum  equation  of 
(5).  We  get  then  : 

+  Heii£9j  *  a<p«r-5e)  .  o 

,  ^(ptx-pu.)  +  +  ~fr(pu.W-pamr)  _  _ ^(p-p)  b5 

■St  -Jx  >y  ~  -S*  -by  51 

o  -■41 

l  TV 

The  defect  formulation  (11)(3)  provides  then  a 
first  order  pressure  field  with  a  non-zero  and  in- 
viscid  normal  gradient  p  (x,z,t>  -  P  (x,z,t). 


11.2.  First  order  Defect  Integral  equations 


A  z-integration  of  (11)  provides  exactly,  if 
w  (x,o,t)  »  0  and  q2  -  ul  *  w*  : 

r  J_  •»  pS,  ^  togS<  1  f  vr  T  I 

lP9  "sc  97  Tx  J  cx.a.r)  '  L9  j  (x.a.t; 
r  i  Tipq?,  )  TpS,^  w  n  pql&„  i.  ~jif  1  Ce_ 

'St  pq  "St  * fXf1  lx  *  q  "Bxjfx.J.t)  ~  2 


The  Defect  Integral  thicknesses  50,  ,  invol¬ 

ve  the  z-variation  of  the  overlapping  inviscid  fi¬ 
eld.  Only  the  momentum  equation  (13)  is  an  approxi¬ 
mate  one  : 

ftm  _ 

S<  f*?(x,o,t)  *  l 

P^f*.0,«  -  /  fp“-‘x,y«  -P^fx.yt)]  (14) 

*0  P(*,a,t)  -/  ^P(x.>,t)  -pCx.yt)] 

■'O 

In  addition  to  a  few  algebraic  closure  relations, 
at  least  one  additional  integral  equation  must  be 
solved,  for  the  integral  method  to  fit  the  physics 
and  mathematics  of  the  local  equations  (11),  for 
example  the  recovery  of  upstream  influence  in  re¬ 
verse  flow  reg.ons,  or  the  separation  singularity 
in  pressure-prescribed  steady  solutions.  The  kine¬ 
tic  energy  equation  : 


f  1  ~bpq*'tS..-8;,)  ^  do  da  2  dq 

l  pq1  ~it  pq  dt  ql  "bt  J  (r,o,t) 

♦  T-I.  Tpq*&:  ,  O  S.-S,,  dq  ]  _  d3  4-Op 

l  P9*  9  Tw  J(r,o,t;  p 
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P9c*,<j.t)  Pafx.,,t)  ”  P^uq.t)]  aV 

9(x,o,t )  mJ  ra(*,y,t)  "^ix.y.tlj  aV 

°  (16) 

P'4.0, t )-j["  5  dy 

PP**, a.t)  -|z(a-a)f^|(x,o,t)-|^(*,'y,t)j dj 

is  presently  used  as  a  closure  equation  for  laminar 
and  transit ionnal  flows,  with  the  assumption  that 
4>p  ■  o.  The  entrainment  equation,  a  collocation 
with  the  local  x-momentura  equation  at  a  conventio¬ 
nal  edge  z*w(x,t)  of  the  layer,  is  used  for  turbu¬ 
lent  flows  : 

1. —  ;  m  E 
u.  It  *  q>x  “  u,  J  (r.S.t)  *  (X.t) 

I"  1__  b  p(S-So)  ^  S  pqCS-Si)  |  ^  £ 

lp9  “St  p<?  "Sx  J  (ac,0,  c) 
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II. 3.  Second  order  pressure  modelling  -  Wake 
Curvature  Effect 


Je  assume  that  a  z-averadged  curvature  •’* 
(x,t)  of  the  interacting  inviscid  streamlines  t.iv 
be  used  according  to  : 


I  HEiSZ  -  k. 

1  *  (*,C) 

(  fp-Pitew)-  ”  **:*,«> 


(19) 


K*  (x,t)  is  a  strongly  coupled  viscous-induced  cur¬ 
vature,  for  example  the  displacement  surface  cur¬ 
vature,  see  last  [16, j]  . 

Fora  wake,  the  upper-lower  dissymmetry  must  be  ta¬ 
ken  in  account,  both  for  the  curvature  K*  and  the 
thicknesses  $4  ,  : 


<Prx,5  t)>  «  -*<%,*)  '*«- 


£,)  PPl:*.o.,t; 
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II. 1.  Vtscous  'Jp stream  In;  lucnce-3 ingular it  les 


Ihe  viscous  (or  non-interacting)  upstream  in¬ 
fluence  corresponds  to  a  pressure  precribed  solu¬ 
tion  of  the  first  order  equations.  In  the  incom- 
pres^iole  case,  denoting  ( t-  *  rT  *  H.?„ , 

and  h  tne  derivation  wit-,  respect  to  *!,  the  integral 
set  cf  equations  based  on  mass  ('ll),  x -moment j-  'l**' 
and  entrainment  (17)  is  : 


. l09  &  J 

*1  H 

i.  C09  9  J[x.0.t) 


r*yq 
B  -  cf/l 

£  . 


o.t) 
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f  0  0  o'!  .  r 

I  C-I  -  A  .  1  ow.2 

[  m.3  i.w  0 j  3  z  Z 

For  pressure-precribed  or  q-precribed  solutions, 

6..  ,  H,  and  w  are  computed  from  (21).  A  rank-2  sys¬ 
tem  for  ■5..  ,  H  Is  obtained  from  momentum  and  en¬ 
trainment.  The  system  is  hyperbolic  and  the  cha¬ 
racteristic  slopes  in  the  (x,t)  plane  demonstrate 
that  the  upstream  influence  is  only  present  in  re¬ 
verse  flow  regions,  which  may  be  identified  with 
the  condition  H>  0,  see  [6]  .  A  singularity  is  pre¬ 
sent  at  separation  (1?[  *  0)  for  the  steady  system, 
excepted  when  the  pressure  gradient  satisfy  a  com¬ 
patibility  condition  [6,  7]  .  Weak  solutions  of  the 
unsteady  hyperbolic  system  (21)  may  also  provide 
unsteady  singularities  (discontinuities),  see  [8, 

9]  .  Such  discontinuities  are  not  coincident  with 
the  beginning  of  upstream  influence  («>0).  They  are 
also  present  in  three-dimensional  steady  flows  with 
pressure-precribed  solutions  [9]  . 


Both  steady  and  unsteady  singularities  may  be 
removed  in  w-prescribed  solutions,  where  ' , ,  ,  H,  q 
are  computed  from  (21).  The  compatibility  condition 
at  steady  separation  is  automatically  satisfied  [6] 
The  weak  solutions  of  the  unsteady  hyperbolic  sys¬ 
tem  are  canceled  [8],  In  idition  the  characteris¬ 
tic  slopes  of  the  rank  -i  hyperbolic  system,  in  the 
(x,  t)  plane,  indicate  that  the  upstream  influence 
is  lost,  even  with  reverse  flow  (ff  >0),  and  that 
the  solution  may  be  marched  in  the  outer  flow  di¬ 
rection  (analogy  with  the  FLARE  approximation),  see 
[8]  .  Of  course  the  upstream  influence  is  included 
inside  w  (x,o,t)  and  is  recovered  from  the  viscous- 
inviscid  coupling. 


H8I 


IX. 5.  Interacting  Upstream  Influence  -  Sub- 
critical  branching 

The  recovery  of  the  viscous  upstream  influen¬ 
ce  before  separation  (from  the  inviscid  coupling) 
is  however  not  automatic  in  supersonic  regions.  The 
elimination  of  the  viscous  variables  in  the  steady 
system  (21)  provides  the  influence  operator  asso¬ 
ciated  to  the  viscous  layer  for  the  coupling  : 

H  w,  .  »  D  [^3.]  +  d  (221 

tI'0)  L  dx  i  (i.o) 

The  perturbation  of  a  given  solution  (w  ,  q  )  then 
satisfy  :  0  0 


'U--tlr0  =»  a  h8*-D  (23) 

dx 

and  corresponds  to  a  subcritical  branching  solution, 
which  is  unstable  when  marching  in  free  stream  di¬ 
rection  and  which  is  also  equivalent  to  an  upstre¬ 
am  influence  recovery,  so  long  as  B*<0.  The  analy¬ 
sis  demonstrates  that  the  Defect  Form  of  the  con¬ 
tinuity  equation  (the  wall-transpiration  coupling) 
Insures  this  property  to  be  always  satisfied,  see 
[6,  7,  14,  5]. 

II. 6.  Hall-transpiration  velocity  in  Three- 
Dimensions. 

The  same  Defect  Formulation  as  (3) (4) (5)  may 
be  written  in  three  dimensions.  With  an  appropriate 
selection  of  the  Defect  Integral  thicknesses,  the 
Defect  Integral  form  of  the  first  order  Thin-Layer 
Navier-Stokes  equations,  with  p  (x,y,z,t)  •  p  (x, 
y,z,t),  reduces  to  the  usual  momentum  integral  equa¬ 
tions.  The  Defect  continuity  equation  is  free  of  ap¬ 
proximations.  Considering  non-orthogonal  (x,y)  coor¬ 
dinate-lines  on  the  surface,  z  along  the  normal,  we 
get  in  the  steady  case  : 

\ «  +^[^(pv-p?j]  *  -  ° 

j  ds'm'i*  dx1-  Hi  dj'-dj'.gk^ccsA  dx  d* 

l  'J  m  rx^ 

The  Defect  Integra]  Continuity  equation  is  exactly  : 

s  (Jpq5.1  „  '  (JpqSt)]  mtl£} 

31  h,  i  Jjjq  l  hx  I  j(*,d,oi  L  ^  1251 

'  31  •  J-‘  -  V1-  2  ULtr  cot  A 

(  S*lx,s)  P^U.g.O)  mfg[p«(z,wP*(x,:l.t>]  <*»  (26l 

J  r  r0m  - 

i  4*(*  s)  a  J'  £pVfx,g,t)  df 

III.  TURBULENT  INTEGRAL  CLOSURE 

It  is  noteworthy  that  the  closure  of  the  en¬ 
trainment  Integral  method,  which  solves  equations 
( 12)  ( 1 3) ( 17) ,  requires  only  three  auxiliary  rela¬ 
tions,  determining  the  variable  5,£f,  E,  from  the 
computed  C  feet  thicknesses  ,  and  the  local 

Mach  and  Reynolds  numbers.  The  three  unknowns  5, 

Cf ,  E  are  strongly  connected  to  the  turbulence.  We 
assume  here  simply  chat  the  relations  between  cf, 

E  and  ,  M,  Rb^  are  exactly  the  same  as  in  a 

boundary  layer  analysis,  which  would  be  based  on  a 
modelling  of  the  velocity  profiles,  and  of  the  tur¬ 
bulence. 


III.l.  Three  dimensions  velocity 
del  ling 


profiles  mo- 


A  one-sided  cross  flow  modelling  is  used,  Fig. 
1,  based  on  a  vectorial  description  of  the  viscous 
velocity  profile  q  (6,  Cz,  Cs).  S  is  the  thicknes¬ 
ses  of  the  layer,  Cz  and  Ca  are  two  free  shape  pa¬ 
rameters.  We  denote  x  and  y  the  unit  vectors,  res¬ 
pectively  tangent  and  normal  to  the  inviscid  velo¬ 
city  q. 

_^The  suggested  description  combines  a  Wake  vec¬ 
tor  W  and  a  logarithmic  shear  stress  vector  t  along 
two  different  planes.  An  important  point  is  that 
the  Wake  Component  describes  a  plane  Defect  profile. 
If  z-  ii.n  : 

q  »  q  -  w  F[/|)  +  Log  rj 

W  -  q  (Cgx  a-  Cs  3")  (27) 

^  5  “  9-^-[(i-Q).x  -C3  a] 

The  universal  law  of  the  Wall  is  assumed  to  provide 
the  skin-f rict ion  and  Ci  : 


j  C| 


I IW 


The  Wake  function  F  (n)  is  the  same  as  previously 
used  in  two-dimensions,  see  [15],  and  involves  a 
rather  empiric  relation  -i*  (ji v(t),  in  order  to  dis¬ 
sociate  the  shear  layer  from  tne  Wall  in  extensive 
separations,  and  to  control  the  maximum  reverse 
flow  velocities  (n*is  zero  for  attached  flows  or 
incipient  separations)  : 

|  F(v(f4*1)1  *29) 

As  a  first  approximation,  the  wall  shear^ 
stress  may  be  assumed  col  Inear  to  the  vector  t.  At 
large  Reynolds  numbers,  Ci  decreases,  and  the  po¬ 
lar  velocity  profile  is  roughly  a  triangular  one. 

In  two-dimensions  (C3  *  o),  the  profile  becomes  si¬ 
milar  to  the  description  of  Coles  [23],  excepted 
for  the  wake  function  selection. 
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Three-dimensional  turbulent  velocity 
prof  lies  nodel 1  ini . 
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The  same  profiles  art  i.m.o  _.i  ror.Dressibl,  i>  ' 
unsteady  flows.  The  dens.'  t  is  teduced  from  ".he  lo¬ 
cal  inviscid  total  enchalp;.  "he  iruu-ce  ,27)  wit.i. 
C,  »  o  provide  also  at  a  jontllirg  M  tne  upper 

or  lower  half-wake  veloeicv  urcrilex. 

111. 2.  Equilibrium  turbulent  me  celling 

For  an  equilibrium  boundary  layer  ,  the  model¬ 
ling  of  the  entrain  me-it  i\L  global  dissipation 

0  may  be  deduced  from  cna^i  li.ocity  p ici  -las  using 
an^algebraic  closure,  for  ut&mu-a  the  r.ix.ng  iergtb 
model  of  Michel  [21]  ,  or  the  leoen  i-Smith  model 
[22]  ,  with  a  length  scale  tcnnected  to  the  outer 
shear  layer,  defined  as  ■  »  .  -  t*»  ,  in  rase  of 

extensive  separation.  An  adeouat;  analytical  appro¬ 
ximation  is  in  two-diTer.sicns  [;.']  : 

i  X.  .  A - L ill _ hi. 

-1-l.ltio*  S 

]  E«  »  [  0.053  (1-0*,'  -  0.103  ji&sl  A,  A.  \t  ,301 

I  Wfl  * 

V  ^  ICp  I  I  U.1  ♦  0  01S  (*  -u..)3  ^  o,  Aj  Ij 

The  constants  cf  ',}■))  are  deduced  from  a  best 
fit  with  the  results  cf  Michel  [21]  in  attached 
Jlrws  at  large  Reynolds  number.  The  .t:  erection  terms 
are  such  that  A-t  *  ;  *  '3  *  1  for  usual  boundary 

layers.  For  wakes,  we  assume  • 1  ■  2  and  Cf  *  o.  The 
terms  \g,  A3  are  used  in  case  of  curvature,  or  in 
case  of  free  stream  turbulence,  see  [15]  .  A  smooth 
ir.teraittency  function  is  used  at  last  to  weight  the 
turbulent  closure  relations,  and  the  laminar  closure 
of  similar  solutions,  in  transitional  regions. 

111. 3.  Out-of-Equilibrium  modelling 

The  velocity  profiles  are  assumed  to  be  unchan¬ 
ged.  In  two-dimensions  for  example,  the  departu¬ 
re  of  the  shear  stress  *(x,z)  from  the  equilibrium 
model  T  (x,z)  is  assumed  to  be  only  x-dependent . 

We  deducl  then  from  (16)  (18)  : 


-  *(«> 

Et*) 

*  A  (X)  • 

(*) 

$(X) 

-  A(x) 

In  order  to  compute  A(x),  denoting  k(x,z)  the 
turbulent  kinetic  energy,  c(x,z)  the  unit  dissipa¬ 
tion  o£  energy,  we^assutne  at  last  an  approximate 
model  t(x),  k(x),  e(x)  for  the  turbulent  transport 
of  averadged  quantities  across  the  shear  layer  : 


V.  S'JMSSICAL  TOPPLING  ALGORITHMS 

The  following  results  were  computed  with  dif¬ 
ferent  .-.umericai  methods,  where  the  viscous-invis- 
:  id  touplir.g  is  howewer  always  based  on  explicit 
-?laxatior.  techniques.  This  relaxation  procedure 
coup.es  the  viscous  and  inviscid  calculations,  each 
:f  teem  being  solved  separately  at  a  given  itera¬ 
tion.  The  coupling  iteration  may  be  a  fixed  point 
:ne.,  or  1  note  complex  one,  but  the  correction  pro¬ 
cess  it  each  coupling  node  is  only  dependent  on  the 
coup. mg  error  ac  this  node,  or  in  a  restricted 
environment .  This  explicit-like  approach  is  very 
flexible  witn  respect  to  the  interchangeability  of 
che  inviscid  sclver,  but  generates  a  proolem  of  sta¬ 
bility  control. 

For  steady  two-dimensional  or  quasi  three- 
dimensional  flows  1  infinite  swept  wing),  a  linear 
stability  anaiysi3  is  ieveloppec  to  concrtl  the  re¬ 
laxation  techniques  at  eacn  node,  both  with  cr  wi¬ 
thout  separation,  for  s  b’cuncary  layer  or  a  wake. 

For  two-dimens icnal  unsteady  cr  three-dimen¬ 
sional  flows,  only  preliminary  studies  without  se¬ 
paration  have  been  achieved,  using  an  aroicary  and 
uniform  underrelaxation,  deduced  from  trial  and  er¬ 
ror.  Converged  coupled  solutions  are  then  however 
obtained, numerically  fully  consistent  (or  time  - 
consistent)  with  a  strong  viscous-inviscld  interac¬ 
tion,  without  Inconsistent  smoothing,  with  1  cou¬ 
pling  discretization  allowing  always  for  a  possi¬ 
ble  interacting  upstream  influence. 

IV. 1.  Steady  attached  flow-Dlrect  Relaxation 

The  viscous  layer  is  solved  pressure-prescribed. 
Denoting  n  the  iteration  index,  the  viscous  coupling 
operator  of  equation  (22)  is  written  : 


The  inviscid  distribution  q  at  z-o  is  deduced  from 
a  w  -prescribed  inviscid  solution.  A  fixed  point 
Iteration  with  under  or  over-relaxation  Is  genera¬ 
ted  : 


-  “(x)  w')  ]  (x,o) 


Consistent  centered  or  downwind  discretizations  of 
insure  the  viscous  upstream  influence  reco¬ 
very. 

IV, 2,  Linear  stability  -  Local  relaxation  con- 
trol 


The  transport  equations  of  Launder,  Hanjalic  are 
simplified  in  the  following  way,  see  [15]  : 

(* 


(* 

#  - «  ¥  W?”  V*j 
4.  -  ft  1* 

(  t,  lir,J 

jising  averadged  equilibrium  levels  k  (x) ,  e  (x), 
t  (x)  deduced  from  the  velocity  profiles  mofllling: 

[  -  0.?  <p^  df* 

<  ft.,  -  [o.04?A,A,As (1-2.)  q1  (341 

[  -  A,AtAs[009  (f-lj]1  qL 


Denoting  with  prime  the  small  perturbations  of 
the  solution,  in  two-dimensions,  we  get  from  (35) 
the  viscous  operator  at  wave  number  a  1 

ft'  -  fr.B *.D  (37) 

From  an  approximate  linearized  analysis  of  the  in¬ 
viscid  stability  with  respect  to  the  boundary  con¬ 
ditions  at  z«o,  we  get  at  wave  number  a,  see  [24, 

7,  15]  : 

w'  rn  i.  |S |4  >  (A-M1  (381 

Within  this  assumptions,  we  may  deduce  the  ampli¬ 
fication  (a)  of  the  iteration  (36)  before  rela¬ 
xation,  real  at  subsonic  nodes,  imaginary  at  super¬ 
sonic  nodes,  and  the  optimum  relaxation  at  wave  num¬ 
ber  a.  Finally,  stability  is  achieved  with  the  over- 
relaxation-like  technique  [24]  : 
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/  .»»(«)=  ^  ■  R”tI 

I  !*•  (39) 

I  “(I)  *  w  u»e  C (*  m<ur)J 

0  ■«;  <i>  ^  2. 

We  notice  that  uiopt  (a  max)  decreases  with  the  mesh 
refinement,  the  viscous  layer  thickness,  the  proxi¬ 
mity  of  separation  or  sonic  points. 

IV. 3.  Steady  Semi-Inverse  Relaxation 

In  separating  or  separated  flow  regions,  the 
viscous  solution  is  still  marched  in  free  stream 
direction,  usually  with  an  implicit  integration 
scheme,  using  aw  -  prescribed  inverse  method, 
which^ provides  a  first  guess  of  the  inviscid  velo¬ 
city  q.  The  usual  w  -  prescribed  inviscid  solution 
provides  a  second  guess  q  ,  which  is  compared  to  q 
in  order  to  iteratively  correct  wn.  The  technique 
is  Semi-Inverse  [24]  because  only  the  viscous  sol¬ 
ver  is  an  inverse  one. 

In  Fourier  space,  at  wave  number  a,  we  get 
from  (  38)  that  the  usual  inverse  coupling  iteration 
(inverse-viscous  and  inverse- inviscid  successive 
calculations)  may  be  simulated,  at  least  for  small 
perturbations,  with  the  following  semi-inverse  cor¬ 
rection  : 

£[43-  &'l  I,  4  (401 

(  (X  Ldx  dm  J  ex'1  [dx1  dx1  J  J(x,o) 

With  some  additional  analysis,  a  stable  and  over¬ 
relaxation-like  correction  may  be  written,  see  [24, 

7,  15]: 

j  u,  ui,  a  [±3 - 4ST1  -  (4  iuA  [P  -  I  (411 

l  1  ot Ldx  dx  i  “*“4ot*(dx‘  dx’- jj(x,0) 

0<U4l  (i=  |f  M-Mxl 

^3  *  4)0pe  (rtmax)]  /ijW'/llWM  (42) 

As  originally  suggested  [24],  we  use  presently  ui,- 
uj  and  u) i«o  at  subsonic  nodes,  Wi-o  and  e)z«u>3  at  su¬ 
personic  nodes.  At  supersonic  nodes,  a  theoretical 
improvement  of  the  selection  may  be  al4.otmax  *8  4)3, 

“a  »  u>3 ,  as  more  recently  suggested  by  Wigton,  Holt 
[25].  The  optimal  convergence  race  is  howewer  only 
obtained  at  a  single  wave  number,  a  max,  which  pre¬ 
sumably  is  not  determinant  in  the  global  convergence 
rate. 

A  switch  between  the  Direct  Relaxation  (36) 
and  the  Semi-Inverse  Relaxation  (41)  along  the  con¬ 
tour  zmo  is  used.  The  switching  is  based  on  the 
viscous  calculation,  and  is  controlled  with  the  in¬ 
compressible  shape  parameter  of  the  viscous  layer. 

IV. 4,  Steady  wakes  coupling 

The  displacement  effect  of  symmetrical  wakes 
calculations  may  be  coupled  using  Direct  and  Seml- 
T  verse  Relaxation  techniques  which  are  very  simi¬ 
lar  to  (36) (41),  excepted  we  consider  now  the  nor¬ 
mal-velocity  jump  of  the  Inviscid  flow  along  Che 
cut. 

The  wake  calculation  may  also  be  asymmetri¬ 
cal,  either  to  reach  the  correct  positioning  of  the 
cut  (minimal  velocity  locus),  either  because  of 
an  inviscid  dissymmetry  (q+^  q"),  or  to  get  an  asym¬ 
metrical  estimate  of  the  half-wakes  thicknesses 


(turbulent  modelling,  wake  curvature  effect).  The 
mutual  interference  of  the  upper-lower  viscous- 
inviscid  interactions  changes  mainly  the  viscous 
coupling  operator  of  (37)  in  the  following  way, 
see  [15]  : 

I  fqi-1  ,  L  fi tfi' 

j  *4x  l<V-i  [Wij  (43) 

(  -  0 

The  second  relation  of  (43)  corresponds  to  solve 
the  displacement  coupling  with  a  frozen  curvature 
effect,  and  provides  : 

w*  “  1  «  <^'  (441 

The  coefficients  Be  may  be  used  to  compute  u)J(x) 
and  Wj(x)  in  the  Semi-Inverse  Relaxation  (41)  .  The 
Direct  Relaxation  becomes  : 

{ lil'*-  Id-’1-  u  blspt  (ji£)  [w-td^S  R]  j,x  0s)  ,45! 

The  residual  R  in  relation  (45)  is  the  local  angu¬ 
lar  error  of  the  wake  geometry  positioning. 

The  exact  positioning  of  the  wake  geometry  may 
be  achieved  iteratively.  After  converging  the  dis¬ 
placement  coupling  along  an  approximate  geometry, 
the  residual  R  provides  an  improved  update  of  the 
wake  geometry,  which  may  be  converged  within  a  few 
cycles,  without  noticeable  stability  problem,  see 
[15]  . 

The  interacting  curvature  effect  of  the  wake 
(10),  even  with  the  modelling  (19) (20),  is  more 
complex  than  in  the  boundary  layer  theory,  because 
the  local  averadged  curvature  K*(x)  is  no  more  is¬ 
sued  from  a  preliminary  and  purely  inviscid  cal¬ 
culation,  and  requires  the  "induced"  curvature  of 
the  coupled  inviscid  flow  (strong-interaction).  In 
the  same  way  as  for  the  displacement  coupling,  an 
iterative  update  of  the  pressure  jump  across  the 
wake-cut  generates  a  fixed  point  iteration  for  the 
induced  curvatures  K*  and  raises  a  stability  pro¬ 
blem.  The  stability  control  depends  on  the  mesh  si¬ 
ze,  see  [153,  and  may  become  impossible  on  a  fine 
mesh,  even  when  using  an  underrelaxation  technique. 
We  use  in  this  case  an  inconsistent  smoothing  to 
estimate  numerically  the  local  curvature  K* , 

IV. 5.  Progress  in  Unsteady  and  3D-flows 

The  Direct  and  Semi-Inverse  relaxation  techni¬ 
ques  have  been  extended  to  the  quasi-three  dimen¬ 
sional  calculation  of  infinite  swept  wings,  with  or 
without  separation,  see  section  V.  On  the  contrary, 
the  fully  three-dimensional  calculations  are  perfor¬ 
med  with  a  uniform  underrelaxation,  with  the  Direct 
technique,  without  separation. 

In  unsteady  flows,  the  time  marching  integra¬ 
tion  probably  increases  the  efficiency  of  weak  cou¬ 
pling  techniques  where  the  viscous  set  of  equations 
(12) (13) (17) ,  which  controls  w(x,o,t)  is  not  cou¬ 
pled  to  the  derivatives  of  p(x,o,t),  q(x,o,t)  with 
a  fully  consistent  discretization.  An  inconsistent 
coupling  may  be  consequent,  for  example,  to  a  solu¬ 
tion  procedure  where  viscous  and  inviscid  problems 
are  computed  successively,  at  a  given  time-step, 
without  fully  converging  the  mutual  compatibility 
before  marching  in  time.  Of  course,  a  weak  coupling 
is  always  consistent  with  the  boundary  layer  theo¬ 
ry,  and  may  become  Irrelevant  only  with  respect  to 
the  strong  vlscous-invisc id  interaction,  at  trai¬ 
ling-  edge  for  example.  The  stability  control,  when 
marching  in  time  with  an  implicit  inviscid  solver 
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and  a  large  time  step,  without  a  time-consistent 
coupling,  has  also  to  be  considered. 

Time  consistent  solutions  without  separation 
are  here  simply  achieved  In  converging  a  Direct  Re¬ 
laxation  technique  at  each  time  step.  The  viscous 
equations  are  solved  marching  and  pressure-pres¬ 
cribed,  with  an  implicit  technique.  The  coupling 
underrelaxadon  is  uniform  and  empirical. 

V  .  RESULTS  AND  APPLICATIONS 

Ue  consider  here  a  few  typical  results  taken 
from  different  methods  developped  for  airfoils  and 
wings.  They  are  based  on  potential  solutions  of  the 
pseudo- invisc id  problem.  They  strongly  couple  Defect 
Integral  mechods,  which  are  issued  from  a  unique 
closure  (excepted  for  3D-wings) . 


V.l.  Two-Dimensions  Transonic  Solver  -  Low 


The  full  viscous- invisc id  solver  depicted  in 
sections  II-III-IV  is  used  for  steady  compressi¬ 
ble  flows  around  airfoils.  Laminar  or  turbulent 
boundary  layers  and  dissymmetrical  wake  calcula¬ 
tions  are  strongly  interacted,  with  possibly  dis¬ 
placement,  curvature  and  wake  positioning  effects. 
Separation  bubbles  or  important  trailing-edge  sepa¬ 
rations  may  be  resolved,  approximately  until  maxi¬ 
mum  lift.  The  full  potential  equation  is  assumed 
for  the  inviscid  flow,  which  is  solved  with  the  fi¬ 
nite  difference  relaxation  technique  of  Chattot, 
Coulombeix  [26]  ,  in  conservative  or  non-  conser¬ 
vative  form,  with  simultaneous  relaxation  of  the 
viscous  coupling. 


Fig.  2  -  Transonic  solver  at  Low  speed  and  High 
lift  :  Composite  viscous  solution  with 
trailing-edge  separation  (NACA  4412,  a 
-  13.6°,  R  *  1.5  x  I06,  V  »  20  m/s). 


Fig,  3  -  Pressure  distribution  from  the  transo¬ 
nic  viscous  solver  (NACA  4412,  i  *  13.6°, 
R  -  1 .5  x  106,  V  -  20  m/s) . 


The  solver  may  be  used  at  low  speed  and  high 
lift,  without  extensive  stall.  An  example  of  this 
limit  is  given  on  fig.  2  and  Fig.  3.  The  flow  is 
the  so-called  "Stalled  airfoil  case”  of  the  1980- 
81  AFSOR-Stanf ord  Conference,  and  corresponds  ap¬ 
proximately  to  the  maximum  lift  of  the  NACA  4412 
section.  The  composite  solution  of  fig.  1  is  de¬ 
duced  from  the  velocity  field  q(x,z)  of  the  inte¬ 
racted  inviscid  flow,  and  from  the  velocity  pro¬ 
files  of  the  Defect  Integral  method.  The  viscous 
velocity  field  q  (x,z)  is  written  : 

The  computed  trailing  edge  bubble  shows  approxima¬ 
tely  a  separation  at  75  %  chord,  with  a  rear  sta¬ 
gnation  point  in  the  wake.  A  fully  dissymetrical 
calculation  of  the  wake  with  converged  positioning 
is  used.  The  non-equilibrium  turbulent  modelling 
and  the  wake  curvature  correction  are  howewer  swit¬ 
ched  off. 

V,2.  Two-Dimensions  Panel  Solver  -  Multi 
Elements  airfoils 

This  study  has  been  developped  jointly  with 
M.  Neron  [27]  .  The  direct  -inverse  viscous  sol¬ 
ver  of  the  transonic  airfoils  codes,  still  connec¬ 
ted  with  the  same  Direct  and  Semi-Inverse  coupling 
algorithms,  has  been  interacted  with  the  accurate 
panel  solver  developped  by  Neron,  for  incompressi¬ 
ble  flows  around  single  or  multi-elements  airfoils. 
The  method  is  valid  so  long  as  the  boundary  layers 
and  wakes  are  not  confluent. 

The  influence  matrix  of  the  panel  set  is  used 
to  converge  the  viscous  coupling  iteration.  Sepa¬ 
rations  bubbles  at  trailing-edges,  cove,  slat,  or 
flap  may  be  resolved  automatically  so  long  as  the 
mesh  resolution  on  the  panels  is  fine  enough, with 
respect  to  local  viscous  effects. 

The  fig.  4  shows  an  Aerospatiale  RA16SC1  sec¬ 
tion  with  flap  and  slat,  numerically  investigated 
by  N6ron  for  a  High-lift  Garteur  group.  In  such  a 
difficult  case,  the  high  concavity  of  the  slat  on 
the  lower  side,  jointed  to  a  discontinous  geometry 
which  separates  a  very  thin  boundary  layer  at  a 
sharp  corner,  has  required  to  modify  empirically 
the  slat  geometry  inside  the  well-separated  region 
as  shown  on  fig.  4,  in  order  to  remove  a  cavity¬ 
like  configuration.  The  reattachment  process  is  ho¬ 
wever  computed  with  the  exact  geometry.  At  the  pre¬ 
sent  time,  a  symmetrical  wake  calculation  is  still 
used,  without  curvature  correction,  and  without  a 
full  turbulent  modelling.  Computed  pressure  coeffi¬ 
cients  are  compared  on  fig.  5  with  the  ONERA  experi¬ 
ments  of  J.J.  Thibert . 


Fig.  4  -  RA16SC1  airfoil  with  slat  and  flap  (40*1 
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Fig.  5  -  Pressure  distributions  on  the  multi- 

elements  airfoil  of  fig.  4  from  the  in¬ 
teracted  panel  solver  (a  -  12° ,  aFLAP  * 
40"). 

V.3.  Two-Dimensions  Transonic  Solver  -  Super 
critical  airfoils 


The  transonic  solver  of  section  V.l,  may  be 
used  at  supercritical  conditions,  with  possibly 
bubbles  or  trail ing-edge  separations.  The  fig.  6 
shows  a  typical  result  in  attached  flow,  with  the 
full  viscous  model  and  the  conservative  lnviscid 
solver,  for  a  RAE  2822  test  case  of  the  1980-81 
Stanford  Conference.  At  the  present  time,  the  ma¬ 
jor  limitation  is  the  shock-induced  separation, 
which  would  require  a  spatial  resolution  of  very 
fine  scale  at  the  begining  of  turbulent  interac¬ 
tions,  beyond  the  scope  of  the  present  potential 
solver  robustness,  see  [15]  ,  In  attached  flow,  a 
small  overprediction  of  the  pressure  recovery  at  the 
shock,  sensible  on  fig.  6,  illustrates  probably  the 
same  effect  when  using  the  conservative  inviscid 
technique. 


Fig.  8  -  Transonic  viscous  solver  at  supercriti¬ 
cal  conditions  (RAE  2822,  M  -  0.730,  u 
-  2.79'’,  R  -  8.5  x  10b,  x  -  0.03). 


A  recent  improvement  was  lecentl/  achieved  for 
reputation  of  the  airfoils  for  which  a  small  oase 
is  present  at  the  traillng-edge.  The  slight  modifi¬ 
cation  in  the  geometry  of  the  section,  usually  in¬ 
volved  to  close  the  airfoil,  has  been  here  associa¬ 
ted  to  an  equivalent  wall-transpiration  technique, 
firstly  designed  for  modelling  the  flows  with  spoi¬ 
lers  [28]  .  The  technique  cancels  approximately  the 
error  of  the  computed  geometry  near  the  trailing- 
edge,  and  is  connected  to  the  control  volume  balan¬ 
ce  at  trail  ing-edge,  via  an  increase  of  the  wake 
displacement  thickness,  equal  to  the  base  height. 
The  fig.  7  compares  with  experiments  the  pressure 
distribution  over  the  CAST7  section  at  supercriti¬ 
cal  conditions,  and  illustrates  the  results  obtai¬ 
ned  with  Che  non-conservative  inviscid  solution. 

The  full  two-equations  turbulent  modelling  and  wake 
curvature  corrections  are  used.  The  computation  wi¬ 
thout  base  modelling  assumes  simply  a  geometrical 
closure  of  the  section  near  the  trailing-edge.  The 
full  model  provides  a  noticeably  improved  agreement 
with  experiments.  The  base  thickness  is  0.5  percent 
chord. 


Fig.  7  -  Influence  of  the  trailing-edge  base  mo¬ 
delling  -  Transonic  viscous  solver  (non¬ 
conservative  option). 


V.4,  Two-Dimensions  Transonic  Solver  -  Spoiler 
flap  modelling 

The  deflection  of  a  spoiler  flap,  hinged  on 
the  w-’.l  on  the  upper  surface,  see  fig.  8,  is  sim¬ 
ply  c.ssumed  to  provide  a  new  solid  airfoil  section 
where  a  discontinuity,  similar  to  a  backward-facing 
step,  is  present  at  the  trailing-edge  of  the  spoiler. 
This  geometry  (G) ,  however,  cannot  be  used  directly 
for  the  computation,  and  an  approximate  geometry  (G ' ), 
which  may  be  for  example  the  original  airfoil,  is 
substituted  to  (G) .  At  each  station  along  the  con¬ 
tour,  the  angular  error  between  (G)  ana  (G * )  is  ap¬ 
proximately  canceled  with  an  equivalent  wall-trans¬ 
piration  velocity,  see  [28],  superimposed  to  the 
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viscous  effect.  The  viscous  contribution  to  the  wall 
transpiration  velocity,  is  still  deduced  from  the 
defect  Integral  method  interacted  with  the  inviscid 
field.  The  strong  coupling  allows  to  deal  with  the 
separation  of  the  viscous  layer,  at  the  spoiler  hin¬ 
ge  or  downstream  the  spoiler.  A  control  volume  ba¬ 
lance  Increases  suddenly  the  displacement  thickness 
at  the  stacion  of  the  spoiler  trailing-edge. 

_ Exact  geometry  (G)  Control  volumes 

-  Approximate  geometry  (G'l  /'\ 
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Fig.  9  -  Pressure  on  the  supercritical  RA16SC1 

airfoil  with  a  spoiler  flap  (M  -  0.727, 

*-  °“*  R-  4-2  x  106  •  Spoiler  * 


Fig.  8  -  Spoiler  or  base  modelling. 

The  Aerospatiale  RA16SC1  airfoil  has  been  com¬ 
puted  with  a  10°  spoiler  flap  on  the  upper  surface 
fig.  9,  10,  11.  The  agreement  with  the  ONERA  expe¬ 
riments  of  Consigny,  Philippe  is  promising,  although 
the  wall-interference  corrections  are  not  opti¬ 
mal.  The  separation  is  induced  just  downstream  the 
spoiler,  and  the  calculated  separated  boundary  la¬ 
yer  does  not  reattach  before  the  trailing-edge.  An 
acceptable  plateau-pressure  is  predicted.  The  two- 
equations  turbulent  modelling,  the  dissymetrlcal 
wake  calculation  and  positioning  are  used,  with  the 
conservative  technique,  without  wake  curvature  cor¬ 
rections.  A  trailing-edge  base  is  present.  The  ne¬ 
gative  lift  due  only  to  the  spoiler,  with  a  super¬ 
critical  lower-surface,  is  predicted.  Streamlines 
and  Mach-lines  contours  of  the  composite  solution 
are  displayed  on  fig.  10-11. 


Fig.  11  -  Composite  viscous  solution  on  RA16SC1 
airfoil  with  spoiler  -  Mach-lines  con¬ 
tours. 

V.5.  Quasi-three  dimensional  Transonic  Solver- 
Infinite  Swept  wing. 

This  work  was  developped  jointly  with  D. Blaise 
for  a  thesis  dissertation  [29]  .  The  3D-velocity 
profiles  modelling  of  section  1II.1  is  involved  in  a 
2D-numerical  technique,  along  the  direction  normal 
to  the  leading  edge.  Both  the  stability  control  in 
the  Direct  Relaxation  Technique  for  coupling,  and 
the  Semi-Inverse  Relaxation  Technique  have  been  ex¬ 
tended  to  infinite  swept  flows.  Quasi-three  dimen¬ 
sional  separations,  with  wall  streamlines  accumula¬ 
tion  can  be  computed  with  inverse  solutions  proce¬ 
dures,  and  may  be  interacted,  exactly  as  in  two- 
dimensions. 

"he  present  calculations  of  fig.  12-13  are  as¬ 
sumed  fully  turbulent  and  are  performed  with  the 
equilibrium  closure.  A  symmetrical  wake  calculation 
is  used.  The  inviscid  potential  solver  is  conserva¬ 
tive.  The  Inviscid  solution  is  compared  on  fig.  12 
to  the  viscous  calculation  for  an  ONERA-D  section, 
with  a  30“  swepc  angle,  at  supercritical  conditions. 
The  flow  is  attached.  The  comparison  with  the  30 
ONERA  experiments  of  Schmitt,  Manle  [32]  on  a  fi¬ 
nite  wing  is  only  indicative,  because  of  the  tip 
effect.  A  comparison  between  the  quasi-three  dimen¬ 
sional  viscous  calculation  and  the  purely  two-di¬ 
mensional  approximation  of  the  viscous  flow  is  sho¬ 
wn  on  fig.  13. 


Quasi-30  inviscid  {infinite  wing) 
Quasi-30  viscous  (infinite  wing) 
3D-Experiment  {finite  wing) 
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Fig.  13  -  Comparison  of  2D  and  Quasi-3D  viscous  so¬ 
lutions  over  an  infinite  swept  wing  (ONERA-D 
,  M  -  0.84,  a  -  2°,  R  -  2.5  x  10°, Ip-  30°) 


V.6.  Two-Dimensions  Unsteady  Transonic  Solu¬ 
tions 

Time-consistent  unsteady  viscous  solutions  ha¬ 
ve  been  developped  Jointly  with  P.  Girodroux-Lavigne 
for  unsteady  airfoils  [30]  .  The  inviscid  part  of 
the  calculation  was  designed  by  Couston,  Angelinl 
for  aeroelasticity  problems,  and  assumes  a  transonic 
small  perturbations  approximation  of  the  unsteady 
potential  equation.  The  inviscid  equations  are  sol¬ 
ved  at  each  time  level  with  a  two-step  implicit 
ADI  technique,  where  high  frequency  unsteady  terms 
are  Included.  The  second  Step  (a  -  implicit)  is  in¬ 
teracted  with  the  viscous  wall-transpiration  bounda¬ 
ry  condition,  and  is  solved  iteratively  with  the 
viscous  calculation,  until  converging  the  coupling 
at  a  given  time  level. 

The  unsteady  Defect  Integral  equations  are  sol¬ 
ved  with  the  turbulent  integral  closure  used  for 
steady  flows.  At  each  time  level,  the  viscous  equa¬ 
tions  are  solved  pressure-prescribed,  with  a  non¬ 
linear  implicit  integration  in  the  (x,t)  plane. 

A  box  scheme  discretization  [30]  allows  however  to 
march  the  solution  in  the  free  stream  direction.  Ac 
the  present  time,  only  the  equilibrium  turbulent 
closure  has  been  used,  and  the  laminar  calculation 
has  been  switched  off.  A  symmetrical  wake  calcula¬ 
tion  has  also  been  assumed  for  simplicity,  although 
the  theoretical  upper-lower  asymmetry  of  the  Invis¬ 
cid  velocities  along  the  wake  makes  this  approxima¬ 
tion  only  valid  at  low  reduced  frequencies.  The  wake 
curvature  corrections,  which  are  not  believed  si¬ 
gnificant  within  the  present  approximations,  have 
been  neglected. 

The  fig.  14  compares  to  the  NASA  A  mes  experi¬ 
ments  of  Davis,  Malcolm  [31]  the  calculation  results 
on  unsteady  pressure  distributions,  for  the  NACA64A 
010  airfoil  at  supercritical  conditions,  oscilla¬ 
ting  in  pitch  at  25  percenc  chord,  with  a  reduced 
frequency  k  -  0.40  based  on  the  chord  lenght.  The 
orders  of  magnitude  used  in  the  calculation  are  a- 
bout  10  for  the  local  Courant  number,  and  about  10 
cycles  per  time -step  for  the  viscous- inviscid  ite¬ 
rations.  The  fig.  15-16  shows  a  similar  comparison 
to  experiment  for  a  supercritical  ACTTA  airfoil 
with  an  oscillating  flap.  The  rear-loading,  which 
may  be  seen  on  the  steady  pressure  distribution, 
fig.  15,  generates  viscous  effects  close  to  separa¬ 
tion.  The  separation  calculation  is  not  possible 
however,  due  to  the  present  numerical  technique. 


.....  Inviscid  theory 
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Fig.  14  -  Time-consistent  unsteady  solution  -  First 
harmonic  -  Pitch  oscillation  (NACA  64A010, 
M  -  0.8,  a  »  0°,  R  «  12  x  106) . 


Fig.  15  -  Time-consistent  unsteady  calculation  - 

Steady  asymptotic  solution  over  ACTTA  air¬ 
foil  with  flap. 


10 


M  =  0.74 


10 


L  l  cp 


a  =  *  1 a  oq  =  1 .79°  6q  =  1  °  sin  cjt 
k  =0.475  R,  =  12.10“ 

-■  Viscid- Inviscid  theory 

_ _ Inviscid  theory 

•  •  •  •  Experiment 


method  of  Cousceix,  Aupoix  [33]  ,  with  an  equili¬ 
brium  turbulent  closure,  without  separation  capa¬ 
bility.  Some  improvements,  restricted  to  the  nu¬ 
merical  technique,  have  been  developped  by  Laza- 
reff  to  interact  the  method  with  the  full  potential 
equation  solver  (SLOR,  non-conservative)  of  Chattot, 
Le,  Coulombeix  [26]  . 
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the  vise  id- inviscid  interaction  is  performed 
with  the  inviscid  grid.  When  necessary,  especially 
at  the  laminar  leading-edge  region,  and  adaptive 
subgrid  is  used  only  for  the  viscous  momentum  equa¬ 
tions  (and  entrainment).  The  integral  method  is 
solved  with  the  inviscid  velocity  field  prescribed, 
marching  along  the  chord  on  the  upper  and  lower  sur¬ 
face.  The  wall-transpiration  velocity  is  then  com¬ 
puted  with  the  continuity  equation.  Extrapolation 
techniques  may  be  used  in  case  of  very  small  sepa¬ 
rated  areas.  The  viscous  wake  is  presently  ignored. 
The  coupling  is  achieved  via  a  uniform  underrela¬ 
xation,  without  any  smoothing,  in  case  of  attached 
flow.  The  coupling  relaxation  is  simultaneous  with 
the  inviscid  relaxation. 

The  fig.  17  shows  an  example  of  pressure  dis¬ 
tribution  over  the  F4-wing  investigated  by  0NERA 
and  the  AEROSPATIALE* company  for  a  Garteur  Group. 


-  Viscous  flow  calculation  (wing) 

- Inviscid  flow  calculation  (wingl 

o  Experiment  iwing  body) 


=  0  825 


-100 

Fig.  16  -  Time-consistent  solution  -  First  harmonic 
ACTTA  airfoil  -  Flap  oscillation. 


V. 7.  Three-dimensions  transonic  Wings  Solutions 

A  preliminary  study  of  three-dimensional  vis¬ 
cid  inviscid  interaction  has  been  performed  Join¬ 
tly  with  M.  Lazareff.  The  transonic  wing  configu¬ 
ration,  without  tip  effects,  has  been  selected  as 
a  first  tractable  step  in  three-dimensions,  before 
investigation  of  interactive  boundary  layer  calcu¬ 
lations  over  slender  bodies  (fuselage,  missiles, 
with  free  vortex  sheets). 

On  the  contrary  of  the  previous  sections,  the 
three-dimensional  viscous  integral  method  has  here 
been  reduced  to  the  usual  integral  boundary  layer 


Fig.  17  -  Three-dimensional  viscous  transonic  solu¬ 
tion.  Pressure  on  the  supercritical  F4  - 
Wing  (M-  0.75,  o  -  0.1°,  R  -  3  x  106)  . 

The  flow  is  supercritical  and  attached.  Although  an 
improvement  with  respect  to  the  inviscid  solution  is 
obvious  on  fig.  17,  the  comparison  to  the  0NERA  ex¬ 
periments  of  Schmitt  [34]  is  only  indicative,  due 
to  the  body  interference.  The  computed  wall  shear 
directions  on  the  lower  surface  are  shown  on  fig. 18. 

[*]  The  author  is  grateful  to  the  AEROSPASTIALE  company, 
for  providing  its  financial  support  to  the  present 
preliminary  study  on  three-dimensional  viscous-in- 
viscid  interaction  over  wings,  and  for  giving  per¬ 
mission  to  reproduce  the  present  results. 


11 


Fig.  18  -  3D  -  transonic  viscous  solution.  (F4  - 
Wing,  M  =  0.75,  a  =  0.1°,  R  =  3  x  106). 


VI.  CONCLUSIONS 

The  Defect  Formulation  of  the  Navier-Stokes 
problem,  with  respect  to  an  overlapping  Pseudo- 
Inviscid  one,  has  been  considered  to  generate  a  com¬ 
posite  viscous  solver.  The  viscous  boundary  condi¬ 
tions  which  control  the  pseudo-inviscid  field  may 
be  written  exactly,  and  the  wall-transpiration  con¬ 
cept  is  made  free  of  any  boundary-layer-like  or 
thin-layer  assumption. 

The  selection  of  an  integral  method  of  solution 
may  be  used  either  to  decrease  the  required  computer 
ressources,  or  to  increase  the  computable  flow- 
complexity,  when  thin  viscous  layers  are  present. 
This  is  found  to  be  consistent  not  only  with  the 
Prandtl  equations,  but  also  with  an  approximation 
of  the  Thin-layer  Navier-Stokes  equations,  in  Defect 
Formulation,  with  a  non-zero  normal  pressure  gra¬ 
dient. 

For  simplicity,  the  algebraic  closure  used  in 
the  Defect  Integral  equations  may  assume  to  extra¬ 
polate  the  usual  boundary  layer  techniques.  Deter¬ 
minant  Improvements  are  however  achieved,  both  with 
a  velocity  profile  modelling  including  reverse  flow, 
and  with  an  out-of-equilibrium  turbulent  modelling 
using  two  transport  equations  to  control  the  entrai¬ 
nment  . 

The  steady  and  unsteady  boundary-layer-like 
singularities  of  the  viscous  solutions  (separation 
weak  solutions)  are  removed  via  interaction  with 
the  inviscid  flow,  in  Defect  Formulation.  The  sin¬ 
gularities  of  the  interacting  boundary  layer  theory 
(supercritical  layers  of  the  Crocco  theory)  are  al¬ 
so  removed  in  the  Defect  Formulation,  where  a  full 
viscous  upstream  influence  is  always  recovered  in 
the  supersonic  zones.  Although  higher-order  appro¬ 
ximations,  or  a  full  solution  of  the  Defect  Formu¬ 
lation  may  be  numerically  investigated,  the  major 
shortcomings  of  boundary  layer  theory  are  removed 
as  soon  as  the  first  order  Defect  Integral  equations 
are  strongly  couple,  with  an  inviscid  solver.  The 
approach,  which  includes  separation  bubbles,  shock¬ 
boundary  layer  Interactions,  traillng-edge  and  wake 
phenomena,  is  then  a  wide  scope  and  powerful  tech¬ 
nique  in  high  Reynolds  number  flows. 

A  few  coupling  algorithms,  based  on  explicit- 
like  relaxation  techniques,  have  been  considered 
to  get  the  interacted  solution  from  dissociated  vis¬ 
cous  and  Inviscid  solvers.  Basically,  the  theori- 


tical  analysis  of  the  coupling  techniques  defines 
the  stability  of  an  inviscid  potential  solution  with 
respect  to  perturbed  boundary  conditions.  The  re¬ 
sults  may  be  used  also  for  coupling  subdomains  cal¬ 
culations,  in  inviscid  patching  techniques. 

In  case  of  viscous-inviscid  interaction,  the 
inviscid  perturbation  operator  is  coupled  to  the 
viscous  layer  influence  operator.  This  may  provi¬ 
de  the  local  stability  control  at  each  coupling  no¬ 
de  in  the  fixed- point  relaxation  techniques.  This 
may  also  provide  Semi-Inverse  relaxation  techni¬ 
ques,  which  couple  the  usual  Direct  inviscid  pro¬ 
blem  (Neuman  Conditions)  with  inverse  viscous  solu¬ 
tions,  which  are  required  to  march  Inside  reverse 
flow  regions.  These  coupling  techniques  are  not 
restricted  to  the  integral  solutions  of  the  vis¬ 
cous  layer. 

Results  have  been  shown  for  two-dimensional 
flows,  low  speed,  or  transonic,  or  unsteady,  and 
for  three-dimensional  flows.  Presently,  separated 
flows  are  solved  only  in  steady  two-dimensional 
and  quasi-three  dimensional  lifting  flows,  inclu¬ 
ding  spoiler-induced  separations. 

Further  investigations  are  especially  requi¬ 
red  on  coupling  algorithms,  relaxation-like  or  ti¬ 
me-dependent,  in  unsteady  or  three-dimensional  se¬ 
parated  flows,  in  order  to  compute  wings  and  fuse¬ 
lages  at  high  incidence. 

Further  developments  of  the  numerical  viscous- 
inviscid  techniques  will  at  last  provide  new  Com¬ 
posite  solvers, for  viscous  flows  equations,  as  soon 
as  the  Defect  Integral  equations  will  be  replaced 
by  a  finite  difference  solution  of  the  full  Defect 
equations. 
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Abstract 

Transonic  viscous-inviscid  interaction  is 
considered  using  the  Euler  and  inverse  compress¬ 
ible  turbulent  boundary-layer  equations.  Certain 
improvements  in  the  inverse  boundary-layer  method 
are  mentioned,  along  with  experiences  in  using 
various  Runge-Kutta  schemes  to  solve  the  Euler 
equations.  Numerical  conditions  imposed  on  the 
Euler  equations  at  a  surface  for  viscous-inviscid 
interaction  using  the  method  of  equivalent  sources 
are  developed,  and  numerical  solutions  are  pre¬ 
sented  and  compared  with  experimental  data  to 
illustrate  essential  points. 

I.  Introduction 

Viscous-inviscid  interaction  is  an  important 
and  difficult  problem  in  transonic  aerodynamics. 
Unfortunately,  numerical  solutions  of  the  Navier- 
Stokes  equations  are  not  presently  a  practical 
method  for  routinely  solving  such  problems  due  to 
computer  resource  requirements.  Consequently, 
much  research  has  been  done  and  must  is  still 
going  on  with  regard  to  coupling  inviscid  and 
viscous  flow  solvers  for  treating  viscous-inviscid 
interaction.  Lock^  and  Melnik^)  have  reviewed 
interaction  methods.  For  the  most  part,  these 
methods  consist  of  using  potential  flow  inviscid 
solution  methods  and  attached  flow  viscous  solu¬ 
tion  methods.  Inverse  boundary-layer  methods  are 
being  used  in  some  instances  (see  Le  BalleurW 
for  a  review)  in  order  to  include  separated  flow. 


the  Euler  equations  with  viscous  flow  solvers.  The 
work  that  has  been  done  includes  Refs.  7-9,  where 
the  Euler  equations  were  coupled  with  a  compress¬ 
ible  turbulent  inverse  integral  boundary-layer 
method ^0)  order  to  handle  rotational  flow  that 
may  contain  regions  of  separated  flow.  The  pur¬ 
pose  of  this  paper  is  to  present  further  results 
of  work  involving  the  Euler  and  inverse  boundary- 
layer  equations.  These  results  include:  (1) im¬ 
provements  in  the  inverse  boundary-layer  method, 
(2)numerical  .experiments  with  regard  to  Euler 
equation  boundary  conditions,  (3) experience  using 
second-order  Runge-Kutta  schemes  with  various  num¬ 
ber  of  stages  to  solve  the  Euler  equations,  (4) 
numerical  conditions  imposed  on  the  Euler  equa¬ 
tions  at  a  surface  and  in  a  wake  for  viscous- 
inviscid  interaction  using  the  equivalent  source 
method,  (5)d isplacement  surface  versus  the  equiv¬ 
alent  source  method  of  interaction,  and  (6) numer¬ 
ical  and  experimental  comparisons. 

II.  Viscous  Method 

The  viscous  flow  solution  method  is  an  inverse 
(meaning  the  pressure  distribution  is  obtained  as 
part  of  the  solution  rather  than  being  specified  as 
in  a  direct  method)  integral  compressible  turbu¬ 
lent  boundary-layer  method.  This  inverse  method 
is  an  extension  of  the  direct  method  described  in 
Ref.  11.  Both  methods  solve  the  momentum  ana 
mean-flow  kinetic  energy  integral  equations.  A 
fourth-order  four-stage  explicit  Runge-Kutta 
scheme  is  used  to  solve  the  inverse  equations. 


Computational  fluid  dynamics  has  recently 
matured  to  the  point  that  numerical  solution  of 
the  Euler  equations  can  be  considered  for  solving 
two-  and  three-d imensional  flow  problems . Be¬ 
cause  the  Euler  equations  can  handle  rotational 
flow,  these  equations  offer  more  information  and 
an  extended  Mach  number  range  compared  to  the 
potential  flow  equations.  There  has,  as  yet,  not 
been  a  great  deal  of  effort  devoted  to  coupling 
* 
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A  distinguishing  feature  of  the  direct  and  in¬ 
verse  integral  methods  in  Refs.  11  and  7  was  that 
the  dissipation  integral 
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was  numerically  evaluated  at  each  streamwise  loca¬ 
tion  as  opposed  to  using  an  empirical  dissipation 
relation.  This  was  accomplished  by  using  a  con¬ 
stant  laminar  plus  turbulent  shear  stress  ir.  the 
gion  just  at  the  wall,  a  Cebeci-Smith  type  mod el 
in  the  inner  and  outer  regions,  and  the  derivative 
of  the  velocity  profile  expression  valla  for 
0  <  v  '  Although  this  placed  a  stringent 

requirement  on  the  accuracy  of  the  velocity  pro¬ 
file  expression,  th?  method  gave  i  -od  results.1  1  •** 
even  better  than  finite  difference  methods  Lt 
transonic  flow  over  adiabatic  surfaces.  -  *  •' 
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However,  Che  numerical  evaluation  of  the  dissipa¬ 
tion  integral  at  each  streatnwise  location  made 
this  integral  method  relatively  slow  (with  regard 
to  computational  tune)  as  compared  to  other  inte¬ 
gral  methods.  The  computational  time  was  not  a 
severe  limitation  for  steady  two-dimensional  flow. 
However,  with  the  extension  of  this  method  to  un¬ 
steady  two-  and  three-dimensional  flow,  it  was  de¬ 
sirable  to  eliminate  the  need  for  numerically 
evaluating  Eq.  (1)  at  each  grid  point.  In  this 
connection,  Donegal*  (10)  succeeded  in  correlating 
D,  as  given  by  Eq .  (1),  in  terms  of  the  local  edge 
Mach  number,  shape  factor,  and  skin  friction  co¬ 
efficient  (or  shape  factor  and  Reynolds  number 
based  on  momentum  thickness).  Recently,  Thoraas^*4^ 
has  made  improvements  in  the  turbulence  model  used 
in  Eq .  (1),  particularly  near  the  separation  point , 
and  Donegan  and  Thomas  have  improved  the  correla¬ 
tion  for  D  given  in  Ref.  10.  The  result  of  using 
an  analytical  correlation  as  opposed  to  numerical¬ 
ly  evaluating  Eq.  (1)  is  an  increase  in  speed  of 
0(10). 

III.  Inviscid  Method 

Finite  volume  spatial  discretization  is  ap¬ 
plied  to  the  integral  form  of  the  time-dependent 
Euler  equations  and  the  resulting  equations  were 
solved  using  second-order  Runge-Kutta  time-step¬ 
ping  schemes  with  various  number  of  stages.  Dis¬ 
sipative  terms  composed  of  a  blend  of  second  and 
fourth  differences  are  used  in  this  central  diff¬ 
erence  scheme  and  these  terms  are  held  constant 
during  each  stage  of  the  Runge-Kutta  solution. 
Convergence  to  a  steady  state  is  accelerated  by 
the  addition  of  a  forcing  term  that  depends  on  the 
difference  between  the  local  total  enthalpy  and 
the  freestream  value  of  enthalpy.  Convergence  is 
also  accelerated  by  using  a  local  time  step  deter¬ 
mined  by  the  maximum  Courant  number.  Far  field 
boundary  conditions  are  based  on  a  characteristic 
combination  of  variables,  and  pressure  at  the  wall 
is  determined  using  the  normal  momentum  relation. 
With  the  exception  of  the  use  of  second-order 
Runge-Kutta  schemes  with  various  number,  of  stages 
and  frozen  dissipation,  the  numerical  method  is 
that  of  Jameson,  Schmidt,  and  Turkel.(^) 

An  advantage  of  this  type  of  explicit  scheme 
is  that  stability  can  be  achieved  for  Courant  num¬ 
bers  greater  than  one.  3y  using  different  stage 
Runge-Kutta  schemes,  the  stability  region  can  be 
expanded  ( see  Fig.  1)  and  the  maximum  attainable 
Courant  number  can  be  increased  as  shown  in  Table 
1.  Although  a  larger  Courant  number  can  be 
achieved  by  an  increase  in  the  number  of  stages, 
the  increase  in  work  associated  with  the  increase 
in  stages  eventually  reaches  a  point  of  diminish¬ 
ing  returns.  For  example,  a  scheme  with  a  small 
value  of  R  (see  Table  1)  should  probably  be  used 
in  the  early  cycles  and  a  scheme  with  a  large  val¬ 
ue  of  R  thereafter.  Numerical  experiments  indi¬ 
cate  that  the  four-stage  scheme  is  a  r~  -enable 
compromise.  The  use  of  a  second-order  a  /.  irate 
scheme  in  time  as  compared  to  a  fourth-order 
scheme  as  used  in  Ref.  o  has  the  advantage  of  re¬ 
quiring  slightly  less  storage.  Also,  because 
steady  state  solutions  are  of  interest  here,  and 
because  no  noticeable  improvement  was  found  in  the 
resuits  using  a  fourth-order  scheme  as  compared  to 
a  second-order  scheme,  the  method  used  was  the 
second-order  four-stage  scheme  with  a  maximum 
Courant  number  Jt  1*  J  . 


Re<h*) 

Fig.  1  Stability  Region  for  Various  Stage 
Second-Order  Runge-Kutta  Schemes 

Table  1.  Second-Order  R-Stage  Runge-Kutta 
_  (minimal  storage) 


ki  ■  f(V 

k2  =  f^yn  +  hclh) 
k->  =  f(yn  +  hc.k,) 


kR  -  f( 

yn  + 

hCR- 

lkR-l) 

R 

(CFL)n,ax 

2i 

c  . , 

l 

i  =  1 

,  R  - 

1 

T 

unstable 

— 

— 

— 

1 

unstable 

-- 

— 

-- 

3 

2 

.67 

.50 

1/2, 

1/2 

4 

2.8 

.70 

.56 

1/4, 

1/3, 

1/2 

3 

3.8 

.76 

.63 

1/5, 

1/5, 

1/3, 

1/2 

6 

4.5 

.75 

.64 

1/7, 

1/7, 

1/4 , 

1/3,  1/2 

CFL 

=  efficiency  for  zero  dissipation 

CFL 

=  — —  =  efficiency  for  frozen  dissipation 


IV.  Viscous-Invisc id  Coupling 

The  displacement  surface  concept  where  the 
inviscid  solution  is  carried  out  on  a  grid  that 
is  displaced  from  the  actual  body  by  the  amount 
of  the  boundary-layer  displacement  thickness, 

5  ,  is  the  most  commonly  used  method  of  viscous- 
inviscid  interacton.  This  approach,  however, 
requires  that  a  new  grid  be  generated  ; fter  each 
boundary-layer  solution.  A  viscous-inviscid 
interaction  approach  that  does  not  require  a  new 
grid  to  he  generated  after  each  boundary-layer 
solution  is  the  method  of  equivalent  sources  of 
Lighthill .  pn  this  method,  information  from 

the  viscous  solution  is  used  to  specify  a  distri¬ 
bution  of  sources  (either  positive  or  negative) 
on  the  surface  and  in  the  wake,  and  this  source 
distribution  is  used  is  a  boundary  condition  in 
the  inviscid  solution.  Assuming  no  attempt  is 
made  to  align  some  portion  of  the  grid  with  the 
wake,  only  one  grid  must  be  venerated.  Vnlike  a 
potential  flow  and  boundary- layer  interaction 


V 


method,  an  taler  equation  and  boundary- layer 
interaction  method  that  uses  the  equivalent  source 
concept  requires  that  information  be  specified 
for  the  additional  equations  of  momentum  and 
energy.  Development  of  the  information  necessary 
to  use  the  equivalent  source  concept  with  an  Euler 
equation  and  boundary-layer  interaction  method 
follows.  This  development  is  based  on  the  work  of 
Johnston  and  Sockol.^^)  Their  work  is  reviewed 
and  then  specific  relations  for  the  elements  of 
the  g  vector  of  the  Euler  equations  at  a  surface 
are  obtained. 

To  illustrate  the  approach  consider  the 
steady  two-dimensional  Navier-Stokes  equations  in 
cartesian  coordinates  x,  y 


and  is  the  sht-ar  stress  and  q  is  the  neat  flux. 
I'sing  the  composite  function  for  F,  and  a  similar 
me  for  (a  point  not  mentioned  in  Ref.  16;; 

Eq  .  (.1 )  becomes 

(fo  -  f)dy  <*> 

o 

losing  Eq  .  (o)  anti  the  definitions  of  f,  g,  f,  and 
g,  the  following  conditions  on  the  elements  of  g 
are  obtained. 

The  term  (:v)  is  given  by 


(jv)  *  (ov)  +  —  [(:u)  -  cujdv  (") 


and  the  steady  two-dimensional  Euler  equations 

-  0  (3 

)x  3y 


For  no  porositv  in  Che  boundary-laver  solution 
[(7v)  =  o] 

O 

‘ ov)  *  “■  [(:u)  i  ]  (8 

o  dx  o 

* 

where  :  is  defined  as 


(:u)  5  =  i(cu)  -  cujdv 

o  )  o 


cuu  +  p 


(e  +  p)u 


pvv  +  p 


(e  +  p) v 


The  term  (cuv)  is  given  bv 
o 

(puv)  *  ( o u v  —  t )  + 

o  o 


Tjj-  j  [(cu4-  +  p) ^  -  (ou~  +  p >  ] d y 


P  1,2  2. 

e  =  +  "JP  (u  +  v  ) 

and  u,  v  are  velocity  components  in  the  x,  y 
directions,  and  p,  c ,  and  e  are  the  pressure, 
density  and  total  energy  per  unit  volume.  An 
explicit  description  of  the  elements  of  F  and  G 
is  not  needed.  Integrating  Eqs.  (2)  and  (3) 
with  respect  to  y  over  0  <  y  <  h,  and  considering 
the  solution  vectors  g  and  £  to  coincide  for 
y  >  h  (where  h  is  taken  outside  the  viscous 
region),  the  two  integrals  can  be  combined  to 
obtain 

i  =  C  +  I  (f  -  F)dy  (4) 


where  the  subscript  o  indicates  y  =  0.  To  avoid 
solving  the  Navier-Stokes  equations,  the  exact 
solution  F  is  represented^®'  by_*a  composite  - 
function  F,,  where  F  =  F=  f  +  f-  f  ,  and  f  is 
a  solution^of  the  boundary-layer  equations 

—  +  -1=0  (5) 


For  no-slip  boundary  conditions  for  the  boundary- 
layer  solution  (uQ  =  0),  and  taking  the  boundary- 
layer  pressure  equal  to  the  pressure  from  the 
Euler  solution  at  the  surface 

(.:uv)  «  -  t  +  I(ju')  (;  +  -)]  >11) 

o  o  dx  o 


where  6  is  defined  as 


(pu")  (5  +  6)  *  [(pu**)  -  :u4]dv  (12) 

O  /O' 


As  pointed  out  in  Ref.  16  this  approach  will 
not  provide  the  information  necessary  to  obtain 
the  pressure,  and  a  specific  approach  to  obtain 
the  third  element  of  g  is  not  given  in  Ref.  16. 
The  pressure  is  obtained  here  through  an  extension 
of  the  work  of  Rizzi^''  by  including  a  surface 
porosity  term  inRizzi's  normal  momentum  relation. 
This  relation  is  derived  by  Thomas1^4*  and  the 
influence  of  including  or  neglecting  the  porosity 
term  is  Remonstrated  in  the  next  section.  The 
term  fpv"  +  p)  ,  therefore,  is  obtained  by  4^ter- 
mining  p  as  mentioned,  and  determining  by 

Eq .  (8)wfiere  the  density  is  obtained  from  the 
previous  t im<r  step. 

The  term  [(e  -*-  p)vj  is  given  bv 


[  ( e  *  p)vj  =  ,r(e  *  p )  v  -  u  t 


—  t  <  e  +  p )  u  ; 


Esin*  no-slip  and  no  porosity  boundary 
’or  the  hounda rv- laver  solution  u  - 


an  adiabatic  surface  L  (q)Q  =  O1  ,  and  the  defini¬ 
tion  of  total  enthalpy  (cli  *-  e  +•  p)  ,  Eq.  (13)  be- 


[(e  +  o)vj  =  uvH)  =  ~ 
o  O  dx 


JuH]dy 

(14) 


The  boundary-layer  method  was  developed  for 
an  adiabatic  surface  with  variable  total  enthalpy 
across  the  boundary  layer  that  takes  into  account 
total  enthalpy  overshoot  and  nonunity  Prandtl 
number. A  correlation  for  the  integral  in 
Eq.  (14)  has  not  been  developed  as  yet,  hence  the 
approximation  Hq  *  H  is  taken  to  prevent  having  to 
numerically  evaluate  Eq.  (14)  at  each  point.  This 
approximation  yields 


j.  ~  =  3.19°.  The  freestream  Mach  number  cor¬ 
rection  of  used  in  Fie.  3  for  the  numerical 

solutions  was  that  used  by  Lock.  1  It  appears, 
therefore,  that  in  view  of  the  good  agreement  be¬ 
tween  numerical  and  experimental  results  obtained 
in  Fig.  3  by  accounting  for  the  sensitivity  of  the 
far  field  boundary  and  using  the  corrected  angle 
of  attack,  the  good  agreement  obtained  previous¬ 
ly!**,  19)  using  x  —  x^  =  3.19°  was  fortuitous. 
Further  experimental  results  without  wall  inter¬ 
ference,  or  with  minimal  wall  interference  and 
accurate  far  field  measurements  are  needed. 


[  (e  +•  p)v  j . 


(ovH)  *  H  [ (ou)  5  ] 
o  o  dx  o 


which,  by  Eq .  (8),  is  now  simply  an  identity. 

It  is  interesting  to  note  chat  the  combina¬ 
tion  of  Eqs.  (8)  and  (11)  produces  the  von  Karman 
momentum  integral  equation.  Hence,  the  results 
of  this  section  can  be  summarized  as 


ct 


(-v;  =»  —  Uou)  5 

o  dx  o 


(cuv)  =  u  —  [ (cu)  5  J 
o  o  dx  o' 


a7) 

o 

[(e  +  p)v]  =  (pvH)  =  H  -p-  ((ou)  5  ]  (15) 

o  o  o  dx  o 


mentioned  extenison°of  Rizzi’s  method. 


V.  Results 

Numerical  results  are  compared  in  Refs.  8 
and  19  with  experimental  data  taken  on  the  RAE 
2822  airfoil(20)  chat  show  good  agreement.  The 
computations  of  Refs.  8  and  19  were  carried  out 
at  the  geometric  angle  of  attack,  x ,  of  the  ex¬ 
periment  as  opposed  to  the  corrected  angle  of 
attack,  -i  ,  suggested  in  Ref.  20  to  account  for 
wall  interference.  Recent  numerical  experiments 
conducted  to  investigate  the  sensitivity  of  the 
solution  to  the  grid,  indicate  a  rather  surprising 
sensitivity  it  lift  to  the  location  of  the  far 
field  boundary  as  indicated  in  Fig.  2.  The 
results  in  Fig.  2  were  obtained  by  changing  the 
Location  of  the  far  field  boundary,  while  main¬ 
taining  the  same  far  field  boundary  conditions^) 
until  there  was  no  further  change  in  the  solution. 
Using  the  grid  with  the  far  field  boundary  located 
such  that  no  change  in  the  solution  due  to  the 
grid  would  be  expected,  the  computations  for  the 
RAE  2822  airfoil  for  M,  =  3.730,  *  3.19°,  and 

Re „  ( f reestream  Reynolds  number  basid  in  chord)  * 
6.o  x  LO^  were  repeated.  These  results  are  pre¬ 
sented  in  Fig.  3  for  both  the  geometric  angle  of 
attach  (  j  9  i.ry  a  3.L9®'1  and  the  corrected  angle 
of  attack  ■  ■  =  =  2.73°;  suggested  by  the 

exper imencors .  As  :an  be  seen  in  Fig.  3,  the 

agreement  between  the  computations  and  the  experi¬ 
mental  data  for  i  *  i  =  2.7-3®  is  better  than  for 
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Fig.  2  Influence  of  the  Far  Field  Boundary 
Location  on  the  Lift  Coefficient  for 
the  RAE  2822  Airfoil  at  =  0.734 
and  x  *  3.19°  (Inviscid) 
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The  normal  momentum  relation  derived  by 
Rizzi^')  to  obtain  surface  pressure  was  based 
on  an  impermeable  surface.  Thomas^"*)  has  extend¬ 
ed  this  work  to  include  a  permeable  surface  for 
viscous-inviscid  interaction.  The  numerical  re¬ 
sults  in  Fig.  3  included  this  new  normal  momentum 
relation  with  a  permeable  surface.  A  comparison 
of  numerical  results  obtained  with  and  without 
the  permeable  surface  term  is  given  in  Fig.  4  for 
the  same  flow  conditions  as  Fig.  3.  The  results 
in  Fig.  4  indicate  that  the  influence  of  this 
term  is  small,  although  the  influence  the  term 
does  have  is  to  improve  the  agreement  with  experi¬ 
ment  slightly  on  the  upper  surface  at  the  begin¬ 
ning  of  the  shock  and  in  the  aft  region  of  the 
lower  surface. 
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Fig.  4  Viscous-inviscid  Interaction  Results 
for  the  RAE  2822  Airfoil  With  and 
Without  the  Porosity  Term  in  the  Sur¬ 
face  Pressure  Boundary  Condition 


Because  the  displacement  surface  method  of 
viscous-inviscid  interaction  is  the  most  commonly 
used  method  of  calculation,  a  comparison  is  pre¬ 
sented  in  Fig.  3  of  the  displacement  surface 
method  and  the  method  of  equivalent  sources.  The 
flow  conditions  used  to  obtain  the  results  in  Fig 
3  are  the  same  as  used  to  obtain  the  results  in 
Figs.  3  and  4.  Also,  the  normal  momentum  rela¬ 
tion  allowing  for  a  permeable  surface  was  used. 
There  is  some  difference  between  the  two  methods 
of  performing  interaction  computations  as  in¬ 
dicated  in  Fig.  3.  The  difference  in  shock 
location,  for  example,  is  of  the  order  of  the 
distance  between  grid  points  in  this  region. 

As  mentioned,  the  method  of  equivalent  sources 
requires  that  only  one  grid  be  generated,  where¬ 
as,  the  displacement  surface  requires  a  new  grid 
for  each  new  boundary-layer  displacement  surface. 
The  method  of  equivalent  sources  has  been  found 
the  easiest  to  use  once  all  the  source  relations 
are  derived  and  coded. 
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Fig.  5  Viscous-inviscid  Interaction  Results 
for  the  RAE  2822  Airfoil  Using  Dis¬ 
placement  Surface  and  Equivalent  Source 
Methods  of  Interaction 


VI.  Concluding  Remarks 

The  results  presented  involved  improvements 
and  experiences  with  previous  work  in  using  Euler 
and  inverse  boundary-layer  equations  for  treating 
transonic  viscous-inviscid  interaction.  Improve¬ 
ments  in  the  inverse  boundary-layer  method  includ¬ 
ed  the  handling  of  the  turbulence  modeling,  par¬ 
ticularly  near  separation,  and  a  correlation  for 
the  dissipation  integral  which  eliminated  the 
need  for  numerical  integration,  and  thereby  re¬ 
duced  the  computational  time  of  the  viscous  sol¬ 
utions.  Solutions  of  the  Euler  equations  indi¬ 
cated  a  significant  influence  of  the  far  field 
boundary  on  the  lift  of  a  supercritical  airfoil 
with  a  reasonably  strong  shock  on  the  upper  sur¬ 
face.  The  computed  lift  did  not  change  once  the 
far  field  boundary  was  moved  far  from  the  airfoil. 
This  observation  is  receiving  further  investiga¬ 
tion.  The  use  of  second-order  Runge-Kutta  schemes 
with  various  number  of  stages  indicated  that  a 
second -order  four-stage  scheme  with  a  maximum 
Courant  number  of  2^2  was  a  reasonable  compromise 
for  solving  the  Euler  equations.  Additional  num¬ 
erical  surface  conditions  for  the  momentum  and 
energy  equations  were  developed  and  used  in  the 
Euler  equations  for  the  equivalent  source  method 
of  viscous-inviscid  interaction.  Accounting  for 
a  permeable  surface  in  the  normal  momentum  rela¬ 
tion  used  to  obtain  pressure  produced  a  slight 
improvement  in  the  results.  Finally,  numerical 
solutions  indicated  some  difference  between  the 
displacement  surface  method  and  the  equivalent 
source  method  of  viscous-inviscid  interaction, 
although  the  difference  in  shock  location  was 
approximately  the  same  as  the  distance  between 
grid  points.  The  eqivalent  source  method  is  the 
easiest  to  use  and  requires  that  only  one  grid 
be  generated. 
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The  present  work  was  tarried  out  on  a  CYBER 
203  in  64-bic  mode  with  only  j  small  portion  of 
the  code  vectorized.  Typical  run  times  were  108 
seconds  for  1000  Euler  equation  cycles  on  a 
118  x  30  grid  with  16  bour.dury-layer  solutions. 
Experience  indicates  that  a  similar  solution 
obtained  on  a  CRAY-1S  requires  about  half  this 
amount  of  time. 
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AIRFOIL  FLOW  FIELD  CALCULATIONS  WITH  COUPLED  BOUNDARY  LAYER/POTENTIAL  CODES 


J.  D.  Murphy  and  L.  S.  King 
NASA,  Ames  Research  Center 
Moffett  Field,  California 

Abstract 


In  the  proposed  paper,  the  authors  will  con¬ 
sider  the  solution  of  airfoil  flow  fields  by  means 
of  coupled  boundary  layer/full  potential  solutions, 
including  the  effects  of  separation. 


The  inviscid  flow  will  be  calculated  using  a 
conservatively  differenced  full  potential  code, 
which  for  the  flows  considered,  should  provide 
essentially  the  same  flow  field  as  a  solution  to 
the  Euler  equiations. 

The  viscous  flow  will  be  obtained  by  solving 
the  boundary- layer  equations  in  either  the  direct 
or  inverse  mode  as  required. 


The  coupling  will  be  carried  out  by  means  of  a 
surface  blowing  and  bleed  distribution  in  the 
inviscid  calculation  modeling  the  viscous  flow 
effects  on  the  inviscid  flow.  Convergence  is 
indicated  when  the  pressure  distributions  in  the 
viscous  and  inviscid  solutions  agree. 

It  is  well  established  that  substantial  eco¬ 
nomies  can  be  obtained  in  the  computation  of 
interacting  flows  by  the  use  of  zonal  methods.  It 
is  less  clear,  however,  what  one  pays  for  these 
solutions  in  terms  of  lost  information  or  loss  of 


accuracy  due  to  the  approximation  inherent  in  these 
methods. 

A  significant  portion  of  the  paper  will  be 
devoted  to  the  assessment  of  the  effects  of  the 
choices  between: 

1.  Specification  of  d*  (or  equivalently 
stream-function  at  the  edge),  or  of  Ct,  as  a 
boundary  condition  for  the  inverse  boundary-layer 
calculations. 

2.  The  flare  approximation  or  iterative 
sweeping  in  the  separation  bubble. 

3.  The  choice  of  and  definition  of  boundary 
conditions  on  the  inviscid  calculation  to  represent 
the  viscous  flow. 

4.  The  selection  of  parameters  of  the  viscous 
and  inviscid  calculations  which  are  to  be  matched 
and  the  significance  of  the  convergence  criteria. 

In  each  case  above,  the  effects  of  the  various 
choices  available  will  be  determined  by  comparing 
solutions  under  the  various  options  and  where  sig¬ 
nificant  differences  are  noted  by  comparing  the 
solutions  to  the  thin-layer  equations  and  to 
experimental  data. 
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Abstract 

i  progress  report  is  given  on  three  related 
jrojects,  in  all  of  which  elliptic  equations  are 
jsed  to  describe  shear  layers  with  significant 
ipstream  influence,  such  as  occurs  near  trailing 
■dges  or  rapid  changes  in  surface  curvature.  The 
large  computing  times  usually  required  for 
iterative  elliptic  solutions  are  avoided,  or 
disguised,  by  imbedding  the  shear  layer  iteration 
in  the  iteration  loop  required  to  match  any  shear 
layer  solution  to  a  solution  for  the  outer 
"inviscid"  flow.  Programs  for  calculation  of  flow 
over  single  airfoils  are  running  in  incompressible 
and  compressible  flow  (in  the  latter  case  with 
moderate  shock  induced  separation)  and  extension  to 
multi  element  airfoils  is  in  hand. 


1 .  Introduction 


The  conventional  process  of  viscous  inviscid 
matching  involves  the  solution  of  an  "inviscid" 
equation  for  the  outer  flow  to  provide  the  boundary 
condition  for  a  solution  of  the  parabolic  thin 
shear  layer  equations  ("boundary  layer  equations") 
in  the  viscous  or  turbulent  part  of  the  flow;  the 
presence  of  the  retarded  viscous  region  in  turn 
|  affects  the  inner  boundary  condition  for  the 

inviscid  equation,  and  the  two  sets  of  boundary 
conditions  must  be  matched  iteratively  (this 
description  covers  both  "direct"  and  "inverse" 
calculations).  It  is  well  known  that  the  thin 
3hear  layer  equations  are  inaccurate,  or  even 
singular,  in  flows  where  the  normal  pressure 
gradient  cannot  be  neglected:  sometimes  the  normal 
pressure  gradient  can  be  related  to  the  curvature 
of  a  solid  surface  or  a  known  streamline  (in  which 
case  the  equations  remain  parabolic)  but  this  is 
not  a  reliable  procedure  if  the  curvature  is 
changing  rapidly,  as  it  does  near  a  trailing  edge. 

Mahgoub  and  Bradshaw  ( 1 )  described  a  method  of 
combining  the  iterative  scheme  required  to  match  a 
3hear  layer  calculation  to  an  inviscid  flow 
calculation  with  the  iterative  scheme  required  to 
30lve  elliptic  equations  in  the  shear  layer.  Thus, 
the  full  Navier  Stokes  equations  or  any  desired 
simplification  of  them  could  be  solved  for  any 
shear  layer,  without  incurring  the  large  increase 
in  computing  time  that  would  be  required  if  the 
shear  layer  solution  were  iterated  to  convergence 
at  each  cycle  of  the  viscous  Inviscid  matching 
iteration.  The  object  was  to  improve  the  accuracy 
of  calculations  in  highly  curved  flows  or  near 
airfoil  trailing  edges,  where  large  errors  can 
result  from  trusting  the  thin  shear  layer 
approximation  that  the  normal  pressure  gradient  is 
negligible.  Mahgoub  and  Bradshaw  restricted  their 
work  to  shear  layers  without  reversed  flow,  and 
with  a  sufficiently  high  Reynolds  number  that 
normal  stress  gradients  could  be  approximated; 
thus,  two  dimensional  storage  was  required  only  for 


the  pressure  field,  and  not  for  the  velocity  field 
or  viscous  stresses,  because  upstream  influence  was 
assumed  to  propagate  only  via  the  pressure  and  not 
via  longitudinal  gradients  of  viscous  or  turbulent 
stress  or  via  flow  reversal  (Fig.  1). 

In  the  numerical  scheme  for  the  shear  layer,  based 
on  the  BFA  method,  the  x-component  momentum 
equation,  the  continuity  equation  and  the  Reynolds 
stress  transport  equations  are  solved,  at  a  given 
streamwise  position,  using  the  pressure  field 
calculated  on  the  last  "sweep"  of  the  shear  layer 
calculation  to  evaluate  dp/dx  (which  is  allowed  to 
vary  with  y):  then,  the  y-component  momentum 
equation  is  solved,  trivially,  for  p-pe,  given  U,  V 
and  the  Reynolds  stresses.  Actually,  the 
y-component  equation  is  solved  at  the  previous 
x-position,  so  that  the  newly  calculated  values  of 
V  can  be  used  in  a  central  difference 
representation  of  the  major  term  UdV/dx.  The  final 
station  in  the  shear  layer  calculation  is  always 
chosen  such  that  dp/dy  is  negligible  -  far 
downstream  of  an  airfoil,  for  instance.  At  the  end 
of  the  shear  layer  "sweep",  the  values  of  V 
calculated  at  the  edge  of  the  shear  layer  are  used 
as  the  boundary  condition  for  a  calculation  of  the 
inviscid  flow  (using  a  surface  source  method  in  the 
case  of  incompressible  flow)  in  the  region  outside 
the  shear  layer,  which  yields  new  values  for  pe. 
Note  that  a  nominal,  preferably  generous,  estimate 
of  the  shear  layer  thickness  can  be  used  at  the 
first  major  iteration  and  improved  as  the 
calculation  proceeds.  The  displacement  surface 
concept  is  not  used  at  all  (it  presents  conceptual 
and  practical  difficulties  if  the  external  flow 
velocity  varies  significantly  with  y,  as  it  is 
bound  to  do  if  dp/dy  is  significant).  An  improved 
estimate  of  the  pressure  field  within  the  shear 
layer  is  now  obtained  from  the  new  pe  and  the  old 
p-pe  (i.e.  that  calculated  in  the  last  shear  layer 
sweep),  and  the  process  repeated  (Fig. 2).  The  only 
major  difficulty  in  this  extension  of  boundary 
layer  concepts  is  the  need  to  use  semi  curvilinear 
(s,n)  coordinates  in  the  shear  layer  (axis 
curvature  being  negligible  in  the  thin  shear  layer 
approximation):  see  Fig. 3. 

The  present  paper  gives  details  of  progress  since 
the  publication  of  Mahgoub  and  Bradshaw's  paper. 
Complete  airfoil  calculations,  including  a  laminar 
boundary  calculation  (assuming  negligible  dp/dy) 
and  a  full  treatment  of  the  wake  have  now  been  done 
in  incompressible  flow,  using  the  Smith  and  Hess 
surface  source  method  for  the  inviscid  flow  and 
Thwaltes'  method  for  the  laminar  boundary  layer. 
In  compressible  flow,  Jameson's  FLO- 11  program  has 
been  used,  as  an  interim  measure,  for  the  inviscid 
flow,  with  the  Cohen-Reshotko  upgrade  of  Thwaites' 
method  for  the  laminar  boundary  layer,  and  a 
simplified  version  of  the  wake  routine  in  which  the 
density  is  assumed  to  be  constant  across  the  wake, 
although  streamwise  variations  are  allowed  for. 
(The  incompressible  wake  program  has  now  been 


cleaned  up  and  will  be  extended  to  compressible 
flew  with  a  proper  treatment  of  the  density.)  The 
(incompressible)  program  _s  being  extended  to  multi 
element  airfoils,  where,  at  high  lift,  the  rate  of 
growth  of  the  "boundary  layer"  over  the  rear  flap 
can  be  of  order  unity  (Fig.  8)  and  the  traditional 
tnin  shear  layer  approximation  breaks  down 
completely.  Extension  to  three  dimensional  flow  is 
about  to  begin:  the  use  of  the  V  component  velocity 
as  the  boundary  condition  for  the  inviscid  flow 
avoids  difficulties  with  the  definition  of 
displacement  thickness  in  three  dimensions.  For 
development  purposes,  the  inviscid  flow  calculation 
will  be  restricted  to  infinite  yawed  wings  (when  it 
becomes  effectively  two  dimensional)  in  order  to 
save  computing  time,  but  the  shear  layer 
calculation  will  treat  fully  three  dimensional 
flows.  The  existing  three  dimensional  boundary 
layer  program  can  be  extended  to  include  the 
y-component  momentum  equation  in  much  the  same  way 
as  the  two  dimensional  program.  In  a  fully  three 
dimensional  flow,  logic  would  be  needed  to  control 
the  direction  of  spanwise  progress  of  the 
calculation  according  to  the  crossflow  direction, 
as  in  the  "characteristic  box"  method  of  Cebeci  and 
Stewartson  (2):  an  advantage  of  the  BFA  method  is 
that  the  characteristics  appear  naturally. 


reported  by  Bradshaw,  Dean  and  McEligot  (3).  It 
was  postulated  that  any  changes  in  the  turbulent 
structure  are  likely  to  be  small.  It  was  pointed 
out  that  this  approximation  is  not  likely  to  be 
suitable  for  snear  layers  containing  stress 
profiles  of  the  same  sign,  e.g.  an  .nternal 
boundary  layer.  The  physical  justification  of  the 
superposition  approach  is  that  the  flow  structure 
in  the  interaction  zone  is  of  an  intermittent 
nature  with  negatively  and  positively  stressed 
fluid  existing  at  the  same  point  at  different 
times.  The  basis  of  the  method  is  that  both  shear 
stress1  profiles,  r+  and  i_,  s:  buld  be  calculated 
independently;  with  the  exception  that  the  mean 
velocity  profile  is  common. 


The  equations  to  be  solved  are  slightly  different 
from  the  original  ones  quoted  in  Ref.  (k).  In 
(x,y)  coordinates  -  for  simplicity  -  both  shear 
stre*3  equations  are  of  the  form: 
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where: 


2.  Isolated  airfoil  calculation 


T 


or 


2.1  Incompressible  flow 


The  mean  velocity  is  obtained  from: 


The  boundary  layers  on  the  upper  and  lower  surfaces 
are  solved  independently  (Fig. 3).  The  laminar 
section  of  the  boundary  layer  is  solved  by  the 
Thwaites  integral  method;  the  point  of  transition 
is  chosen  arbitrarily  but  any  standard  criterion 
could  be  inserted.  The  turbulent  solution  using 
tne  BFA  method  continues  up  to  points  about  two 
upper  surface  boundary  layer  thicknesses  upstream 
of  the  trailing  edge  on  each  side.  The  dp/dy 
calculation  is  switched  on  if  the  surface  curvature 
is  large,  but  otherwise  dp/dy  is  notionally  set  to 
zero  and  not  stored. 

Starting  at  this  position  Just  upstream  of  the 
trailing  edge  the  coordinate  system  is  transformed 
from  the  original  (s,n)  systems  for  each  boundary 
layer  to  a  curvilinear  orthogonal  coordinate 
system,  (4>,il>),  which  represents  the  streamlines  and 
equipotentials  of  inviscid  flow  over  a  wedge  with 
the  same  angle  as  the  trailing  edge  (the  surface  is 
assumed  flat  in  this  region).  Thi3  region  extends 
the  same  distance  downstream  of  the  trailing  edge; 
the  dp/dy  calculation  remains  switched  on 
throughout  the  trailing  edge  region.  Finally  the 
original  kind  of  (s,n)  system, now  referred  to  a 
nominal  center  line  of  the  wake,  is  used  in  the 
rest  of  the  wake  region. 

In  this  paper  we  concentrate  on  the  improvements 
made  in  the  last  few  years  to  the  method  of  Mahgoub 
and  Brad3haw,  and  readers  are  referred  to  their 
paper  for  a  detailed  description  of  the  method. 
Introduction  of  a  wake  calculation  requires  two 
additions,  (a)  a  wake  turbulence  model  (b)  special 
treatment  of  the  coordinates  in  the  trailing  edge 
region . 

(a)  The  wake  turbulence  model 

The  calculation  of  the  two  interacting  shear  layers 
,  i.e.  the  upper  and  lower  wake  regions  of  the 
airfoil,  by  straightforward  superposition  was  first 


The  dimensionless  parameters,  a, ,G  and  L,  which  are 
defined  above  are  evaluated  in  terms  of  T  +  and  T_ 
separately.  At  the  edges  of  the  shear  layer  the 
flow  velocity  is  prescribed  to  be  equal  to  the 
external  values,  Ue. 

The  length  scale  of  the  wake  region  may  be  obtained 
either  from  an  algebraic  formula  or  by  solving  an 
additional  transport  equation.  Fig.  (*0 
illustrates  how  the  two  shear  layers  interact  in 
the  wake  region.  It  is  important  to  mention  that 
the  introduction  of  the  extra  shear  stress  into  the 
equations  does  not  affect  their  hyperbolicity  since 
it  may  be  considered  simply  as  a  body  force  term. 

This  approach  was  applied  to  flow  in  a  duct  (3)  and 
later  to  a  Jet  flow  (5).  The  approximation  was 
found  to  be  successful  for  both  cases.  It  is 
significant  that  although  the  turbulence  levels  in 
the  Jet  are  large  the  superposition  assumption 
models  the  turbulence  structure  fairly 
successfully;  for  later  results  see  Heir  et  al.(6). 


(b)  Trailing  edge  coordinate  system 


It  is  necessary  to  provide  a  smooth  transition  from 
the  ts,n)  coordinate  system  along  the  airfoil  to 
the  (s,n)  coordinate  system  in  the  wake.  A  problem 
is  caused  by  the  singularity  in  geometry  at  the 
trailing  edge  (note  that  the  Navier  Stokes 
equations  -  as  distinct  from  the  thin  shear  layer 
equations  -  do  not  themselves  generate 
singularities  leading  to  unphysical  behavior).  The 


original  airfoil  program  changed  from  the  two  (s,n) 
coordinate  systems  used  in  the  upper  and  lower 
boundary  layers,  to  the  single  (s,n)  system  used  in 
the  wake,  by  simple  interpolation  of  the  former  on 
to  the  3=0  line  of  the  latter.  However  this  proved 
to  be  unwieldy  and  inaccurate  because  of  the  wide 
variety  of  trailing  edge  geometries  for  which 
streamwise  derivatives  had  to  be  evaluated.  to 
choose  a  set  of  streamwise  curves  in  the  trailing 
edge  region  whose  slope  and  curvature  match  the 
consta.nt-n  lines  in  the  turbulent  boundary 
layer  region  upstream  and  the  wake  region  further 
downstream,  and  to  produce  an  orthogonal  set  of 
curves  to  this  streamwise  set  (the  alternative 
being  to  use  a  non-orthogonal  interpolation  mesh 
which  would  have  caused  extra  complication  and 
suffered  from  many  of  the  disadvantages  of  the 
first  scheme).  The  main  need  is  for  a  coordinate 
system  which  removes  the  trailing  edge  singularity. 
From  potential  theory  a  suitable  system  may  be 
found  based  on  a  "wedge  flow  transformation". 

Referring  to  Fig.  (5)  the  entire  5  plane  with  a 
cut  at  9=  tt  is  mapped  onto  a  region  -rr/n<9<7r/n  in 
the  Z-plane,  the  transformation  between  the  two 
planes  being 


This  transformation 
on  to  Z=0. 


is  singular  at  C=0  which  maps 


The  potential  flow  solution  lines  produced  by  the 
above  transformation  may  be  used  here  as  an 
orthogonal  curvilinear  coordinate  system  in  the 
Z-plane,  where  the  streamlines  of  constant  p  are 
the  lines  of  constant  normal  coordinate,  and  the 
equi-potential  lines  of  constant  i  are  the  lines  of 
constant  streamwise  coordinate.  The  angle  between 
these  coordinate  lines  and  the  real-flow 
streamlines  should  at  least  be  small  enough  to 
minimise  raise  diffusion  errors. 

The  Z-plane  is  described  in  terms  of  polar  complex 
coordinates: 

i9 


The  potential  field  W  is  defined  as: 


3w  .  3w  3  £ 

3 Z  *  U-1V  *  3q  3Z 


The  potential  flow  in  the  c  plane  has  unit  velocity 
everywhere.  Therefore: 

■  1:  ff'  ’  fz  *  nZn  Therefore  w(Z)»Zn. 


This  potential  flow  is  now  described  in  terms  of 
the  streamwise  variable  $  -  and  the  orthogonal 
variable  'P . 

Thus: 

w(Z)  »  Zn  *  D  *  ip  -  rneln® 


Consequently  the  coordinate  system  may  define  as: 
p  «  rn  Cos  n9 


anu 

i>  -  rn  Sin  nd 

The  trailing  edge  region  extends  about  2%  of  the 
chord  length  both  upstream  and  downstream  of  the 
trailing  edge. 

The  transformed  "streamlines"  all  asymptote  to  the 
wedge  surface  at  an  infinite  distance  upstream  of 
the  trailing  edge.  Here  it  is  necessary  for  the 
"streamlines"  to  become  straight  -  or  at  least  to 
match  the  constant-n  lines  -  at  a  finite  distance 
upstream.  This  is  arranged  by  patching  the  (s,n) 
system  of  the  turbulent  boundary  layer  and  the 
orthogonal  curvilinear  (p,p)  system  of  the  trailing 
edge  region  together  by  using  polynomial  streamwise 
curves.  For  conformity  with  the  con3tant-n  lines 
of  the  turbulent  boundary  layer,  they  have  to  match 
slope  and  curvature  at  the  upstream  end.  Similarly 
downstream  they  must  have  the  3ame  slope  and 
curvature  as  the  wake  coordinate  lines.  A  quartic 
is  employed  since  it  satisfies  these  minimum 
requirements.  Care  must  be  taken  when  deriving 
these  curves  to  ensure  that  no  turning  points  exi3t 
in  the  patching  region,  but  the  required  quartic 
turns  out  to  be  highly  degenerate  and  the  whole 
trailing  edge  coordinate  change  is  simple  to 
program.  At  present  the  same  3ize  of  wedge  region 
is  used  on  both  sides  of  the  airfoil  (Fig.  3) 
which  is  slightly  inefficient  since  the  lower 
boundary  layer  is  usually  thinner:  note  that  the 
viscous  inviscid  matching  surface  is  not  critical, 
but  merely  has  to  be  outside  the  actual  viscous 
region. 

(c)  Summary  of  calculation  procedure. 

(1)  Estimate  pressure  field  within  boundary 
layers  and  wake  (using  a  potential  flow  solution 
with  the  rear  stagnation  point  smoothed  out  by  eye 
and  neglecting  dp/dn  within  the  shear  layer,  or 
otherwise) . 

(2)  Calculate  the  laminar  and  turbulent 
boundary  layers  up  to  the  3tart  of  the  trailing 
edge  region  in  (3,n)  coordinates,  and  change  via 
quartic  patches  to  "wedge  flow"  coordinates  for  the 
flow  up  to  the  trailing  edge.  Retain  wedge  flow 
coordinates  for  the  calculation  of  the  shear  layer 
interaction  in  the  wake  in  the  trailing  edge  region 
itself,  and  then  change  to  a  single  (s,n)  system 
for  the  downstream  part  of  the  wake. 

(3)  Use  the  V  component  velocity  at  the  edges 
of  the  shear  layers  as  the  inner  boundary  condition 
for  a  new  inviscid  calculation  for  the  flow  outside 
the  shear  layer  (i.e.  outside  the  matching 
surface). 

(4)  Repeat  step  (2),  deducing  the  pressure 
within  the  shear  layer  from  the  matching  surface 
pressure  derived  from  the  inviscid  calculation  and 
the  dp/dn  in  the  shear  layer  obtained  in  the 
previous  shear  layer  calculation.  Repeat  steps  (2) 
and  (3)  until  convergence  occurs. 

Convergence  for  an  airfoil  well  below  the  3tali 
takes  no  more  than  10  iterations:  although  upstream 
influence  of  conditions  near  the  trailing  edge 
(say)  can  propagate  far  upstream,  most  of  the 
propagation  occurs  via  the  external  flow  which  -  in 
incompressible  flow  -  is  solved  "exactly"  at  each 
cycle,  so  that  the  number  of  iterations  required  is 
far  smaller  than  the  number  of  streamwise  steps  in 
the  shear  layer,  in  contrast  to  the  usual  situation 
with  line  relaxation  solutions  of  elliptic 


equations.  Inis  _s  one  of  a  number  of  occasions  on 
whicn  the  calculation  scheme  takes  advantage  of  the 
fact  that  most  shear  layers,  although  not  "thin" 
according  to  the  traditional  requirements  of  the 
thin  shear  layer  approximation,  are  at  least 
"fairly  thin". 


2 . 2  Compressible  flow 


The  compressible  flow  program  is  described,  and 
results  including  shock  waves  without  separation 
are  presented,  by  Chen  (7).  The  basic  scheme  for 
attached  flow  is  the  same  as  in  incompressible  flow 
,  except  that  the  surface  singularity  method  for 
the  external  flow  is  replaced  by  the  field  method 
necessary  to  solve  the  non  linear  equations  of 
inviscid  compressible  flow.  All  the  programs  are 
written  with  separate  overlays  for  the  different 
parts  of  the  calculation,  communicating  only  via 
disc  files,  so  that  it  is  very  easy  to  replace  - 
say  -  the  inviscid  flow  routine.  We  have  therefore 
used  a  rather  old  code  which  happened  to  be 
conveniently  available  to  us  (8),  and  we  have  not 
yet  tried  to  optimise  the  number  of  inviscid 
routine  iterations  executed  per  cycle  of  the  whole 
matching  program. 


compressible  flow  calculation  methoc  for  tne 
’•inverse"  case  are  given  by  Chen  (  9  )  and  sample 
results  are  given  in  Fig.  (7). 

3.  Multi-element  airfoils 


3.1  General  ap 


The  general  approach  to  the  multi  element  airfoil 
problem  in  incompressible  flow  is  similar  to  that 
for  the  single  airfoil,  i.e.  tne  flow  field  is 
split  into  viscous  and  inviscid  regions  with  the 
viscous  flow  calculated  by  a  finite  difference 
"field"  method  and  the  inviscid  flow  by  a  boundary 
integral  method:  however  in  agreement  with  the 
general  strategy  of  matching  the  viscous  and 
inviscid  regions  at  the  edge  of  the  shear  layer, 
the  inviscid  calculation  can  be  performed  outside 
the  simply  connected  shear  layer  edge,  thus 
avoiding  entirely  the  multi-body  inviscid  flow 
problem  which  ha3  occupied  the  minds  of  previous 
workersCFig.  8).  However,  the  wake/ooundary  layer 
and  wake/wake  interactions  which  can  occur, 
together  with  the  more  complicated  geometry  of  the 
problem,  demand  a  more  generalized  numerical 
implementation  of  the  basic  scheme. 


The  alterations  to  the  shear  layer  routines  amount 
to  a  merging  of  the  elliptic  incompressible  flow 
program  and  the  incompressible  thin  shear  layer 
program  described  in  (4)  but  now  extensively 
modernized  ;  thus  the  development  of  a  compressible 
flow  program  Including  the  dp/dy  calculation  was 
relatively  straightforward.  (As  mentioned  above, 
the  wake  program  available  at  the  start  of  work  on 
the  compressible  problem  was  inefficiently  coded 
so,  as  an  interim  measure,  compressibility  effects 
were  allowed  for  only  approximately.)  In  transonic 
flow,  pressure  gradients  in  the  x  and  y  directions 
tend  to  be  larger  than  in  low  speed  flow,  and  in 
the  early  stages  of  convergence  of  the  calculation 
scheme  the  streamwise  position  of  regions  of  large 
dp/dy  -  e.g.  below  shock  waves  -  may  change 
considerably  from  one  iteration  to  the  next, 
leading  to  instability.  (This  has  nothing  to  do 
with  a  change  of  type  of  the  equations  at  a  sonic 
line.)  iteration  of  the  V  and  p  solution  has  been 
inserted  at  each  streamwise  step,  and  the  newly 
calculated  pressure  values  are  used  as  soon  as 
available  in  the  evaluation  of  dp/dx  within  the 
shear  layer.  Thus  dp/dx  is  first  obtained  as  the 
difference  between  a  newly  calculated  value  at  x 
and  the  value  from  the  previous  sweep  at  x+dx:  the 
value  of  p  at  x+dx  is  then  updated  and  dp/dx 
recalculated.  We  originally  avoided  this  "Gauss 
Seidel"  strategy  because  we  thought  it  likely  to 
lead  to  instability,  but  it  appears  to  have  no  ill 
effects,  whatever  the  sign  of  the  pressure  change 
from  one  3weep  to  the  next.  Typical  results  for 
attached  flow  are  given  in  Fig.  6. 

In  and  near  separation  regions,  an  inverse  boundary 
layer  method  is  used,  with  the  "Box"  algorithm.  At 
present  Carter's  correction  formula  is  used,  with 
the  true  displacement  thickness  (undefinable  from 
the  velocity  profile  if  dp/dy  is  appreciable) 
replaced  by  an  arbitrary  but  self  consistent 
integral  of  the  velocity  defect  up  to  the  matching 
surface;  since  the  scheme  is  required  merely  to 
indicate  tne  change  in  external  flow  velocity 
needed  to  reduce  the  error  in  shear  layer 
displacement,  any  reasonable  representation  of  the 
displacement  effect  will  do  although  convergence 
may  not  be  optimal.  Further  details  of  the 


surface  and  mesh  generation 


The  initial  construction  of  the  "matching  surface" 
(MS)  is  more  difficult  in  the  multi  airfoil  case 
since  the  position  of  the  shear  layers  is  now 
harder  to  predict,  and  it  i3  only  when  the  MS  has 
been  defined  that  a  suitable  mesh  can  be 
constructed  for  the  viscous  flow  calculation. In 
order  to  define  a  MS  that  i3  close  to  the  edge  of 
the  shear  layers,  the  MS,  and  therefore  the  mesh, 
is  now  constructed  as  part  of  the  shear  layer 
marching  procedure. The  mesh  has  to  cope  with 
trailing  edges  and  3hear  layer  mergers  a3  well  as 
simple  boundary  layers  30  a  generalised  (s-n) 
curvilinear  system  has  been  adopted. 


To  minimise  the  number  of  terms  in  the  governing 
equations  an  orthogonal  mesh  is  desirable,  but  its 
generation  would  strictly  require  the  solution  of 
an  elliptic  system  with  boundary  conditions 
specified  around  the  whole  domain.  In  terms  of  the 
present  problem  this  involves  prior  knowledge  of 
the  complete  MS  before  the  mesh  can  be  set  up. 
However,  a  general  orthogonal  mesh  can  be  set  up  by 
a  marching  procedure  providing  the  boundaries  do 
not  vary  too  quickly,  i.e.  providing  the 
ellipticity  of  the  problem  is  weak.  At  trailing 
edges  the  ellipticity  is  not  weak  and 
parabolization  of  the  problem  can  lead  to  mesn 
crossover  .  A  cure  for  this  is  the  adoption  of  a 
non-orthogonal  mesh  which  can  legitimately  be 
constructed  by  a  marching  procedure,  albeit  with 
the  introduction  of  extra  terms  into  the  governing 
equations . 


At  trailing  edges  there  is  a  singularity  in  the 
boundary  conditions  and  hence  a  singularity  in  the 
mesh,  as  discussed  above.  Another  singularity 
could  occur  where  two  shear  layers  merge;  this 
would  not  be  satisfactory  because  it  would  lead  to 
a  singularity  in  the  velocity  components.  Using 
the  mesh  shown  in  Fig.  9(a),  or  a  special  case  of 
the  same  (Fig.9(b)),  avoids  this  problem  oy  merging 
the  two  coordinate  systems  together  smoothly.  The 
cuspeo  mesh  may  be  preferable  for  potential  flow 
considerations  because  it  eliminates  a  sudden 
change  in  the  velocity  component  normal  to  the  MS. 


In  addition  to  the  above,  the  mesh  generation 
scheme  features  the  following: 

(1)  Calculation  stations  are  input, 
rather  than  being  chosen  by  an 

internal  step  limit  like  CFL 
(2;  The  MS  is  a  coordinate  line 
(3)  Metric  evaluation  is  simple 
(*0  The  centre  of  a  calculation  cell 
is  coincident  in  s-  and  x-y  space. 
Since  the  s-  mesh  is  arbitrary  this 
simply  mean3  that  a  mesh  node  is 
defined  to  be  at  the  x-y  centre  of  the 
surrounding  calculation  nodes  and  not 
vice  versa.  Note  that  the  x-y 

computational  mesh  is  rectangular  by 
definition. 

Fig. 10  summarises  the  basic  scheme  and  Fig. 11  shows 
itu  application  to  a  trailing  edge. 

Non-orthogonality  is  confined  to  a  small  percentage 
of  the  domain  and  does  not  lead  to  a  large  increase 
in  computing  time:  evaluations  of  metric 
coefficients  can  be  bypassed  when  not  required. 
After  the  first  sweep  of  the  viscous  calculation  it 
would  be  possible  to  construct  an  orthogonal  mesh 
throughout,  but  this  would  be  time-consuming  and 
the  lack  of  control  over  mesh  spacing  would 
probably  lead  to  an  unsatisfactory  node 
distrit  ition  around  trailing  edges. 

For  every  calculation  cell,  the  nodes  available  are 
as  shown  in  Fig. 12.  Centering  on  0,  the  metrics 
and  their  first  derivatives  with  respect  to  s  and  7) 
land  therefore  the  Christoffel  symbols)  can  be 
determined  easily  from  this  arrangement, 
particularly  since  the  increments  in  s  and  jj  are 
defined  to  be  unity. 

3.2  V 1SQ0U3  flow  solution 


The  governing  equations  to  be  solved  are: 


Continuity:  l'1,  .  *  0 

TKE:  Uk(iq~),k  * 


»■  jq"u 
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Momentum: 


*  viscous  terms 


of  s-mcmentum,  continuity  and  two  TKE  equations, 
ieiiu.r.g  to  1x4  blocks  in  the  block  tri-diagonal 
formulation.  Subsidiary  equations  Ce.g. 
turbulence  length  scale)  can  be  solved  within  the 
Newton  iteration  loop  witnout  resorting  to  larger 
blocks  providing  convergence  is  not  adversely 
affected.  The  extra  terms  introduced  into  the 
coefficients  by  non-orthogonality  are  by-passed  if 
the  mesh  is  orthogonal  and  similarly  the  extra 
algebra  involved  in  the  4x4  formulation  is 
by-passed  if  there  is  no  interaction.  In  this  way, 
although  the  code  is  written  for  any  number  of 
interacting  shear  layers,  a  simple  boundary  layer 
can  still  be  computed  with  very  few  redundant 
operations. 

The  static  pressure  variation  through  the  shear 
layer  is  obtained  by  integrating  the  -momentum 
equation  using  the  converged  values  of  velocity  and 
shear  stress.  Because  of  the  position  of  the 
v-nodes,  the  integration  is  centered  half  a  step 
behind  the  main  calculation:  this  also  produces 
values  of  pressure  in  the  required  positions  for 
the  next  sweep,  so  no  interpolation  is  necessary. 

3.3  Inviscid  flow  solution  and  matching 

The  static  pressure  array  is  initialised  by  a  Smith 
and  Hess  inviscid  calculation  applied  to  the 
multi-airfoil  configuration  using  solid  body 
boundary  conditions. Then,  after  one  sweep  of  the 
viscous  calculation,  the  complete  MS  and  the 
velocities  normal  to  it  are  available.  These 
boundary  conditions  are  fed  into  the  inviscid 
calculation  and  a  "direct"  iterative  procedure  as 
used  in  the  single  body  case  continues  to 
convergence.  The  MS  is  not  altered  after  the  first 
sweep  unless  the  position  of  the  shear  layers 
changes  significantly  ,  so  neither  the  influence 
matrix  nor  the  metrics  of  the  mesh  need  to  be 
re-computed. 

The  calculation  node3  which  define  the  discretised 
MS  are  also  taken  to  define  the  linear  "panels"  of 
the  inviscid  calculation  (Fig. 13).  Because  the  box 
scheme  enables  arbitrary  step  lengths  to  be  taken, 
a  satisfactory  distribution  of  the  viscous 
calculation  stations  gives  a  satisfactory 
distribution  of  panels  with  very  simple  matching  of 
the  two  regimes.  The  matching  is  also  accurate 
because  the  centres  of  the  panels  coincide  with  the 
posit  cons  of  second  order  accurate  viscous 
quantities . 


Subject  to  the  following  boundary  conditions: 

U  s  V  s  0  at  a  solid  wall 
U  =  Ue  at  a  free  stream  edge 
(J*  =  ( 1  /K )  In  y*  *  C  at  the  first  mesh 
point  from  the  surface. 

These  are  expanded,  using  pnysical  variables  and 
turbulence  modeling  similar  to  the  single  airfoil 
program. Since  the  coordinate  system  is  always 
aligned  roughly  in  the  direction  of  the  mean  flow, 
s-wise  turbulent  diffusion  can  still  be  neglected. 
The  resulting  equations  are  solved,  in  primitive 
variable  form,  using  the  "Box"  method.  In  order  to 
eliminate  numerical  "wiggles"  the  V-nodes  are 
3taggered  .naif  a  mesh  width  in  the  3  direction  with 
respect  to  the  L-  and  --nodes. 


3.4  Current  status 

At  tne  present  time  a  single  airfoil  is  being  used 
for  preliminary  tests  on  the  code.  The  mesh 
generation  scneme  appears  to  have  no  cifficulty 
tracking  the  development  of  the  shear  layers,  and 
the  oounoary  layer  results  agree  with  those 
obtained  from  the  single  aerofoil  program.  Runs 
wi..  begin  shortly  with  flapped  aerofoil  geometry: 
these  will  reveal  any  difficulties  in  predicting 
waxe/boundary  layer  interaction  ana  may  prove  to  be 
a  severe  test  for  the  inviscid  cooe. 

Conclusions 

Further  developments  of  tne  viscous  inviscid 

matcnir.j  scneme  introduced  by  Mahgoub  ar.d  3raasnaw 
1 )  r.ave  been  presented.  It  is  snown  that 

come  mat. on,  in  the  same  .teration  cycle,  of  an 
.nv,  ;.o  flow  calculation  and  one  sweep  of  a  "line 


The  superposition  approach  to  modeling  interaction 
regions  is  implemented  by  the  simultaneous  solution 


relaxation"  zolutior.  o:'  elliptic  equations  for  the 
snear  layer,  yields  ar.  efficient  way  of  overcoming 
the  oefici.encd.es  of  the  thin  shear  layer 
approximation  without  going  to  a  full  Mavier  Stokes 
solution  with  storage  of  all  variables  in  part  or 
all  of  the  flow  field.  Complete  airfoil 
calculations  have  been  performed  in  incompressible 
flow  and  in  compressible  flow  with  shock  waves 
strong  enough  to  cause  limited  regions  of 
separation  (although  turbulence  modeling  for  the 
separated  region  is  not  yet  satisfactory). 
Extension  to  three  dimensional  flow  and  to  multi 
element  airfoils  is  in  hand,  and  it  is  hoped  that 
the  ability  -o  perform  inexpensive  calculations  for 
some  of  the  complex  shear  layers  measured  by  the 
authors'  past  and  present  associates  will  lead,  by 
trial,  error  and  inspiration,  to  improvements  in 
turbulence  modeling. 
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Fig.  b  Shear  layer  superposition  in  wake 
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Fig.  7  Results  for  NACA  0012,  M:.864,i=0 
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Fig.  9  Avoidance  of  meshime  singularity 
in  merging  shear  layers 
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Fig.  11  Non-orthogonal  mesh  near  trailing  edge. 
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Fig.  12  Centering  of  calculation  node. 
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Fig.  13  Definition  of  panels  for  calculation  of 
•  CALCULATION  NODE  inviscid  external  flow. 
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(iii)  Set  up  orthogonal  s=eonstant 
line  at  downstream  station 
checking  mesh  spacing  to  avoid 
cross-over. If  spacing  is 
unsatisfactory  introduce 
non-orthogonality  and  continue 
up  to  the  JMS. 


Fig.  10  Non-orthogonal  mesh  generation 
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Notation 

aspect  ratio 
chord 

drag  coefficient 

zero-lift  drag-coefficient 

lift  coefficient 

maximum  lift  coefficient 
pressure  coefficient 


lift  curve  slope 

boundary  layer  shape  factor,  '1/ 


boundary  layer  shape  factor  at 
separation 


boundary  layer  shape  factor  at 
trailing  edge 

modified  boundary  layer  shape  fac¬ 
tor  for  the  calculation  of  section 
profile  drag  coefficient, 
boundary  layer  shape  factor,  '3/ 

constant  in  induced  drag  equation 
roughness  factor 


Reynolds  number  based  on  local 
conditions  and  boundary  layer 
momentum  thickness 
arc  length  along  which  boundary 
layer  is  separated 
freestream  velocity 
velocity  at  separation 
velocity  at  trailing  edge 
chordwise  aerofoil  co-ordinate 
chordwise  position  of  separation 


aerofoil  co-ordinate  normal  to 
chord 


zero  -lift  incidence 

incidence  relative  to  chord  line 

slope  of  trailing  edge  relative  to 

chord  line 

trailing  edge  angle 

slope  of  aerofoil  surface  near 

trailing  edge 

boundary  layer  displacement 
thickness 

boundary  layer  momentum  thickness 
boundary  layer  momentum  thickness 
at  separation 

boundary  layer  momentum  thickness 

at  trailing  edge 

boundary  layer  energy  thickness 

incidence  correction  due  to 
separation 

section  lift  coefficient  correction 
due  to  separation 
correction  of  location  of  stag¬ 
nation  point  near  trailing  edge 


Abstract 

This  paper  uses  the  computer  program 
of  Eppler  &  Somers  (5)  for  low  speed 
aerofoil  design  to  obtain  theoretical 
results  for  a  NACA  643-418  aerofoil  in  the 
Reynolds  number  range  3  x  10^  to  1  x  10®. 
These  predictions  are  compared  with  our 
recent  experimental  results.  So  far  the 
agreement  is  poor  for  the  lift  and  drag 
coefficients.  The  predicted  positions 
of  laminar  separation  are  shown  to  agree 
reasonably  well  with  experiment,  although 
the  predicted  positions  of  turbulent  re¬ 
attachment  and  turbulent  separation  are 
in  error.  The  program  does  have  the 
facility  to  take  account  of  aerofoil 
roughness  and  freestream  turbulence. 

The  predicted  values  appear  to  under¬ 
estimate  the  measured  effects  of  roughness. 

The  opportunity  is  also  taken  to  com¬ 
pare  the  Eppler  and  Somers  predictions 
with  those  obtained  from  the  Delft 
University  aerofoil  design  computer  program 
(6)  developed  by  Van  Ingen.  There  is  good 
agreement  between  the  two  programs. 


1.  Introduction 


During  recent  years  there  has  been 
considerable  interest  in  the  possibility  of 
using  Remotely  Piloted  Vehicles  (RPV's) 
for  surveillance  and  reconnaisance .  These 
RPV's  are  usually  considerably  smaller 
than  conventional  manned  aircraft,  and  are 
often  required  to  operate  at  low  speeds. 
Therefore,  the  operational  Reynolds 
numbers  of  RPV's  are  lower  than  those 
associated  with  conventional  manned  aircraft. 
For  example,  a  small  general  aviation 
aeroplane  will  usually  cruise  at  a  Reynolds 
number  of  about  3  x  10®,  whilst  many  RPV's 
are  required  to  operate  at  Reynolds 
numbers  in  the  range  of  1  x  10^  to  1  x  10®. 

The  effects  of  reducing  Reynolds  number 
to  such  low  values  have  been  appreciated 
for  many  years.  One  significant  effect 
is  the  increase  in  drag  coefficient,  CD  , 
as  the  Reynolds  number  is  reduced.  A 
typical  variation  is  shown  in  Fig.l  for  a 
NACA  643  -  418  aerofoil.  The  effects  of 
Reynolds  number  on  the  lift  curve  slope  , 
dCL/d a,  and  the  maximum  lift  coefficient, 
CL;I1,.,  are  not  necessarily  so  pronounced, 
but'"iri  general  terms  a  decrease  in  both 
parameters  as  the  Reynolds  number  is 
reduced  would  be  expected.  However, 
combining  the  effects  of  Reynolds  number 
on  the  lift  and  drag  coefficients  can 


1!  Poter.tial-f iow  aerofoil  design  method 

2)  Potential-flow  aerofoil  analysis  method 

3)  Viscous  corrections. 


produce  significant  changes  in  the  lift/ 
drag  ratio(Fig.  2.) 

The  influence  of  Reynolds  number  on 
aerofoil  performance  necessitates  the  RPV 
designer  making  a  careful  choice  of  aerofoil 
section.  Unfortunately,  data  on  aerofoils 
at  low  Reynolds  numbers  is  not  readily 
available’.  Aerofoil  catalogues  such  as 
Abbott  and  Von  Doer.hoff  (2)  and  Althausi3) 
don't  consider  Reynolds  numbers  below 
about  3  x  106  ,  so’ the  designer  is  forced 
to  seek  out  reports  on  the  low  Reynolds 
number  characteristics  for  individual 
aerofoils.  However,  there  is  now  good 
reason  to  doubt  the  accuracy  of  much 
pre-war  data  (Swan(4))and  most  of  the 
limited  recent  low  Reynolds  number  aerofoil 
work  concerns  sailplane-type  aerofoils. 
Generally  these  advanced  sections  are  more 
complicated  and  perhaps  more  expensive 
than  is  desired  for  RPV  manufacture, 
where  the  designer  is  looking  for  a  simple 
and  robust  section. 

With  due  regard  to  the  requirements  of 
the  RPV  designer,  a  programme  is  now  under 
way  to  develop  a  low-Revnolds-number  aero¬ 
foil  design  and  analysis  method.  To  date 
the  first  of  three  aerofoil  sections 
suitable  for  RPV  applications  has  been 
tested  in  Cranfield's  8'  x  6'  low  speed 
wind  tunnel.  The  results  are  being  used 
to  evaluate  two  existing  low  speed  aero¬ 
foil  computer  programs.  One  of  these, 
written  by  Eppler  and  Somers  (5) ,  is 
available  on  the  Cran field  computing 
facility.  The  other  program  written  by 
Van  Ingen (6),  is  based  at  Delft  University 
in  the  Netherlands,  but  free  access  to  the 
program  has  been  granted  to  the  authors. 


2 ,  The  Computer  Programs 


2.1  Computing  Facilities 


The  computing  facilities  at  Cranfield 
are  presently  being  extended  by  installing 
an  additional  DEC  VAX  11/782  computer.  All 
the  work  included  in  this  paper  has  been 
carried  out  on  the  existing  DEC  VAX  11/780 
computer.  The  VAX  runs  under  the  Virtual 
Memory  operating  system  and  can  be 
accessed  via  terminals  sited  in  individual 
departments.  The  present  work  has  been 
carried  out  using  Fortran  77  and  the  Gino- 
F  graphics  software. 


2.2  The  Epoler  and  Somers  Program 


The  low-speed-aerofoil-design  computer 
program  written  by  Eppler  and  Somers  is 
fully  described  in  Reference  5,  and  to 
date  no  alterations  have  been  made  to  the 
program  other  than  those  necessary  to 
allow  the  program  to  run  on  the  VAX 
computer.  The  program  has  three  constit¬ 
uent  parts  : 


To  date,  the  work  has  concentrated  on 
the  last  two  parts  of  the  program. 

The  potential  flow  analysis  procedure 
is  a  panel  method,  with  the  geometry  of 
the  panels  being  determined  by  a  spline 
tic  of  the  aerofoil co- ordinates .  The  end 
points  cf  the  panels  are  those  co-ordinates 
input  by  the  operator  into  the  program. 

The  condition  that  the  inner  tangential 
velocity  is  zero  is  satisfied  at  the  end 
of  each  panel.  Two  incidences  are 
analysed  and  the  flow  for  any  other 
incidence  is  derived  by  superposition 
from  these  two  solutions. 

The  potential  flow  analysis  is  then 
used  to  determine  the  necessary  viscous 
corrections.  The  method  used  is  an 
integral  method  involving  the  solution  of 
the  integral  momentum  and  energy  equations. 

For  the  laminar  boundary  layer  some 
Hartree  profiles  have  been  selected  as 
velocity  distributions.  The  numerical 
integration  of  the  momentum  and  energy 
equation  yields  the  momentum  and  energy 
thicknesses  at  each  point  along  the  chord, 
and  hence  gives  a  value  for  the  boundary 
layer  shape  factor  H32.  The  shape  factor 
is  used  in  determining  laminar  separation 
which  is  assumed  to  occur  when  H32  =  1.52. 

Transition  is  taken  to  occur  when  the 
inequality 

In  Re >  18.4H32-21.74-0.36R  (1) 

'  2 

is  satisfied.  The  constants  were  empiric¬ 
ally  derived  by  Eppler  (7).  A  roughness 
factor  R  =  0  corresponds  to  natural 
transition  on  a  smooth  surface  with  no 
freestream  turbulence.  A  value  of  R=4 
represents  a  rough  surface  or  a  turbulent 
freestream.  The  value  of  R  only  affects 
the  position  of  transition,  it  does  not 
affect  the  boundary  layer  development. 

For  the  turbulent  boundary  layer,  the 
empirical  expressions  of  Wiegharat,  Ludwieg- 
Tillman  and  Rotta  as  modified  by  Eppler (8) 
are  used.  Unlike  the  laminar  boundary  layer 
a  single  value  of  H32  cannot  be  used  to 
predict  separation.  It  can  only  be  stated 
that  for  H32  >  1.58  there  will  be  no 
separation,  and  for  H32  <  1.46  there  will  be 
separation  (5).  Eppler  and  Somers  argue 
that  their  method  produces  lower  values  of 
H32  for  adverse  pressure  gradients  than 
most  other  turbulent  boundary  layer  methods. 
Therefore  their  program  assumes  turbulent 
separation  at  H32  "  1.46. 

The  Eppler  and  Somers  program  makes  no 
attempt  to  simulate  the  behaviour  of  laminar 
separation  bubbles.  When  laminar  separation 
is  predicted  before  the  transition  criteria 
is  satisfied,  the  computation  continues  by 
assuming  turbulent  flow. 


Having  computed  the  boundary  layer 
development,  the  program  then  modifies 
the  potential  flow  section  characteristics. 
The  drag  coefficient  is  calculated  from  a 
modified  Squire-Young  formula  (9)  to  take 
account  of  the  high  values  of  the  shape 
factor  H]_2  that  occur  when  the  flow  at  the 
trailing  edge  is  near  separation.  This 
empirical  modification  is  : 


5-t-H* 
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If  boundary  layer  separation  is  predicted, 
no  more  boundary  layer  calculations  are 
made,  but  the  momentum  thickness,  i2,  is 
corrected  by  : 
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separation  bubbles.  This  simulation  is 
described  in  references  14  and  15,  where 
the  shape  of  the  separation  streamline  is 
prescribed.  The  angle  at  which  the  flow 
leaves  the  aerofoil  surface  is  determined 
from  an  empirical  relationship,  and  a 
linearly  varying  shape  factor  is  then  used 
in  the  separated  region.  The  flow  is 
required  to  satisfy  the  momentum  integral 
equation,  a  wall  condition  and  certain 
relations  which  follow  from  Stewartson's 
second  branch  solutions  of  the  Falkner- 
Skan  equations. 

in  the  Van  Ingen  program  the  drag 
coefficient  is  calculated  from  the  Squire- 
Young  formula  without  any  modification. 

The  lift  coefficient  is  corrected  by  an 
empirical  relation  which  attempts  to  adjust 
the  circulation  round  the  aerofoil  by 
adjusting  the  position  of  the  rear 
stagnation  point, ?st  in  the  conformal 
transformation.  The  present  modific¬ 

ation  for  a  cambered  aerofoil  is  : 


'  st 


Stan  ( i  ) ( 1  +-, )  ■/  Cr 


(7) 


The  lift  and  pitching  moment  coeffic¬ 
ients  are  determined  from  the  potential 
flow  by  means  of  some  simple  viscous 
corrections.  Without  separation  the 
lift-curve  slope  is  assumed  to  be  2  -  such 
that 


Separation  is  accounted  for  by  an  incidence 
correction  (Fig. 3)  of  the  form: 


(5) 


which  is  used  to  correct  the  lift  coeffic¬ 
ient  by  ; 


K2r  =  2  ila 

Li 


(6) 


2 . 3  The  Van  Inqen  Program 


2.4  Comparison  between  the  Eppler  and 
Somers,  and  Van  Ingen  programs. 

The  opportunity  has  been  taken  to  com¬ 
pare  the  theoretical  predictions  of  the 
Van  Ingen  program  with  those  of  Eppler 
and  Somers.  For  this  purpose  the 
theoretical  co-ordinates  of  NACA  643-418 
were  taken  from  Abbott  and  Von  Doenhoff, 
along  with  some  extra  points  in  the  nose 
region.  These  extra  points  were  calculated 
by  transforming  the  NACA  64-018  thickness 
envelope  into  a  Karman-Tref ftz  type 
aerofoil  using  the  Van  Ingen  program. 

The  program  gives  the  x  and  y  co-ordinates 
of  the  transformed  aerofoil  at  101  points. 
These  co-ordinates  were  taken  for  the  first 
ten  per  cent  of  the  chord,  and  using  the 
appropriate  camber  line  further  NACA  643- 
418  co-ordinates  were  calculated.  The 
resulting  total  of  seventy  x,y  co-ordinate 
pairs  were  used  as  the  input  for  both  the 
Van  Ingen  and  the  Eppler  and  Somers 
programs . 


Like  the  Eppler  and  Somers  program  the 
Van  Ingen  program  uses  an  integral  method 
to  calculate  the  viscous  corrections.  The 
program  is  under  continuous  development  but 
recent  descriptions  are  available  (6)  (10). 

The  program  takes  the  aerofoil  co-ordinate 
input  and  obtains  a  Karman-Tref ftz  type 
aerofoil  (18).  The  potential  flow  analysis 
is  then  completed  using  Timman’s  conformal 
transformation  method  (19).  For  the  laminar 
boundary  layer  a  Thwaites(ll)  type  method 
is  used.  This  method  has  been  modified  by 
Van  Ingen  to  improve  the  prediction  of 
separation.  Transition  is  predicted  using 
the  en  method  (12),  and  turbulent  boundary 
layer  calculations  are  carried  out  using 
Head's  entrainment  method  (13). 

Unlike  the  Eppler  and  Somers  program, 

Van  Ingen  does  attempt  to  simulate  laminar 


The  results  obtained  from  the  two 
programs  are  shown  in  Figs.  4-7.  The 
two  Reynolds  numbers  correspond  to  the 
highest  and  lowest  Reynolds  numbers  obtained 
in  the  wind  tunnel  program.  It  should  also 
be  noted  that  the  results  plotted  in  Figs. 6 
and  7  have  been  corrected  for  the  effective 
aspect  ratio  as  measured  in  the  experimental 
work.  This  is  further  described  in  the 
following  section. 

The  Van  Ingen  program  allows  a  variable 
turbulence  level  input,  and  the  results 
shown  have  been  computed  using  a  turbulence 
level  of  0.14  which  is  similar  to  the  level 
measured  in  the  wind  tunnei.  The  maximum 
lift  coefficient  is  not  calculated 
directly  by  the  Van  Ingen  program,  but 
following  the  suggestion  of  Riegels  (16) 


C-  is  taken  to  occur  when  the  point  of 

x  turbulent  separation  reaches'  90* 
of  the  chord  (from  the  leading  edge) . 

With  the  exception  of  C-  ax  and  the 
incidence  at  which  it  occurs™  it  is 
interesting  that,  in  spite  of  the  differ¬ 
ences  in  approach  and  the  more  complete 
boundary  layer  analysis  of  the  Van  Ingen 
method,  the  two  programs  agree  so  closely. 


3.  Wind  Tunnel  Tests 


The  experimental  data  used  to  evaluate 
the  computer  programs  were  obtained  using 
Cranfield's  8'  x  6'  low  speed  wind  tunnel. 
The  experimental  arrangement  is  shown 
in  Fig. 8.  An  almost  full  span  NACA  643  - 
418  section  wing  of  0.343m  (13.5ins) 
chord  is  mounted  vertically  from  the  six- 
component  balance  above  the  tunnel .  The 
span  of  the  model  is  1 . 816m ( 71 . 5 “ ) .  The 
difference  between  the  span  of  the  wing 
and  the  1.828m(6')  height  of  the  tunnel 
is  accounted  for  by  the  reflection  plate 
at  the  tunnel  roof,  and  a  small  gap 
(approx. 3mm)  at  the  tunnel  floor.  This 
gap  is  necessary  to  permit  balance 
measurements . 


It  is  recognised  that  this  small  gap 
will  mean  that  the  test  arrangement  will 
not  permit  two-dimensional  conditions  to  be 
attained.  However,  an  estimate  of  the 
effective  aspect  ratio  can  be  made.  The 
bottom  0.293m  (11.5")  of  the  wing  is 
removable  to  give  a  known  finite  aspect 
ratio.  Knowing  the  induced  drag  equation  : 


c  =  c  +  —  c  ^ 

D  ‘-do  •'A  l 


(8) 


and  the  aspect  ratio,  it  is  possible  to 
calculate  the  value  of  K.  Assuming  this 
value  also  applies  for  the  higher  aspect 
ratio  case  it  is  possible  to  determine  the 
effective  aspect  ratio.  The  effective 
aspect  ratio  was  found  to  be  approximately 
38  over  the  Reynolds  number  range  tested. 


All  force  and  moment  measurements  were 
made  using  the  oalance.  Pressure  tappings 
were  located  at  the  mid-span  of  the  wing, 
and  the  pressure  measurements  were  made  by 
two  scanivalves  controlled  by  a  Commodore 
PET  microcomputer.  The  profile  of  the 
model  and  the  positions  of  the  pressure 
tappings  are  shown  in  Fig.  9. 


4 .  Comparison  between  theory  and  experiment 

Before  testing  commenced , the  co-ordinates 
of  the  model  were  accurately  determined , 
as  were  the  positions  of  all  the  pressure 
tappings.  Except  where  stated,  the 
measured  model  co-ordinates  were  used  as 
input  to  the  Eppler  and  Somers  program. 
Using  the  model  co-ordinates  rather  than 
theoretical  co-ordinates  for  the  computer 
program  input,  resulted  in  a  slight  change 
in  the  predicted  characteristics  of  the 
aerofoil.  The  largest  change  occurred 


at  thec lowest  Reynolds  number  i.e. 

3  *  10J .  This  change  is  illustrated  in 
Fig. 10.  In  addition,  all  the  computations 
have  been  carried  out  using  a  value  of 
R  =  2  (equation  1)  unless  otherwise  stated. 


As  the  change  in  the  predicted  results 
brought  about  by  using  the  model  co-ordir.- 
ates  is  slight  it  is  acceptable  and  con¬ 
venient  to  plot  some  of  the  experimental 
results  on  the  figures  already  used  to 
compare  the  Eppler  and  Somers  program  with 
Van  Ir.gen’s.  A  comparison  of  the  C  -  a 
curves  for  the  highest  and  lowest  L 
Reynolds  numbers  are  shown  in  Figs. 4  &  5. 


For  the  Eppler  and  Somers  program  the 
predicted  C  for  both  Reynolds  numbers 
is  greater  ‘  than  those  achieved 
experimentally.  This  program  also  predicts 
a  noticeable  change  in  CLmax  as  the 
Reynolds  number  is  decreasea.Such  a 
significant  variation  was  net  apparent 
in  the  experiments.  It  can  also  be  seen 
that  the  precicted  lift-curve  slopes 
are  lower  than  those  derived  experiment¬ 
ally,  and  there  are  obvious  differences 
in  the  predicted  zero  lift  angles.  The 
"kink"  in  the  predicted  curves  is  connect¬ 
ed  with  the  rapid  forward  movement  of 
transition  for  a  small  increase  in 
incidence.  No  such  kink  was  noticed 
during  the  experiments.  For  both  Reynolds 
numbers  the  CLma  predicted  by  the  Van 
Ingen  program  agrees  closely  with  the 
experimental  results  but  occurs  at  a  lower 
incidence.  There  is  also  good  agreement 
between  the  lift  curve  slope  predicted 
by  the  program  and  those  derived  experi¬ 
mentally.  However  there  is  an  obvious 
difference  on  the  zero  lift  angle. 

The  lift-drag  polars  for  the  same  Reynolds 
numbers  are  shown  in  Figs. 6  &  7. 


The  theoretical  curves  shown  in  these 
figures  have  been  corrected  from  the  two- 
dimensional  case  to  the  experimental 
aspect  ratios  by  adding  the  induced  drag 
term  : 

K  „  2 
rXcL  • 

For  the  results  shown  the  aspect  ratios 
were  38.4  for  the  lowest  Reynolds  number 
and  37.5  for  the  highest.  The  programs 
predict  the  right  trend  in  Cp;  i.e. 
increasing  CD  with  decreasing  Reynolds 
number,  but  the  predicted  increases  are 
significantly  less  than  was  achieved 
experimentally.  At  the  lowest  Reynolds 
number  the  predicted  CD's  are  substantially 
lower  at  low  C, 1 s  than  the  experimental 
results.  At  higher  CL's  the  CD's  predicted 
by  the  Eppler  and  Somers  program  increase 
more  rapidly  than  was  found  in  the  wind 
tunnel  experiments.  At  a  Reynolds  number 
of  1  x  106  the  errors  in  the  low  Cp  region 
are  not  as  pronounced  as  for  the  lower 
Reynolds  number.  However,  in  percentage 
terms  the  errors  can  be  significant. 


The  version  of  Eppler  and  Somers’ 
program  being  used  for  the  present  work 
does  not  modify  pressure  distributions 


for  viscous  effects.  However,  it  can  be 
instructive  to  compare  measured  pressure 
distributions  with  those  derived  from 
potential  theory.  Figs. 11a  and  lib 
compare  the  measured  pressure  distributions 
at  a  Reynolds  number  of  3.1  x  lo'  with 
potential  theory, for  incidences  of  4°  and 
8°  respectively.  Even  at  this  low  Reynolds 
number  the  shape  of  the  measured  pressure 
distribution  follows  closely  the  shape  of 
the  potential  distribution.  If  an 
allowance  is  made  for  the  difference  in 
the  predicted  zero  lift  angle  shown  in 
Fig. 5  by  reducing  the  theoretical  incidence, 
an  even  closer  agreement  between  the  two 
sets  of  distributions  can  be  achieved 
(Figs  ,12a  &  b)  . 

Pressure  distributions  were  measured 
throughout  the  entire  Reynolds  number 
range.  Two  typical  sets  of  pressure 
distributions  for  Reynolds  numbers  of 
3.1  x  105  and  3.9  x  1CP  are  shown  in 
Figs. 13  and  14.  Any  program  that  takes 
account  of  viscous  effects  on  pressure 
distributions  would  be  expected  to 
simulate  the  separated  regions  which  are 
apparent  from  the  experimental  results. 

Flow  visualisation  tests  using 
titanium  oxide  paste,  were  used  to 
determine  separation  and  re-attachment 
positions.  These  tests  served  to  verify 
that  the  flow  over  a  large  part  of  the 
span  was  two-dimensional.  At  the  lowest 
Reynolds  number  laminar  separation  bubbles 
were  present  on  both  surfaces  over  a 
large  part  of  the  incidence  range.  A 
comparison  of  the  predicted  and  experi¬ 
mental  positions  of  laminar  separation  on 
the  upper  surface  is  shown  in  Fig.  15. 

There  is  reasonable  agreement  between 
the  two  sets  of  results.  This  is  not  the 
case  for  the  predicted  and  measured 
positions  of  turbulent  re-attachment  which 
are  shown  on  Fig. 15.  The  program  does 
not  give  the  position  of  turbulent  re¬ 
attachment,  but  Eppler  and  Somers  suggest 
that  a  laminar  separation  bubble  would  be 
expected  to  exist  to  at  least  H32  =  1.58. 

For  Fig. 15  re-attachment  has  been  assumed 
at  H32  =  1.58. 

The  predicted  and  measured  positions 
of  turbulent  separation  are  shown  in  Fig. 

16.  Beyond  6°  and  up  until  the  aerofoil 
stalls  the  agreement  between  theory  and 
experiment  is  disappointing. 

The  Eppler  and  Somers  program  does 
attempt  to  take  some  account  of  roughness 
and  freestream  turbulence  in  the  transition 
criteria  (equation  1) .  The  effect  of 
varying  R  between  0  and  4  at  a  Reynolds 
number  of  3  x  105  is  shown  in  Fig. 17. 

Again  these  results  have  been  corrected  to 
an  aspect  ratio  of  38.4  to  permit  comparison 
with  the  experimental  results  shown  in 
Fig. 17.  The  experiments  were  made  with  a 
0 .015 " (0 . 381mm)  transition  wire  placed  at 
2.5%  chord  on  both  the  upper  and  lower 
surfaces.  As  with  the  smooth  aerofoil  the 
agreement  is  disappointing. 


5 .  Discussion  of  results. 

The  comparison  between  the  predicted 
results  of  the  Eppler  and  Somers  program 
and  experiment  for  the  force  coefficients 
has  proved  to  be  poor.  This  was  not  alto¬ 
gether  unexpected  because  prior  to  the 
wind  tunnel  tests  the  program  was  evalu¬ 
ated  for  a  number  of  different  aerofoils 
using  experimental  data  from  a  number  of 
sources.  In  all  but  a  few  cases  the 
results  proved  to  be  disappointing.  The 
Eppler  and  Somers  program  corrects  the 
lift  coefficient  for  viscous  effects  by 
means  of  an  incidence  correction  which  is 
determined  by  the  extent  of  separated 
flow  on  the  aerofoil  (Fig.  3)  .  However 
Fig.  16  shows  that  the  program  is 
inaccurate  in  predicting  the  position 
of  turbulent  separation.  This  inaccuracy 
may  be  completely  responsible  for  the 
failure  of  the  program  to  predict 
the  viscous  effects  on  the  lift  co¬ 
efficient.  When  the  program  can  be  modified 
to  accurately  predict  the  position  of 
turbulent  separation,  it  will  be  possible 
to  evaluate  the  viscous  correction  to  the 
lift  coefficient.  From  the  experimental 
results  for  the  lift  curve  slope  it  is 
clear  that  the  assumption  made  by  the 
Eppler  and  Somers  program, concerning  the 
potential  flow  thickness  effects  being 
offset  by  the  boundary  layer  displacement 
effects, is  unfounded.  This  assumption 
results  in  the  lift  curve  slope  being 
reduced  to  2>  but,  as  can  be  seen  from 
Figs.  4  and  5  this  is  less  than  the 
experimentally  derived  values. 

Adding  the  displacement  thickness  to 
the  aerofoil  surface,  calculating  a  new 
pressure  distribution  and  hence  boundary 
layer  development,  and  repeating  the 
process  until  a  solution  is  reached,  is 
often  suggested  as  a  likely  method  to  take 
account  of  viscous  effects.  However, 
these  effects  as  described  by  Van  Dyke (17) 
are  of  second  order,  and  it  is  necessary 
to  include  other  second  order  effects;  e.g. 
pressure  gradient  normal  to  the  surface 
within  the  boundary  layer. 

It  would  probably  be  more  profitable 
to  consider  and  improve  the  existing 
boundary  layer  development  routines.  To 
date,  the  investigation  has  shown  that 
laminar  separation  can  be  predicted 
witn  a  reasonable  degree  of  accu  acy 
(Fig. 15).  However,  this  is  not  _he  case 
for  turbulent  re-attachment  and  separation. 
Until  the  re -attachment  criteria  can  be 
accurately  determined,  the  starting 
conditions  for  the  turbulent  boundary 
layer  will  always  be  in  error.  Consequent¬ 
ly  all  subsequent  calculations  for  the 
turbulent  boundary  layer  will  be  open  to 
question,  and  it  is  not  surprising  that 
the  position  of  turbulent  separation  is 
poorly  predicted. 
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Variation  of  minimum  drag  coefficient 
with  Reynolds  number  for  NACA  643-418. 
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FIGURE  3 

Incidence  correction  due  to  separation 
used  by  the  Eppler  &  Somers  computer  program. 
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FIGURE  3 

Experimental  arrangement  in  8'  x  6'  low 
speed  wind  tunnel 
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NACA  643  -  418  model  profile 
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FIGURE  10 


Predicted  results  from 
Eppler  &  Somers'  program 
for  model  and  theoret¬ 
ical  co-ordinates. 
Reynolds  number  =  3xlC5 
Aspect  ratio  =  38.4 
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FIGURE  14 


NACA  64 3  -  418  experimental  pressure  distributions. 
Reynolds  number  =  8.9  x  105 
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Abstract 

It  is  now  widely  recognized  that  the  steady 
boundary  layer  equations  can  be  used  to  predict 
small  regions  of  flow  separations  when  the  inter¬ 
action  with  the  outer  inviscid  flow  is  allowed  for. 

A  very  close  relationship  between  the  formalism  of 
the  finite  Reynolds  number  approach  of  treating  the 
interacting  boundary  layer  equations  and  the  so- 
called  triple  deck  approach  to  unravel  the  structure 
of  asymptotic  high  Reynolds  number  interacting 
shear  layers  is  also  now  widely  accepted.  The 
alternative  procedure (of  approaching  the  problem 
numerically  via  the  ensemble-averaged  Navier-Stokes 
equation^  is  possible,  and  the  steady  interacted 
boundary  layer  approach  is  attractive  when  numerical 
solutions  of  the  interacted  boundary  layer  equa¬ 
tions  are  of  sufficient  generality  and  can  be 
routinely  obtained  accurately  and  more  efficiently 
than  solutions  of  the  Navier-Stokes  equations..—  ' 
Thus,  the  numerical  treatment  of  the  interacted\ 
boundary  layer  approach  is  critical  to  ensure  p  ifet 
benefit  is  realized  relative  to  the  alternatives.  \ 
Further,  since  there  is  now  widespread  agreement  on' 
the  interacted  boundary  layer  formulation,  atten¬ 
tion  here  is  devoted  to  elucidating,  comparing  and 
contrasting  some  elements  of  the  numerical  approaches 
to  solving  the  interacted  system. 

Introduction 

High  Reynolds  number  shear  flows  often  lead  to 
the  development  of  multiple  length  scales  in  prob¬ 
lems  of  practical  interest.  One  solution  approach 
would  be  to  resolve  all  these  important  length 
scales  in  one  analysis  which  would  contain  the 
necessary  generality,  and  then  apply  it  throughout 
the  flow  -  even  to  those  regions  of  the  flow  where 
the  generality  was  not  required  and  some  simplifi¬ 
cation  was  possible. 

In  an  effort  to  be  more  efficient  and  perhaps 
even  improve  and  make  use  of  the  basic  understand¬ 
ing  of  such  flows,  alternative  approaches  have  been 
explored.  Here  the  multi-scale  problem  of  interest 
Involves  small  regions  of  separated  flow.  For  this 


flow  gives  valid  high  Reynolds  number  force  and 
moment  distributions  over  bodies  operating  in  unsep¬ 
arated  flow  conditions.  Viscous  effects  dominate 
loss  levels  and  set  the  operational  limits  of  the 
device  by  determining  separation  and  stall.  Con¬ 
ventional  boundary  layer  theory  provides  the  first 
level  at  which  viscous  effects  can  be  allowed  for, 
given  the  pressure  distribution,  and  has  in  the  past 
been  limited  to  unseparated  flow.  The  question  ad¬ 
dressed  by  a  number  of  investigators  was,  given  the 
possible  utility  of  such  an  analysis,  would  it  be 
possible  to  extend  boundary  layer  theory  into  lim¬ 
ited  regions  of  separated  flow?  Considerable 
encouragement  for  these  efforts  came  on  the  one  hand 
from  the  importance  of  the  practical  applications 
which  would  be  within  reach  of  an  extended  boundary 
layer  theory  and  on  the  other  from  experimental 
studies.  These  experimented  studies  have  indicated 
that  in  many  small  but  important  regions  of  separ¬ 
ated  flow,  the  boundary  layer  invoked  approximations 
were  valid,  notably  that  v,  a  normal  velocity, 
remained  small  compared  to  a  strearawise  velocity  u, 
and  that  across  these  separation  regions  the  normal 
static  pressure  gradient  was  negligible.  Since 
away  from  the  small  separation  region  the  outer  flow 
remained  inviscid,  it  was  natural  to  retain  these 
approximations  and  attempt  to  construct  a  flow  model 
to  adequately  predict  these  small  separation  regions 
thereby  enlarging  the  region  wherein  inviscid  and 
boundary  layer  calculations  can  provide  accurate 
predictions  of  the  flow.  Having  constructed  such  a 
flow  model,  the  next  question  would  be  its  valida¬ 
tion  and  finally  to  ascertain  that  the  resulting 
system  of  approximate  governing  equations  could  be 
solved  more  efficiently  for  the  entire  domain  than, 
say,  the  Navier-Stokes  equations. 

In  order  to  understand  the  numerical  aspects, 
the  construction  of  such  a  model  is  first  examined, 
then  its  validation  to  ensure  that  the  essential 
physical  elements  are  retained  and  finally  the 
numerical  solution  procedures  are  examined,  to  en¬ 
sure  that  the  use  of  flow  approximations,  however 
valid,  have  resulted  in  a  net  savings  in  computa¬ 
tional  effort. 


problem,  physical  models  of  the  various  flow  regions  The  Interacted  Boundary  I iyer  Formulation 

have  been  established  and  linked  together  by  means  and  Its  Validation 

of  boundary  conditions.  The  simplified  governing 


equation  systems  appropriate  to  each  flow  region 
are  then  solved  efficiently  making  use  of  the 
(valid)  approximations  and  linked  together  (inter¬ 
acted)  through  the  appropriate  boundary  conditions. 
This  approach  encompasses  three  distinct  areas: 
r  lei  formulation  including  interface  boundary 
conditions,  validation  of  the  model,  and  computa¬ 
tion  of  the  solutions.  Although  here  we  will  be 
primarily  concerned  with  computational  aspects  i.e. 
Che  third  area  mentioned,  the  numerical  problems 
cannot  be  addressed  without  an  understanding  of  the 
formulation  and  validation. 

Considering  the  model  formulation,  it  is  known 
that  a  potential  i.e.  inviscid  irrotational ,  outer 


Construction  of  a  suitable  model  for  small 
regions  of  separated  flows  has  its  roots  in  the  work 
of  Crocco  and  Lees  (1952)  who  investigated  the 
interaction  of  a  laminar  wake  with  an  inviscid 
supersonic  outer  flow.  In  this  case  a  boundary 
layer  momentum  integral  technique  was  used  to  de¬ 
scribe  the  shear  layer  and  a  simple  local  Prandtl- 
Meyer  wave  relationship  used  to  relate  the  free 
stream  pressure  at  the  edge  of  the  shear  layer  to 
the  local  displacement  effect  of  the  shear  layer. 
This  approach  was  relatively  successful  although  a 
singularity  caused  a  great  deal  of  difficulty  with 
the  solution  implementation.  In  this  approach,  the 
boundary  layer  or  the  shear  layer  development  and 
the  free  stream  are  independently  governed  by 


1 


spatially  parabolic  and  hyperbolic  systems  of  equa¬ 
tions  respectively.  Rather  remarkably  Garvine  (1968) 
later  showed  that  a  model  of  this  problem  was  im¬ 
properly  posed  as  an  initial  value  problem  in  space 
and  should  be  approached  as  a  boundary  value  problem. 
The  boundary  value  nature  was  present  although  each 
individual  flow  regime  was  governed  by  a  system 
which  could  be  solved  by  itself  as  an  initial  value 
problem  in  space;  however,  the  boundary  condition 
representing  interaction  of  the  two  regions  pro¬ 
duced  a  boundary  value  problem.  Garvine' s  observa¬ 
tions  explained  much  of  the  difficulty  experienced 
in  solving  the  problem  as  formulated  by  Crocco  and 
Lees. 

The  next  series  of  developments  occurred  almost 
simultaneously  with  Stewartson  and  Williams  (1969) , 
Neiland  (1969)  and  Messiter  (1970)  developing  very 
similar  asymptotic  theories  of  shear  layers  inter¬ 
acting  with  external  inviscid  flows.  In  these 
analyses,  valid  for  R  ■*  °°,  Stratford's  (1959)  con¬ 
cept  of  a  two-layer  boundary  layer  was  used  in 
conjunction  with  an  analysis  by  Lighthill  (1953) 
to  produce  a  rational,  self-consistent  structure 
for  these  interacting  shear  flows.  Solved  now  as  a 
boundary  value  problem,  much  of  the  previously  elu¬ 
sive  structure  of  this  class  of  interacting  flows 
emerged.  These  important  results  led  to  further 
developments  and  widespread  application  of  what  has 
become  known  as  triple  deck  theory  [e.g.,  Stewartson 
(1974)]. 

On  a  parallel  development,  work  continued  on 
the  finite  Reynolds  number  behavior  of  interacting 
shear  layers.  In  the  case  of  supersonic  external 
stream,  Werle  and  Vatsa  (1974)  successfully  and 
routinely  obtained  solutions  to  the  laminar  shock 
wave  boundary  layer  interaction  problem,  essentially 
as  formulated  by  Crocco  and  Lees,  by  using  an  iter¬ 
ation  procedure  and  solving  the  boundary  layer  equa¬ 
tions  by  an  implicit  finite  difference  scheme. 
Subsequently,  very  favorable  comparison  between 
triple  deck  results  and  those  of  Werle  and  Vatsa 
were  obtained  in  the  limit  as  Re  -*■  <•  by  Burggraf, 
Werle,  Rizzetta  and  Vatsa  (1979).  However,  Davis 
(1976),  Burggraf,  et  al  (1979)  and  Davis  and  Rubin 
(1980)  pointed  out  the  rather  slow  approach  of  these 
composite  solutions  at  finite  Reynolds  numbers  to  the 
asymptotic  limits  of  triple  deck,  at  least  for  this 
particular  problem  of  a  supersonic  corner  flow. 

This  slow  approach  to  the  asymptotic  limit  has  pro¬ 
vided  one  justification  for  continued  development 
of  the  'composite'  interacted  boundary  layer 
theories.  Additional  justification  for  Che  numeri¬ 
cal  treatment  of  the  boundary  layer  as  one  region 
interacting  with  some  external  inviscid  flow,  is  to 
be  found  in  the  desire  not  to  be  bound  by  Che  various 
assumptions  of  the  asymptotic  approach  when  applying 
the  interaction  concepts  to  less  simple  configura¬ 
tions. 

In  view  of  the  elliptic  nature  of  the  external 
flow,  in  the  case  of  a  subsonic  flow  the  boundary 
value  nature  of  the  interaction  problem  is  not  as 
surprising  as  it  wa  .  in  supersonic  flow.  However, 
important  to  the  development  of  a  computationally 
efficient  composite  approach  was  the  recognition 
that  at  finite  Reynolds  numbers  in  subsonic  flow 
for  small  separation  regions,  the  interaction  was 
localized  and  could  be  represented  as  a  perturbation 
of  the  exterior  flow  and  determined  by  the  particu¬ 
larly  simple  displacement  body  of  linearized  thin 
airfoil  theory  (the  Hilbert  integral).  Briley  and 
McDonald  (1975)  used  linearized  subsonic  thin  air¬ 


foil  theorv  in  this  manner  to  provide  the  change  to 
the  external  flow  resulting  from  the  boundary  layer 
interaction.  With  this  formulation,  Briley  and 
McDonald  were  able  to  predict  the  development  of 
transitional  separation  bubbles  on  airfoils  and 
obtained  a  favorable  comparison  with  experimental 
data.  Subsequently,  Kwon  and  Pletcher  (1979)  and 
Cebeci  and  Schimke  (1982)  used  this  same  formulation, 
but  with  quite  different  numerical  solution  algo¬ 
rithms  and  turbulent  transition  models  and  obtained 
good  agreement  with  the  data  and  with  the  earlier 
predictions  of  Briley  and  McDonald.  A  related 
study  has  recently  been  performed  by  Carter  and 
Vatsa  (1982)  for  leading  edge  bubbles. 

While  the  interaction  with  both  the  subsonic  and 
the  supersonic  external  flow  can  be  well  represented 
very  simply  for  many  problems  using  linearized  flow 
theory,  the  mixed  elliptic-hyperbolic  nature  of  the 
transonic  problem  raises  obvious  problems.  LeBalleur 
(1978)  and  Carter(1979,1981)  eliminated  these  prob¬ 
lems  in  a  straightforward  manner  by  iteratively 
computing  the  external  flow  using  an  efficient  tran¬ 
sonic  potential  flow  solver.  Thus,  the  interacting 
boundary  layer  analysis  has  been  formalized  and  ap¬ 
plied  for  localized  separations  in  incompressible, 
transonic,  supersonic  and  hypersonic  flow.  Attention 
will  now  be  given  to  results  which  validate  the 
general  approximations  introduced  in  this  analysis. 

As  mentioned  earlier,  order  of  magnitude 
estimates,  experimental  measurements  and  comparisons 
between  predictions  and  measurements  all  gave 
encouragement  to  the  view  that  for  small  separation 
regions  boundary  layer  approximations  would  remain 
valid.  Early  work  on  the  supersonic  interaction 
problem, in  spite  of  being  troubled  by  singularities 
such  as  the  Crocco-Lees  point,  did  give  much  en¬ 
couragement  and  more  than  a  hint  of  the  potential 
of  this  approach  to  the  problem.  Werle  and  Vatsa 
(1974)  compared  favorably  with  both  data  and  the 
Navier-Stokes  solution  obtained  by  Carter  (1972)  for 
a  compression  ramp.  Rizzetta,  Burggraf  and  Jenson 
(1978)  using  triple  deck  theory  compared  favorably 
with  data  and  with  Werle-Vatsa  solutions  for  corner 
flow.  Very  direct  tests  of  the  validity  of  the 
boundary  layer  approximations  for  subsonic  flow  were 
made  by  Briley  and  McDonald  (1975)  and  Ghia,  Ghia 
and  Tesch  (1975).  These  comparisons  are  of  special 
significance  since  the  same  algorithms,  codes  and 
grids  were  used.  In  these  instances,  flow  solutions 
were  obtained  using  the  Navier-Stokes  equations  and 
then  the  terms  in  the  Navier-Stokes  equations  but 
not  in  the  conventional  boundary  layer  equations 
were  deleted  and  the  results  compared.  Briley  and 
McDonald  (1975)  examined  the  previously  mentioned 
transitional  separation  bubbles  and  found  only  a 
small  effect  of  the  terms  neglected  in  the  incom¬ 
pressible  interacted  boundary  layer  formulation. 

K.  Ghia,  U.  Ghia  and  W.  Tesch  (1975)  examined  the 
effect  of  a  wide  range  of  approximations  upon  the 
incompressible  flow  over  a  slab  with  varying  degrees 
of  nose  bluntness  and  upon  the  flow  over  a  circular 
cylinder  with  a  rear  splitter  plate.  They  conclude 
that  interacted  boundary  layer  type  approximations 
are  valid  in  many  instances  of  separated  flow. 

Murphy,  Presley  and  Rose  (1975)  compared  solutions 
from  the  Navier-Stokes  to  those  obtained  from  a 
scheme  using  boundary  layer  approximations  in  both 
laminar  and  turbulent  supersonic  shock  wave  boundary 
layer  interaction.  They  concluded  that  in  these 
cases, as  long  as  the  flow  angle  remained  small,  the 
neglect  of  the  appropriate  terms  did  not  produce  a 
significant  discrepancy  between  the  boundarv  layer 
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and  Navier-Stokes  predictions.  Vatsa  and  Carter 
(1982)  compared  interacted  boundary  layer  solutions 
with  solutions  obtained  by  a  Navier-Stokes  solver 
for  turbulent  flow  over  a  boattail  with  a  sting, 
where  a  small  separation  zone  occurred  at  the 
boattail  sting  juncture.  Relatively  good  agreement 
was  obtained  between  these  two  sets  of  predictions. 
Thus  it  has  been  demonstrated,  at  least  for  the  flow 
problems  examined  above,  that  use  of  the  boundary 
layer  approximation  does  not  lead  to  major  errors 
compared  to  the  Navier-Stokes  solutions. 

Structure  of  Proposed  Solution  Procedures 

It  is  at  this  point  that  details  of  the  numeri¬ 
cal  schemes  must  be  introduced,  since  it  can  be 
concluded  from  the  foregoing  that  a  validated  ap¬ 
proximate  flow  model  for  small  separated  flow 
regions  interacting  with  an  essentially  inviscid 
outer  flow  region  has  been  firmly  established. 

The  basic  structure  of  this  flow  model  leads  one  to 
expect  considerable  economy  of  computation  relative 
to  solving,  for  instance,  the  full  Navier-Stokes 
equations  with  appropriate  multi-scale  resolution. 

In  the  simplest  of  formats,  the  steady  inviscid 
external  flow  around  the  geometry  in  question  is 
computed  once.  If  the  external  flow  can  be  assumed 
irrotational,  a  single  scalar  potential  equation 
may  be  used  with  obvious  computational  savings. 

The  correction  perturbation  to  this  inviscid  outer 
flow  may  be  obtained  from  linearized  flow  theory  and 
at  worst  in  transonic  flow  with  small  separations 
some  perturbation  potential  would  have  to  be  solved 
throughout  the  flow.  For  subsonic  flow,  the  cor¬ 
rection  can  be  obtained  from  the  simple  Hilbert 
line  integral  of  thin  airfoil  theory.  For  super¬ 
sonic  flow,  the  correction  can  be  obtained  on  a 
pointwise  basis  using  for  instance  the  linearized 
wave  theorv  of  Prandtl  and  Glauert.  The  remaining 
issue  is  the  computation  of  the  interacted  boundary 
layer.  The  conventional  boundary  layer  approach 
leads  one  to  think  in  terms  of  a  parabolic  system 
of  equations  in  space  and  prior  experience  indicates 
that  this  system  can  be  solved  very  rapidly  and 
efficiently.  Unfortunately,  the  boundary  value 
nature  of  the  interaction  problem  described  earlier 
indicates  that  the  interacted  boundary  layer  is  not 
well  posed  as  an  initial  value  problem  in  space  and, 
if  a  forward-marching  solution  algorithm  is  to  be 
used  for  solving  this  boundary  value  problem,  then 
multiple  iterations  through  the  parabolic  system  are 
required.  Unless  a  sufficiently  economical  approach 
to  the  boundary  value  problem  is  adopted,  the  re¬ 
sulting  effort  of  solving  the  boundary  value  problem 
will  seriously  degrade  the  overall  apparent  computa¬ 
tional  efficiency  of  the  formulation  and,  hence, 
the  numerical  approach  adopced  is  of  some  importance. 

Two  subsidiary  points  emerge  when  the  boundarv 
value  nature  of  the  problem  is  addressed,  particu¬ 
larly  via  iterated  spatial  forward  marching  ap¬ 
proaches.  The  first  point  is  the  steady  separation 
singularity  commonly  termed  the  Goldstein  singular¬ 
ity,  and  the  second  is  the  reversed  flow  streamwise 
velocities  that  are  encountered  after  the  separ 
tion.  Each  of  these  points  will  be  addressed  in 
more  detail  subsequently,  together  with  their  impact 
on  the  solution  algorithm.  For  the  present,  it  is 
noted  that  it  is  now  widely  accepted  that  the 
Navier-Stokes  eq  itions  are  regular  at  separation 
while  the  Goldstein  singularity  arises  in  the 
steady  (uninteracted)  boundary  layer  equations  when 
the  streamwise  pressure  gradient  is  specified  as  a 
boundary  condition  and  the  equations  are  solved  as 


an  initial  value  problem  by  forward  marching  in  the 
streamwise  direction.  Convincing  numerical  evi¬ 
dence  for  the  regularity  of  the  Navier-Stokes  equa¬ 
tions  at  separation  has  been  presented  for  instance 
by  Briley  (1971),  Leal  (1973),  Ghia  and  Davis  (1974). 
Clear  numerical  evidence  of  the  presence  of  the 
separation  singularity  in  the  steady  boundary  layer 
equations  when  the  streamwise  pressure  gradients 
are  prescribed  has  been  given  by  Werle  and  Davis 
(1972), and  Klineberg  and  Steger  (1974)  for  instance. 
However,  it  has  been  established,  and  is  now  widely 
accepted,  that  the  steady  interacted  boundary 
layer /inviscid  flow  solutions  both  from  the  compos¬ 
ite  equations  and  from  triple  deck  agree  with  the 
corresponding  Navier-Stokes  solutions,  as  discussed 
in  the  previous  validation  section,  and  hence  are 
regular  at  separation.  Thus,  the  Goldstein  singu¬ 
larity  in  interacting  flows  may  have  a  very  con¬ 
siderable  impact  on  the  calculation  efficiency  and 
strategy,  but  it  is  a  matter  for  the  solution  al¬ 
gorithm,  not  of  the  formulation,  and  will  be  dis¬ 
cussed  in  that  context  later.  Insofar  as  the  dif¬ 
ficulties  associated  with  reverse  flow  velocities 
are  concerned,  these  too  are  features  of  the  solu¬ 
tion  algorithm,  not  of  the  problem  formulation,  as 
can  be  seen  for  instance  from  the  work  of  Klineberg 
and  Steger  (1974),  Carter  (1975),  and  Williams 
(1974) .  The  problems  here  are  rather  obvious  and 
arise  from  forward  marching  in  space  against  the 
mean  flow  velocity  direction.  Such  problems  clearly 
affect  certain  types  of  solution  algorithms,  but 
again  the  elliptic  boundary  value  nature  of  the 
interaction  and  its  recognition  in  the  formulation 
support  the  contention  that  the  presence  of  reverse 
flows  is  not  a  difficulty  of  formulation,  but  of 
solution  technique. 

In  the  light  of  the  foregoing,  we  examine  some 
aspects  of  the  numerical  algorithms  which  have  been 
and  are  being  used  to  solve  the  steady  composite 
equations  of  interacting  boundary  layer  theory. 

Development  of  the  Numerical  Methodology 

As  mentioned  above,  the  emphasis  here  will  be 
elucidating  some  of  the  numerical  aspects  of  the 
various  approaches  adopted  to  solve  the  composite 
interacting  boundary  layer  equations.  The  governing 
equations  can  be  written  in  the  form: 


(pu^  +  (  pv)^  =  0  (1) 


puux  +  pvuy  =  -px  «*  ( fXTliy)y  (2) 


where  is  Che  sum  of  the  laminar  and  turbulent 
effective  viscosity  and  an  x  or  v  subscript  denotes 
differentiation.  For  turbulent  compressible  flow, 
the  dependent  variables  will  be  assumed  to  have 
been  mass  averaged  following  Favre.  The  governing 
equations  are  subject  to  the  impermeable  wall  and 
free  stream  boundary  conditions. 

y  =  0,  u  =  v  =  0  y  =  S  p  =  Pe(x )  (3) 

The  imposed  pressure  gradient  is  related  to  the 
streamwise  velocity  l’e 
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px=^eUe(Ue>x  (4) 

and  the  streamwise  velocity  is  decomposed  into  the 
imposed  and  perturbation  velocity  Ue  =  +  Uc 

where  Uc  is  the  perturbation  to  the  imposed  in- 
viscid  velocity  field  U®  due  to  the  interaction. 

For  incompressible  flow,  this  airfoil  theory  defines 
the  perturbation  velocity  by  the  so-called  Hilbert 
integral  wherein 


where  the  symbol  '  }  '  denotes  that  the  Cauchy 
principle  part  of  chis  singular  integral  is  taken, 
and  5*  is  the  usual  boundary  layer  displacement 
thickness.  An  even  simpler  relationship  between 
the  local  rate  of  change  of  displacement  thickness 
and  the  perturbation  velocity  Uc  can  be  derived  in 
supersonic  flow  relative  to  a  perturbation  flow 
angle  a. 


(uc )x /Ue  =  ( -I) 


(6) 


a  =  (v/u)y-s*  =  8* 


(7) 
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In  the  supersonic  literature  some  minor  varia¬ 
tion  in  this  type  of  expression  can  occur  depending 
on  where  the  flow  angle  match  point  is  taken  and  on 
the  specifics  of  the  linearization  approximation. 

With  this  slight  exception,  the  formulation  given 
above  is  remarkably  standard  and  in  addition  to 
being  part  of  the  basic  structure  of  triple  deck 
[Stewartson,  (1974)]  has  been  used  as  the  appropri¬ 
ate  system  of  governing  equations  describing  com¬ 
posite  interacting  boundary  layer  flows  at  finite 
Reynolds  number.  For  instance,  in  subsonic  flows 
precisely  this  formulation  has  been  used  by  Briley 
and  McDonald  (1975),  Carter  (1979),  Carter  and 
Wornom  (1975),  Kwon  and  Pletcher  (1979),  Veldman 
(1981),  Cebeci  and  Stewartson  (1982),  Cebeci  and 
Schimke  (1982)  and  Carter  and  Vatsa  (1982).  In 
supersonic  flows,  the  composite  formulation  is  es¬ 
sentially  that  used  for  instance  by  Crocco  and  Lees 
(1952)  and  Baum  and  Denison  (1966)  for  a  wake  and 
Werle  and  Vatsa  (1974)  for  boundary  layers.  In 
view  of  the  wide  acceptance  of  the  formulation,  the 
distinction  between  the  various  approaches  can  be 
made  on  this  basis  of  the  numerical  solution 
algorithm,  and/or  the  turbulence  model  adopted. 

It  is  instructive  to  briefly  review  the  evolu¬ 
tion  of  the  numerical  methods  used  to  solve  the 
composite  equations.  It  is  apparent  that  the  wide¬ 
spread  availability  of  computer  codes  embodying 
efficient  and  accurate  numerical  schemes  which 
solve  the  previously  given  boundary  layer  equations 
as  an  initial-boundary  value  problem  in  the  stream- 
wise  direction,  have  greatly  influenced  the  numerical 
development.  In  approaching  the  boundary  value 
problem  arising  from  the  composite  system,  it  is 
natural  to  attempt  to  utilize  these  existing  computer 
codes  within  an  iterative  technique.  This  is,  of 
course,  a  perfectly  legitimate  approach  if  upon 
convergence  the  appropriate  solution  is  obtained 
satisfying  the  necessary  interacted  boundary 


conditions.  In  this  mode,  the  streamwise  forward 
marching  iterates  can  encounter  the  two  previously 
mentioned  problems  of  the  separation  singularity  and 
forward  marching  into  regions  of  reverse  flow. 

Catheral  and  Mangier  (1966)  demonstrated  that  chang¬ 
ing  a  boundary  condition  on  the  boundary  layer  equa¬ 
tions  from  specified  Ue(x)  to  specified  (smooth) 

6*(x)  was  sufficient  to  ensure  regular  behavior  near 
zero  skin  friction.  Introduction  of  a  specified 
displacement  thickness  as  a  boundary  condition  is  a 
minor  and  easily  introduced  modification  to  these 
existing  computer  codes  and  the  resulting  schemes 
have  been  termed  the  inverse  mode  of  solving  the 
boundary  layer  equations.  Carter  (1975),  and  Ghia, 
Ghia  and  Tesch  (1975)  have  demonstrated  that  speci¬ 
fying  a  smooth  skin  friction  distribution  also 
served  to  produce  a  smooth  solution  of  the  boundary 
layer  equation  in  the  vicinity  of  separation.  Once 
past  the  immediate  vicinity  of  the  separation  point, 
these  initial  value  schemes  encountered  the  problem 
of  marching  against  the  streamwise  velocity.  Here, 
iterative  schemes  have  been  constructed  and  demon¬ 
strated  by  Klineberg  and  Steger  (1974) ,  Carter 
(1975),  Williams  (1974),  Ghia,  Ghia  and  Tesch  (1975) 
which  remove  the  reverse  flow  problem  without  further 
approximation  to  the  governing  equations.  An  ap¬ 
proximate  noniterative  technique  proposed  by  ^l'u'gge- 
Lotz  And  Reyhner  (1968)  termed  'FLARE'  has  also  been 
shown  to  permit  forward  marching  into  regions  of 
reverse  flow.  The  technique  involves  either  neglect¬ 
ing  the  streamwise  convective  term  in  the  axial 
momentum  equation  or  replacing  the  streamwise  con¬ 
vective  velocity  in  the  equation  by  its  modulus. 

The  stabilizing  effect  of  this  modification  is 
obvious  and  the  approximation  valid  so  long  as  the 
streamwise  convective  term  is  negligible.  Carter 
(1975)  has  shown  that  noticeable  errors  could  arise 
from  use  of  this  approximation  when  the  negative 
convective  velocity  exceeds  about  10%  of  the  free 
stream  value.  Since  high  reverse  flow  velocities 
(>10%)  are  observed,  experimentally  and  theoretically, 
in  the  vicinity  of  reattachment  in  turbulent  flow, 
some  concern  over  the  widespread  use  of  the  FLARE 
approximation  must  be  expressed. 

Given  now  that  the  iterative  approaches  can  be 
developed  to  streamwise  march  through  the  separation 
region  by  operating  in  the  inverse  mode,  it  now  be¬ 
comes  necessary  to  complete  the  iteration  and  satisfy 
the  external  interacted  boundary  conditions.  Here 
some  subtlety  is  required  since  the  edge  velocity 
deduced  from  the  inverse  solution  of  the  boundary 
layer  equations  must  eventually  be  the  same,  to 
within  satisfactory  numerical  error  levels,  as  that 
arising  from  the  displacement  surface  as  given  by 
the  external  flow  calculation.  The  various  investi¬ 
gators  have  devised  systematic  ways  of  performing 
the  correction  to  ensure  rapid  convergence,  in 
general.  Thus,  this  type  approach  can  be  evaluated 
numerically  in  four  categories.  One,  how  the 
boundary  layer  equations  are  solved;  two,  how  the 
separation  singularity  is  dealt  with;  three,  how  the 
problem  of  marching  into  the  reverse  flow  is  treated, 
and  four,  how  the  interacted  external  flow  boundary 
conditions  are  satisfic  As  will  be  shown  subse¬ 
quently,  once  this  is  aone  a  high  degree  of  uniformity 
is  observed  in  the  algorithm's  structure  used  to  solve 
the  problem  by  the  iterative  or  shooting  approach. 

The  boundary  value  problem  could  be  formulated 
numerically  as  a  large  matrix  inversion  problem  as 
solved  by  a  combination  of  Newton  iteration  and 
direct  elimination.  This  has,  as  yet,  not  been  done. 
In  other  fluid  dynamics  problems  governed  by  elliptic 
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equations,  various  time-dependent  approaches  to 
solving  steady  boundary  value  problems  as  the  large 
time  asymptote  of  a  time  or  pseudo-time  integration 
process  have  gained  widespread  acceptance.  For  the 
present  interaction  problem,  a  time-dependent  ap¬ 
proach  can  be  attractive,  although  to  date  it  has 
not  been  widely  used  in  spite  of  the  availability  of 
computer  codes  which  can  efficiently  solve  the  time- 
dependent  boundary  layer  equations.  Here  an  attempt 
will  be  made  to  explain  this  somewhat  anomalous 
result.  In  a  time-dependent  approach,  the  problem 
is  recast  into  an  initial/boundary-value  problem  in 
time  or  a  pseudo-time  variable  with  a  two-point 
boundary  value  problem  in  space  satisfied  at  each 
time  step.  Since  the  problem  is  marched  in  time, 
not  in  space,  no  difficulty  with  sign  of  the  stream- 
wise  velocity  is  encountered.  As  Phillips  and 
Ackerberg  (1973)  and  Cebeci  (1978)  point  out,  an 
unsteady  separating  and  reattaching  boundary  layer 
with  specified  free  stream  velocity  as  a  boundary 
condition  (the  direct  mode)  does  not  encounter  a 
Goldstein  type  of  singularity.  Since  the  interacted 
formulation  ensures  that  the  Goldstein  singularity 
is  not  present  in  the  steady  solution,  one  is  led  to 
the  expectation  that  if  steady  solutions  are  ob¬ 
tained  by  an  unsteady  approach,  these  will  be  singu¬ 
larity  free  both  in  the  transient  and  at  steady 
state,  otherwise  the  results  could  not  constitute 
(unique)  solutions. 

A  physical  time-dependent  approach  was  used  by 
Briley  and  McDonald  (1973)  to  generate  solutions  to 
the  steady  interacted  boundary-layer  equations  sub¬ 
ject  to  the  interacted  freestream  boundary-condition 
and  also  to  generate  solutions  of  the  Navier-Stokes 
equations  for  this  same  problem,  subject  to  the  same 
boundary  conditions.  Subsequently,  it  was  questioned 
by  Carter  (1975)  and  Kwon  and  Pletcher  (1979)  whether 
this  time-dependent  approach  had  removed  the  separa¬ 
tion  singularity.  Although  an  incomplete  streamwise 
mesh  refinement  study  prevented  a  firm  conclusion  at 
that  time  that  the  separation  singularity  was  absent 
in  the  steady  solutions,  in  light  of  the  current 
unanimity  that  the  steady  Interaction  formulation  is 
nonsingular  following  convergence,  any  doubt  con¬ 
cerning  these  particular  solutions  can  only  encompass 
behavior  of  the  algorithm  itself  prior  to  convergence, 
and  not  the  interacted  boundary-layer  formulation 
itself.  Stated  another  way,  if  unique  solutions 
exist  the  singularity  obviously  cannot  be  absent  for 
a  solution  obtained  by  one  particular  numerical  tech¬ 
nique  and  not  by  another.  If  any  particular  solution 
technique  produces  steady  results  which  show  evidence 
of  singular  behavior  then  this  implies  that  con¬ 
vergence  to  the  (nonsingular)  interacted  solution 
has  not  been  obtained. 

Concern  for  the  adequacy  of  time-dependent 
approaches  in  general  may  have  been  engendered  by 
the  previously  mentioned  study  of  Werle  and  Vatsa 
(1974),  who  used  a  pseudo-time  formulation  for  the 
purpose  of  iteration  to  satisfy  the  Interaction 
equation.  In  the  Werle-Vatsa  formulation,  a  pseudo- 
time  derivative  of  displacement  thickness  is  added 
to  the  steady  form  of  the  momentum  equation.  As 
Werle  and  Vatsa  point  out,  during  each  spatial 
marching  interaction  this  pseudo-time  term  (which  is 
Independent  of  y)  behaves  essentially  as  an  Imposed 
pressure  gradient,  and  since  freestream  velocity  is 
imposed  during  each  forward-marching  iteration  sweep, 
this  particular  algorithm  is  thus  subject  to  the 
separation  singularity  and  reverse  flow  problems 
unless  special  solution  techniques  are  Introduced. 

To  eliminate  these  problems  i-'erle  and  Vatsa  modified 


the  pseudo-time  term  to  give  it  a  functional  depen¬ 
dence  on  the  streamwise  derivative  of  displacement 
thickness,  based  on  the  observed  behavior  of  dis¬ 
placement  thickness  at  the  separation  singularity. 
With  this  modification,  Werle  and  Vatsa  were 
apparently  able  to  forward  march  through  separation 
with  an  imposed  freestream  velocity  without  en¬ 
countering  singular  behavior.  The  reverse  flow 
problem  was  treated  by  introducing  the  FLARE  approxi¬ 
mation  mentioned  earlier.  The  difficulties  encoun¬ 
tered  and  dealt  with  ir.  the  Werle-Vatsa  pseudo-time 
formulation  (for  use  as  an  iterated  spatial  forward¬ 
marching  algorithm)  must  be  contrasted  with  a  formu¬ 
lation  based  on  physical  time  dependence,  wherein 
the  time  derivatives  represent  local  physical  time 
accelerations.  Since  the  physical  time  accelerations 
vary  with  all  spatial  coordinates,  they  cannot  be 
equivalent  to  an  imposed  pressure  gradient  which  is 
independent  of  the  normal  coordinate  y.  In  fact, 
the  particular  time-dependent  algorithm  applied  by 
Briley  and  McDonald  to  the  unsteady  boundary  layer 
equations  was  a  conventional  Douglas-Gunn  ADI  scheme 
in  which  each  of  the  two  steps  is  implicit  in  only 
one  coordinate  direction.  Consequently,  although 
the  freestream  velocity  was  imposed  as  a  (direct) 
boundary  condition  in  one  of  the  ADI  sweeps,  the 
terms  treated  implicitly  (as  a  two-point  boundary 
value  problem)  in  each  sweep  do  not  constitute  the 
steady  boundary  layer  equations,  and  thus  the 
algorithm  does  not  encounter  the  separation 
singularity. 

Another  early  use  of  a  physical  time-dependent 
formulation  to  solve  an  interaction  problem  is  that 
of  Rizzetta,  Burggraf  and  Jenson  (1975,  1978)  who 
solved  the  triple-deck  equations  for  steady  hyper¬ 
sonic  flow  past  a  corner.  The  unsteady  equations 
were  solved  using  a  semi-implicit  algorithm,  and 
these  results  were  examined  quite  extensively  for 
numerical  errors  by  the  authors,  and  in  the  vicinity 
of  separation  compared  very  well  with  the  previous 
triple  deck  results  of  Stewartson  and  Williams  (1969) 
for  free  interactions.  No  evidence  of  the  separation 
singularity  was  encountered,  and  upwind  differencing 
of  the  streamwise  convective  term  was  sufficient  to 
maintain  stability  in  the  reversed  flow  region. 
Although  the  implementation  of  boundary  conditions 
during  the  transient  and  the  effect  of  upwinding  on 
the  tridiagonal  structure  of  the  semi-implicit 
algorithm  were  not  discussed  in  detail,  these  details 
are  Immaterial  once  convergence  is  obcalned.  Since 
Rizzetta,  Burggraf  and  Jenson  were  able  to  perform  a 
complete  streamwise  mesh  refinement  near  separation, 
their  findings  provide  rather  convincing  evidence 
that  the  separation  singularity  is  absent  in  the 
physical  time-dependent  formulation  for  solving  the 
incompressible  boundary  layer  equations  subject  to 
the  Interacted  freestream  boundary  conditions  of 
triple  deck  theory. 

As  a  final  observation  on  avoiding  the  separa¬ 
tion  singularity  during  iteration  procedures 
for  solving  the  nonsingular  steady  interaction 
formulation,  it  appears  that  at  least  three  distinct 
approaches  have  now  been  suggested.  Each  is  con¬ 
sistent  with  the  observation  that  the  singularity 
seems  to  occur  only  when  the  steady  boundary  layer 
equations  are  solved  (by  any  method)  subject  to  an 
imposed  freestream  velocity  or  pressure  gradient 
(l.e.,  "direct"  boundary  conditions).  In  one 
approach,  the  singularity  is  avoided  during  itera¬ 
tion  by  retaining  the  steady  equations  but  changing 
to  "inverse"  boundary  conditions  (i.e.,  a  specified 
displacement  thickness  or  wall  shear  stress).  In 
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another  approach,  the  direct  boundary  conditions 
are  used  during  iteration  but  the  equations  them¬ 
selves  are  changed  to  the  unsteady  form.  The  third 
approach  is  that  of  Werle  and  Vatsa  which  apparently 
succeeded  by  retaining  the  direct  boundary  condi¬ 
tions  but  changing  the  pressure  gradient  term  per¬ 
ceived  by  the  equations  to  a  special  form  dependent 
on  the  streamwise  derivative  of  displacement 
thickness. 

Having  discussed  the  various  numerical  strate¬ 
gies  for  solving  the  interacted  boundary  layer 
equations,  attention  is  now  devoted  to  examining 
some  aspects  of  the  numerical  implementation  of  the 
interaction  boundary  condition.  In  the  main,  the 
subsonic  problem  resulting  from  the  Hilbert  integral 
is  addressed,  this  being  a  more  difficult  problem 
than  the  supersonic  interaction. 

The  Interaction  Boundary  Condition 

Since  for  subsonic  flows  the  interacted  boundary 
condition  represented  by  the  Hilbert  integral, 

Eq.  5,  cannot  be  conveniently  treated  as  fully 
implicit  at  the  advanced  n  +  1  iteration  or  time 
level,  alternative  strategies  are  adopted  in  both 
time  dependent  and  spatial  approaches.  In  the 
main,  the  interactive  boundary  condition  has  been 
applied  explicitly  at  the  n  level  iterate  or  time 
level.  In  the  time-dependent  approach  where  the 
freestream  velocity  can  be  imposed  directly  as  a 
boundary  condition  without  encountering  a  singu¬ 
larity,  the  n  +  1  interaction  contribution  to  the 
freestream  velocity  may  be  obtained  from  the  inte¬ 
gration  of  the  known  n  level  displacement  thickness 
via  the  Hilbert  integral  and  applied  as  a  direct 
boundary  condition  through  the  specification  of  Ue. 
In  the  inverse  approaches,  the  interaction  contri¬ 
bution  to  the  streamwise  velocity,  Ucn+1,  may  be 
computed  from  n-level  quantities  as  before  and  then 
used  to  deduce  a  new  guess  at  the  displacement 
thickness  (or  skin  friction)  at  the  n  +  1  level, 
!5*n+l.  This  displacement  thickness  5*n+I  is  then 
imposed  as  the  boundary  condition  on  the  n  +  1 
level  solution.  When  the  freestream  velocity 
Uen+  obtained  by  integration  of  the  boundary 
layer  equations  with  the  prescribed  displacement 
thickness  5*n+l  is  sufficiently  close  to  the  free¬ 
stream  velocity  given  by  the  sum  of  the  Hilbert 
integral  contribution  and  the  imposed  inviscid 
distribution  llg  =  Ue  +  U?,  the  iteration  is  termi¬ 
nated  and  interaction  boundary  condition  has  been 
satisfied.  Note  that  both  here  and  subsequently 
the  effect  on  the  inviscid  flow  is  viewed  from  the 
Hilbert  integral  correction  point  of  view.  How¬ 
ever  most  of  the  arguments  carry  over  at  least  in 
principle  to  the  case  where  the  inviscid  flow  is 
recomputed  in  its  entirety 

It  is  observed  from  Eq.  5  that  the  far  field 
contributions  to  he  velocity  perturbation  from  the 
Hilbert  integral  eventually  decay  as  x-^.  The 
Interaction  perturbation  to  the  freestream  velocity 
gradient  decays  even  more  rapidly,  in  fact  as  x-2. 
This  rapid  decay  supports  the  localized  view  of  the 
small  separation  bubble  Interaction  effect,  and  as 
a  result  it  is  attractive  to  attempt  to  improve  the 
Iterative  convergence  of  the  interaction  by  taking 
as  much  as  possible  of  the  Hilbert  integral  im¬ 
plicitly  at  the  advanced  iteration  level.  In  a 
recent  development,  Veldman  (1981)  has  suggested  a 
semi-implicit  evaluation  of  the  Hilbert  integral 
during  the  spatial  forward  marching  Iteration 
procedure,  as  a  means  of  improving  the  convergence 


rate.  This  approach  is  termed  "quasi-simultaneous" 
because  it  provides  a  (partial)  simultaneous  coupling 
between  viscous  and  inviscid  flow  regions  during  the 
iteration.  The  stability  of  forward  marching  and  con¬ 
vergence  of  the  overall  iteration  are  of  interest. 

The  results  of  Veldman  demonstrate  that  this  treatment 
of  boundary  condition  was  both  stable  during  the 
forward  marching  iterations  and  led  to  rapid  con¬ 
vergence  of  the  overall  iteration  to  satisfy  the 
Hilbert  integral.  Given  that  the  forward-marching 
iterates  are  stable,  the  improvement  in  convergence 
behavior  observed  by  Veldman  might  be  related  to  the 
highly  localized  behavior  of  the  Hilbert  integral. 
Veldman' s  results  are  intriguing  in  light  of 
Garvine's  analysis  indicating  that  the  interacted 
simultaneous  treatment  of  the  freestream  boundary 
condition  is  ill-posed  for  the  supersonic  case 
when  posed  as  an  initial  value  problem  in  space. 

The  stability  or  well-posedness  of  the  subsonic 
case  is  explored  here  by  relating  a  model  problem, 
representing  forward  marching  for  a  subsonic  inter¬ 
action,  to  Garvine's  analytical  result  for  the 
supersonic  case.  The  subsonic  case  is  found  to 
have  a  close  resemblence  to  the  supersonic  case 
except  for  the  sign  of  the  exponent  controlling  the 
exponential  growth  or  decay  in  the  solution.  The 
exponent  can  be  made  negative  for  the  subsonic 
case,  thus  producing  a  well-posed  initial  value 
problem.  In  order  to  develop  the  analysis,  it  is 
necessary  to  perform  some  preliminaries  and  discre¬ 
tize  the  Hilbert  integral.  This  will  be  done  and 
the  relationship  to  Garvine's  supersonic  result 
established . 

Consider  the  principal  part  of  the  Hilbert 
integral  of  linearized  thin  airfoil  theory.  The 
Hilbert  integral  is  singular  at  =  x,  and  outside 
a  region  xa  <  x  <  x^  su  funding  the  singularity, 
it  can  be  supposed  that  e  integral  is  well 
behaved,  and  may  be  inte^  ated  by  some  convenient 
quadrature  formula.  Here,  a  uniform  mesh  of 
spacing  is  adopted  for  simplicity,  and  a  trape¬ 
zoidal  rule  is  used.  The  quadrature  is  evaluated 
for  a  given  value  of  x  such  that  xa  <  x  <  xfc  as 
follows: 


uc  =  /*9(  *.£)<*£ 


--U[ 


where  g(x,£)  £ h(£) / (x-f) ,  and  h(C)  £  (:*Ue)r/”. 
The  principal  part  of  the  singular  integral  is 
defined  bv 


/g(x4)^£  *  !i"L o  IF  f 
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Note  chat  although  the  Integrand  of  the  Integral 
is  singular  at  5  *  x,  the  variation  of  h(C)  is 
regular.  To  illustrate  a  point,  assume  h(r)  may  be 
described  by  some  polynomial  consistent  with  the 
spatial  difference  operator  of  the  boundary  layer 
finite  difference  scheme.  For  the  present,  a  lin¬ 
ear  distribution  consistent  with  the  previous  use 
of  the  trapezoidal  rule  is  written  as  follows: 

h(£  )s(8*ue)^  /*  -q+rf  (10) 


and  of  course  the  values  for  the  constants  q  and  r 
follow  from  the  function  values  of  the  argument  at 
xa>  xb-  The  required  integration  can  now  be  per¬ 
formed  and  the  limit  of  t  -»  0  taken.  If  now  che 
singularity  at  x  is  placed  at  the  mid  point  between 
xa  and  xb  (denoted  xs) ,  a  logarithmic  term  which 
arises  in  the  definite  integral  disappears  and  cne 
very  simple  result  is  obtained  that  the  Cauchy 
principal  part  of  the  singular  integral  is  given  by 


discrete  form  of  the  integral  given  by  the  trape¬ 
zoidal  rule,  Eq.  13,  can  be  written 

uc  =  £  cgU,£ )<t£ 

*o 

-L  f  h(*c)  +  h(x0)  I 

2  L  m  +  l/2-n  m  +  t/2J 

+Jy''  h(£  j  )  (14) 

J7,  rn+i/2-j 
=  a  +  "l  0.  h(C  ) 


with  x0/AC-0,  xc/A£=n 


x/Af=m+i/2  £/A£  =  j 

)dt  *  (xa-xb)r  (ID 

*a 


Replacing  r  by  the  appropriate  function  values,  and 
noting  that  ga  ;  h a/(xs  -  xa)  and  xs  ;  (xa  +  xb)/2, 
Eq.  (11)  can  be  written  as 


*b 

*-  (xb-xa)[h(xb)  -h(xa)]  / (xb-xa) 

:i2) 


A|  , 

1  T  <5b  +  9a 


With  each  half  of  the  principal  part  inserted  into 
the  appropriate  trapezoidal  rule,  the  overall 
result  is 

/  cg(x,C)^f  = 

*0 


Most  quadratures  can  be  written  in  the  form  of  a 
discrete  sum,  Eq.  14,  but  this  sum  will  be  different 
for  different  quadrature  formulae,  particularly  in 
the  weights  6jm.  It  will  be  shown  later  that  the 
sign  of  the  weights,  particularly  the  weight  at 
j  =  m,  can  have  a  considerable  impact  on  the 
stability  of  certain  iterative  algorithms.  To 
develop  this  point,  it  is  necessary  to  introduce 
a  model  problem,  and  here  we  follow  Garvine  (1968) 
and  introduce  the  Oseen  linearized  boundary  layer 
equations. 

The  boundary  layer  equations  given  in  Eqs.  1 
and  2  are  now  normalized  by  a  reference  length  i 
and  velocity  Uref,  and  subsequently  all  lengths  and 
velocities  should  be  considered  non-dimensionalized 
accordingly.  This  introduces  a  Reynolds  number  R 
based  on  Uref,  i  and  the  turbulent  effective 
viscosity  vj.  From  the  point  of  view  of  the  devel¬ 
opment,  little  is  lost  by  considering  the  turbulent 
effective  viscosity  vp  as  a  constant.  The  solution 
variation  from  the  n  to  n  +  1  iterate  or  time  level 
is  examined.  The  velocity  increments  are  expressed 


A£[yg0+  ■  ga  +  gb  +  gb+l+  TgJ  03 


n-n  n  . 
u  =  n  +  Au 


n+i  n  .  . 

v  =  v  +  Av 


which  is  identical  to  a  straightforward  application 
of  the  trapezoidal  rule  to  the  Hilbert  integral 
without  special  treatment  of  the  singularity.  With 
this  particular  quadrature,  which  has  an  equally 
spaced  mesh,  and  the  singularity  located  at  the 
mesh  center,  the  correction  for  the  singularity 
is  zero.  This  particular  quadrature  of  the  Hilbert 
Integral  was  used  by  Briley  and  McDonald  (1975), 
and  other  quadratures  properly  allowing  for  non- 
uniform  meshes  and  other  positions  of  the  singu¬ 
larity  are  easily  developed.  Note  here  that  the 


Neglecting  the  product  of  increments  and  introducing 
the  Oseen  simplifications  a  model  linear  system  is 
obtained  which  yields  an  approximation  to  the  incre¬ 
ment  Au  which  is  now  a  perturbation  about  the  (non- 
dimensional)  constant  velocity  U0.  This  model 
equation  is 

U0(Au)x=  U0(Au.)„  t  FT1  (  Au)yy  (16) 


Consistent  with  the  Oseen  approximation,  the 
interaction  boundary  condition  obtained  from  the 
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Hilbert  integral  is 


Auc=  Aue(x)  =  -  J  -j- 


( Auc)x 


7T 


Some  initial  profile  is  to  be  specified  together 
with  the  usual  no-slip  and  boundary  condition  at 
large  y.  Following  Garvine,  the  algebra  is  con¬ 
siderably  simplified  if  the  boundary  layer  thick¬ 
ness  5  is  taken  sufficiently  large  and  constant 
with  x.  From  the  continuity  equation,  and  the 
definition  of  the  displacement  thickness  6*  it 
follows  that 


(U0B*L 


r8 

■  J  (Au),  dy 


;U°8*W  = 


and  this  integral  can  be  represented  by  the  same 
quadrature  formula  as  that  developed  previously  for 
the  velocity  perturbation  MJC,  Eq.  13,  by  redefining 
g(x,£). 

In  the  quadrature  of  the  Hilbert  integral,  all 
the  required  values  of  6*  and  UD  are  supposed  known 
except  one,  which  is  to  be  evaluated  implicitly  at  the 
advanced  spatial  location  x§££  when  marching  from 
the  known  solution  at  x£  .  Recall  that  the  super¬ 
script  denotes  the  iteration  level.  The  contribution 
to  Hilbert  integral  for  x  less  than  x^i  is  known  at 
the  n+1  level  having  been  determined  as  the  solution 
is  forward  marched.  The  contribution  for  x  >  Xm+i 
is  taken  from  the  n  level  solution,  that  is  the 
integral  is  split  between  n  and  n+1  levels  and  thus 
evaluated  semi-implicitly .  This  results  in  the 
integral  for  the  velocity  gradient  being  expressed 
at  the  midpoint  x  »  (xm+1  +  xm)/2  as 


{  Aue)x  =  anm+  I  /3jm(  UQS\  +  /3mm(U0S  )g 


Now  the  stability  of  semi-implicit  interacting 
spatial  marching  algorithms  will  be  examined.  The 
solutions  are  to  be  spatially  marched  from  some 
station  Xn,  to  x^i.  The  time  or  iteration  level  is 
advancing  from  the  known  n  level  to  the  n+1  level. 
For  the  evaluation  of  the  spatial  behavior  of  the 
sweep,  the  steady  Oseen  approximation  with  appropri¬ 
ate  boundary  conditions  will  serve  as  an  approximate 
model  of  the  governing  equations.  In  obtaining  the 
contribution  of  the  interaction  to  the  freestream 
velocity  gradient,  it  is  convenient  first  to  inte¬ 
grate  the  Hilbert  integral  by  parts  with  due 
allowance  for  the  Cauchy  principle  part.  This 
yields 


1  I-Anm/^u'xx^y 
Ann,*  +  2/lr 

and  the  second  derivative  of  the  displacement  thick¬ 
ness  in  the  latter  expression  is  to  be  evaluated  at 
x  *  xm.  (This  would  cause  to  appear  if  a  central 

difference  at  x  *  xm  were  used  for  d2U06*/dx2)  . 

The  model  interaction  equation  is  rewritten 

,S 

Auyy+b  J  Auxx-aAux  *  S  (23) 


where  b=-/3mm«U0  a  =  Uc 


S- -  IRU0 


[log  |x-C| '  (U0S*)£  1  + 
*0 
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(20)  This  equation  may  be  solved  subject  to  the  required 

boundary  conditions  by  writing  the  dependent  variable 
in  the  form 

Au  =  u(x,y)  +  w(y)  <2i) 


boundary  layer  has  returned  to  some  relatively  un¬ 
disturbed  state,  consister  with  the  local  view  of 
the  Interaction,  it  is  permissible  and  convenient 
to  neglect  the  first  term  in  the  integral.  If  this 
is  not  acceptable,  then  this  same  term  may  be  dropped 
after  differentiation  to  obtain  the  velocity  gradient 
by  making  sure  that  x0  and  xc  are  far  from  the  point 
of  interest.  Proceeding  to  obtain  the  velocity 
gradient 


with  w  defined  as  wyy  -  S  subject  to  the  boundary  con¬ 
ditions  w(0)  »  w(d)  -  0.  This  results  in  the  quadratic 


profile 


-  -^(8-y) 


Note  that  the  w  profile  does  not  satisfy  a  zero 
gradient  outer  edge  condition,  but  that  this  could 
be  imposed  without  changing  the  subsequent  results 
significantly.  However  giving  up  on  this  gradient 
condition  leaves  u  subject  to  precisely  the  same 
governing  equation  and  boundary  equations  as 
Garvine's  model  problem  for  a  supersonic  inter¬ 
acting  boundary  layer,  and  hence  his  solution  may 
be  taken  over  in  its  entirety  to  represent  u.  In 
view  of  the  rather  complex  structure  of  Garvine's 
solution,  we  will  not  present  it  here.  Instead  we 
note  Garvine's  observation  that  his  solution  con¬ 
tains  an  exponential  term  operating  on  a  function 
of  the  initial  profile  and  this  term  either  decays 
or  diverges  with  the  sign  of  the  coefficient  b 
which  scales  the  integral  in  the  model  interaction 
equation.  With  the  coefficient  b  positive,  the 
solution  diverges  exponentially  with  increasing  x. 
Obviously,  the  addition  in  subsonic  flow  of  the 
quadratic  profile  for  w(y)  to  define  our  perturba¬ 
tion  velocity  Au  «  u  +  w,  does  nothing  to  correct 
the  exponential  spatial  amplification.  With  the 
particular  quadrature  and  also  the  location  of  the 
chosen  implicit  term  in  the  semi-implicit  inter¬ 
action  integral  boundary  condition,  it  turns  out 
that  b  is  negative  and  the  forward  marching  solution 
contains  no  exponentially  growing  terms  with  in¬ 
creasing  x.  The  supersonic  case  is  recovered  by 
setting  the  source  term  S  in  Eq.  23  to  zero,  and 
thus  dropping  the  quadratic  profile  for  w.  As 
Garvine  points  out  with  a  simple  linearized  wave 
approach  to  the  external  flow,  the  sign  of  b  in  the 
supersoni^  situaj^n  is  positive,  in  fact 
b  »  R/2(M0  -  l)-  ,  and  the  well  known  phenoujnon 

of  branching  is  observed  in  the  model  problem, 
resulting  from  the  presence  of  the  exponentially 
growing  component  in  the  solution.  Branching  is, 
of  course,  a  well  known  problem  in  supersonic 
interacting  shear  flows  when  solved  by  forward 
marching,  e.g.  Baum  and  Dennison  (1966).  The 
absence  of  exponentially  growing  spatial  modes  in 
the  linearized  Oseen  approximation  to  the  inter¬ 
acted  boundary  layer  equations  is  obviously  not  a 
sufficient  condition  to  ensv.re  a  well  posed  Iterated 
forward  marching  approach  to  the  interacted  bound¬ 
ary  layer  equations.  However,  any  spatially  ex¬ 
ponentially  growing  modes  in  the  Oseen  approximation 
to  the  interacted  boundary  layer  equations  would 
give  considerable  concern  and  while  the  absence  of 
such  modes  is  not  a  proven  necessary  condition  in 
generating  well  behaved  forward  marching  iterates 
to  the  interacted  boundary  layer  equations,  it 
would  seem  a  good  working  hypothesis  to  ensure  such 
modes  were  absent. 

Note  also  that  the  sign  of  b  determines  the 
presence  or  absence  of  the  growing  mode,  and  this 
sign  can  readily  be  altered.  As  mentioned  earlier 
a  different  quadrature  formula  used  to  represent  the 
Hilbert  Integral  could  give  rise  to  a  different 
sign,  as  could  the  correction  for  the  Cauchy  prin¬ 
cipal  part.  Further  changing  the  form  of  the 
various  spatial  derivatives  involved,  for  example 
by  forward  differencing  in  space  and  then  taking 
the  downstream  unknowns  at  the  prior  iteratio  (i.e. 
the  terms  within  the  difference  molecule  are  taken 
at  the  implicit  n  +  1  level  where  possible  and  the 
known  n-level  otherwise)  is  an  effective  way  to 
change  Che  3ign  of  b. 

Some  feel  for  the  behavior  of  spatial  marching 
with  a  local  interaction  contribution  can  be  ob¬ 
tained  from  very  simple  considerations.  In  subsonic 


flow  a  local  increase  in  displacement  thickness 
creates  a  local  flow  acceleration  over  the  resulting 
'bump'.  This  acceleration  tends  to  thin  the  boundary 
layer  thus  reducing  the  displacement  thickness  'bump', 
and  a  stable  situation  arises.  This  can  be  con¬ 
trasted  with  supersonic  flow  where  an  increase  in 
displacement  thickness  creates  a  local  decelei ation. 
The  resulting  deceleration  further  intensifies  the 
thickening  of  the  boundary  layer  and  increases  the 
displacement  thickness,  and  an  unstable  situation 
could  arise.  The  argument  in  both  the  subsonic  and 
supersonic  cases  remains  the  same  if  a  decrease  in 
the  displacement  thickness  is  postulated.  Con¬ 
siderable  caution  must  be  used  when  applying  these 
arguments,  however,  since  in  reality  a  supersonic 
flat  plate  turbulent  boundary  layer  is  not  unstable 
to  small  disturbances.  The  key  missing  physical 
element  in  the  foregoing  argument  is  the  global 
effect  of  the  perturbation.  In  a  real  subsonic  or 
supersonic  flow  problem,  the  reaction  to  the  per¬ 
turbation  is  not  independent  of  upstream  and  down¬ 
stream  effects.  The  arguments  given  earlier  con¬ 
cerning  the  local  reaction  to  the  displacement 
thickness  change  were  based  on  an  interpretation 
of  the  behavior  of  the  governing  equations  viewed 
as  an  initial  value  problem  in  space.  The  interpre¬ 
tation  given  is  relevant  in  explaining  the  behavior 
of  iterative  schemes  for  solving  the  interacted 
equations  which  make  repreated  initial  value  spatial 
marching  sweeps  using  the  conventional  steady 
boundary  layer  equations.  Since  only  the  converged 
solutions  need  to  represent  real  flows,  the  behavior 
of  the  interations  is  of  no  real  concern  so  long  as 
the  algorithm  converges  to  the  correct  solution  and 
is  computationally  efficient.  These  stability 
concepts  are  well  known  and  are  discussed  in  detail 
by  Weinbaum  and  Garvine  (1969),  and  more  recently  hy 
LeBalleur  (1978)  and  LeBalleur,  Peyret  and  Viviand 
(1980) .  The  sign  of  parameter  b  shown  to  determine 
the  presence  or  absence  of  the  growing  spatial  modes 
in  the  linearized  model  interaction  Indeed,  repre¬ 
sents  the  sign  of  the  relationship  between  the 
induced  edge  velocity  and  the  boundary  layer  dis¬ 
placement  thickness.  Thus  the  intuitive  arguments 
given  above,  can  readily  be  placed  on  a  firm  quanti¬ 
tative  footing  at  least  for  the  model  problem.  The 
earlier  remarks  of  the  usefulness  of  changing  the 
sign  of  b  can  be  carried  over  into  the  qualitative 
model  by  noting  for  instance  a  forward  and  backward 
difference  of  pressure  gradient  have  a  different 
sign  in  their  local  response  to  a  change  in  dis¬ 
placement  thickness. 

As  a  final  comment  on  the  solution  behavior  in 
iteration  space,  it  is  not  sufficient  to  ensure  that 
the  solutions  sweep  at  each  iteration  be  stable,  as 
was  investigated  here  and  by  Garvine.  It  must  also 
be  demonstrated  that  the  iterations,  complete  with 
iterated  interacted  boundary  conditions,  converge 
and  that  the  rate  of  convergence  be  measured  and 
adequate.  Since  the  iterated  boundary  layer  formula¬ 
tion  is  now  standard  and  widely  accepted,  the 
numerical  solution  algorithm  and  its  convergence 
rate  become  critical  discriminatory  features  of  the 
proposed  schemes.  To  date,  very  little  has  been 
accomplished  in  developing  a  thorough  theoretical 
understanding  of  the  convergence  properties  of  the 
various  schemes.  A  major  difficulty  in  this  regard 
appears  to  be  the  observed  crutial  role  of  the 
interaction  boundary  conditions  Je.g.  Veldman 
(19f  .)]  and  the  theoretical  difficulties  of  deter¬ 
mining  the  convergence  rate  when  the  boundary 
conditions  are  included. 
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This  discussion  of  iteration  space  convergence 
brings  up  the  subject  of  FLARE,  once  again,  since 
the  FLARE  approximation  changes  the  governing 
equations,  i.e.  one  is  no  longer  solving  the  inter¬ 
acted  boundary  layer  equations,  but  some  approxi¬ 
mation  thereto.  Further,  the  FLARE  approximation 
to  the  governing  equation  system  apparently  does 
have  quite  different  convergence  properties  than 
the  unapproximated  system.  Thus,  a  brief  discus¬ 
sion  of  the  FLARE  approximation  will  be  given. 


Some  Remarks  on  the  FLARE  Approximation 


first  of  all,  it  should  be  recalled  that  there 
are  at  least  two  published  variants  of  the  FLARE 
approximation.  For  instance,  in  their  original 
proposal  Reyhner  and  Flugge-Lotz  (1968)  showed  that 
when  u  was  less  than  zero  setting  the  convection 
term  pu  ux  to  zero  in  the  boundary  layer  streamwise 
momentum  equation,  Eq.  2,  allowed  them  to  obtain 
stable  finite  difference  solutions  of  the  resulting 
approximation  to  the  boundary  layer  equations  by 
the  usual  procedure  of  forward  marching  even  in  the 
presence  of  separated  flow.  Some  authors,  e.g. 

Kwon  and  Pletcher  (1979)  have  adopted  a  slightly 
different  approach  and  replace  the  convective  term 
pu  ux  by  cp|ulux  with  c=l  when  u>0  and  with  c  a 
small  positive  number,  e.g.,  <_*2,  when  u<0,  and 
again  were  able  to  obtain  stable  finite  difference 
solutions  of  the  resulting  approximation  to  the 
boundary  layer  equations  by  forward  marching  into 
regions  of  separated  flow. 


The  use  of  the  FLARE  approximation,  for  the 
expense  of  the  resulting  error,  eliminates  the  need 
to  perform  an  inner  iteration  to  allow  for  reverse 
flow  velocities.  It  also  eliminates  the  need  to 
store  the  various  levels  of  the  field  of  iterates 
which  would  be  used  to  obtain  the  solution  with 
reverse  flow.  Since  this  inner  iteration  usually 
occurs  within  the  outer  iteration  to  satisfy  the 
interacted  boundary  condition,  elimination  of  this 
inner  iteration  is  attractive  and  would  be  very 
beneficial  from  an  efficiency  point  of  view  if  the 
resulting  errors  were  acceptable.  Various  methods 
of  merging  the  inner  and  outer  iterations  suggest 
themselves,  the  inner  iteration  to  allow  for  the 
reverse  flow  velocities  being  in  some  sense  per¬ 
formed  simultaneously  with  the  outer  iteration  to 
satisfy  the  interacted  boundary  condition.  To  date 
little  has  been  done  to  investigate  such  proposals. 

The  question  of  the  accuracy  of  a  FLARE  type 
of  approximation  for  thin  incompressible  laminar 
separation  bubbles  was  investigated  by  Carter  (1975). 
Using  an  inverse  boundary  layer  procedure  and  a 
global  iterative  scheme  Carter  obtained  solutions  of 
the  laminar  boundary  layer  equations  in  a  separation 
bubble  without  Invoking  a  FLARE  approximation.  Two 
bubbles  involving  maximum  reverse  flow  velocities 
of  — .05Uw,  and  -.lOUtn  where  U«  is  the  free  stream 
velocity,  were  examined.  In  each  case  a  prescribed 
displacement  thickness  boundary  condition  was 
applied.  The  interaction  boundary  condition  was  not 
enforced  in  this  test  and  the  prescribed  displace¬ 
ment  thickness  remained  unaltered  during  the  iter¬ 
ations.  The  solutions  thus  obtained  were  compared 
with  solutions  obtained  by  neglecting  the  stream- 
wise  convection  of  vorticity  in  the  separated  flow 
region.  For  the  case  where  the  maximum  reverse  flow 
velocity  did  not  exceed  -.05U«o  the  predicted  skin 
friction  distributions  with  and  without  the  FLARE 
approximation  were  in  quite  good  agreement.  For  the 
case  where  the  maximum  reverse  flow  velocity  was  in 


the  region  of  -.10U»  the  maximum  skin  friction 
upstream  of  reattachment  was  different  with  and 
without  FLARE  by  about  11%  of  the  Blasius  skin 
friction  at  the  upstream  boundary.  The  FLARE  approx¬ 
imation  to  the  boundary  layer  equations  resulted  in 
a  smaller  value  of  skin  friction.  It  was  observed 
by  Carter  that  the  error  was  localized  to  the  region 
of  the  boundary  layer  reattachment  and  chat  the  same 
reattachment  point  was  predicted  with  and  without 
the  FLARE  approximation.  The  solutions  were  essen¬ 
tially  unaltered  beyond  the  reattachment  point.  In 
the  context  of  the  triple  deck  approach  for  super¬ 
sonic  free  interactions,  Williams  (1975)  has  noted 
that  use  of  a  FLARE  approximation  introduced  more 
error  into  the  reverse  flow  velocity  profile  than 
into  the  computed  skin  friction.  These  results  of 
Carter  and  Williams  provide  a  useful  calibration 
of  FLARE  accuracy  for  a  laminar  flow. 

Several  items  are  worth  noting  if  Carter's 
observations  are  extrapolated  to  justify  the  use  of 
a  FLARE  approximation  for  transitional/ turbulent 
separation  bubbles  for  finite  Reynolds  number  flows 
with  interaction.  First,  it  is  no-  known  whether 
incorporating  the  interaction  boundary  condition 
alters  the  sensitivity  to  the  FLARE  approximation. 
Second,  characteristically  transitional/turbulent 
bubbles  show  a  sharp  dip  in  the  skin  friction  in 
the  region  of  reattachment,  consistent  with  a  rapid 
decrease  in  displacement  thickness  during  reattach¬ 
ment  and  evidence  of  local  high  reverse  flow  veloci¬ 
ties,  commented  upon  experimentally  by  Caster  (1966). 
Reverse  flow  velocities  of  about  .13U„  were  observed 
in  the  transitional  separation  bubble  calculations 
of  Briley  and  McDonald  (1975).  As  mentioned  prev¬ 
iously,  by  virtue  of  the  time  dependent  approach 
the  Br iley-McDonald  calculations  did  not  require 
a  FLARE  type  approximate  form  of  the  boundary  layer 
equations.  Had  such  an  approximate  form  been  used 
the  predicted  reverse  flow  velocities  might  have 
been  lower  if  the  trend  observed  by  Carter  were 
followed,  so  caution  must  be  exhibited  in  the  justi¬ 
fication  and  use  of  a  FLARE  type  approximation  to 
the  boundary  layer  equations. 

The  point  is  often  made  that  use  of  the  FLARE 
approximation  might  be  very  beneficial  in  aiding 
rapid  convergence  of  the  interacted  boundary  layer 
equations  if  used  during  the  initial  iterations. 

These  iterations  are  required  and  undertaken  in  any 
event  to  satisfy  the  interaction  boundary  condi¬ 
tions,  and  during  the  later  phases  the  iteration  to 
remove  the  FLARE  type  approximation  could  be  folded 
in.  Although  not  yet  rigorously  demonstrated,  nor 
even  routinely  oerforned,  such  a  computational 
strategy  would  seem  to  have  considerable  potential. 
However,  most  investigators  who  use  the  FLARE  type 
approximation  to  the  interacted  boundary  layer 
equations  do  not  remove  the  approximations  as  the 
solution  converges  and  hence  the  approximation 
induced  errors  remain  in  the  converged  solutions. 

As  has  been  noted  earlier,  depending  on  the  problem 
these  errors  could  be  quite  significant.  Comparing 
Carter's  solutions  and  the  solutions  of  Briley  and 
McDonald  (1975),  on  and  Pletcher  (1979)  and  Cebeci 
and  Schimke  (1982)  for  transitional  separation 
bubbles,  it  seems  plausible  that  the  FLARE  approxi¬ 
mations  could  introduce  errors  of  the  sane  order  as 
those  resulting  from  the  variations  in  the  turbulence 
model . 

In  some  instances,  it  has  been  possible  to 
obtain  numerical  results  by  forward  marching  down¬ 
stream  of  separation  without  introducing  the  FLARE 
approximation.  Further  justification  would  be 


needed  for  general  use  of  this  approach,  since  a 
numerical  stability  analysis  for  simple  linear  model 
equations  usually  indicates  instability  when  u  is 
negative.  For  example,  the  two-point  backward 
difference  scheme  applied  to  the  linear  model  equa¬ 
tion  u<|>x  =  'tyy  has  an  amplification  factor 
A  =  (1  +  4c  sin2UJ/2)-'- ,  where  c  =  Ax/uAy  .  Since 
| A |  exceeds  unity  for  sufficiently  small  negative  c, 
this  algorithm  is  unstable  for  negative  u  when  the 
mesh  is  refined.  In  forward  marching  their  inverse 
boundary  layer  solutions  into  regions  of  reverse 
flow  without  using  a  FLARE  type  of  approximation, 
Catherall  and  Mangier  (1966)  noted  difficulty  in 
obtaining  solutions  at  some  finite  distance  down¬ 
stream  of  separation.  This  finite  distance  to  pro¬ 
duce  observable  problems  with  marching  the  boundary 
layer  equations  into  reverse  flow  regions  is  con¬ 
sistent  with  the  very  reasonable  notion  of  a  spatial 
amplification  rate  depending  not  only  on  the  sign 
of  the  convective  velocity  but  also  on  the  spatial 
mesh  size. 

As  a  final  observation  on  the  use  of  a  FLARE 
type  of  approximate  form  of  the  interacted  boundary 
layer  equations,  as  has  been  noted  earlier,  most 
investigators  do  noc  remove  the  approximation  as 
the  solution  converges.  On  the  other  hand,  in  those 
cases  where  spatial  marching  is  performed  into  the 
separated  flow  and  the  FLARE  approximation  is 
removed,  the  iteration  to  enforce  the  interaction 
boundary  condition  has  not  yet  been  performed  in  the 
published  literature.  The  only  demonstrated  pro¬ 
cedure  to  date  to  successfully  treat  the  interacted 
boundary  layer  equations,  both  applying  the  inter¬ 
action  boundary  conditions  and  allowing  for  reverse 
flow  velocities,  is  the  physical  time  dependent 
approach.  Although  the  observed  convergence  races 
of  some  of  the  spatial  forward  marching  iteration 
procedures  appear  very  promising  for  solution  of  the 
FLARE  approximation  to  the  inceracceu  boundary  layer 
equations,  these  equations  are  not  directly  compar¬ 
able  Co  the  unapproximated  formulation  solved  for 
example  by  the  time-dependent  approaches,  and  thus 
relative  efficiency  of  the  two  approaches  has  not 
yet  been  established. 

Computational  Efficiency  and  Related  Topics 

In  discussing  the  interaction  formulation  in 
subsonic  flow,  it  was  assumed  that  for  efficiency 
the  Hilbert  integral  perturbation  would  be  the 
method  of  choice  to  obtain  the  interacted  potential 
flow.  In  transonic  flow  this  no  longer  seems 
adequate  and  a  more  extensive  inviscid  flow  calcula¬ 
tion  seems  mandatory.  As  mentioned  earlier  for 
separated  flow,  LeBalleur  (1978)  and  Carter  (1979, 
1981)  have  initiated  such  approaches.  It  is  noted 
that  a  number  of  efficient  iterative  transonic 
potential  flow  solvers  have  become  available  and 
that  it  is  possible  that  the  boundary  layer  inter¬ 
action  could  be  incorporated  into  the  iteration 
that  would  be  required  in  any  event  to  produce  the 
basic  uninteracted  potential  flow.  Such  a  prospect 
is  obviously  interesting  and  much  remains  to  be 
explored  in  this  regard.  The  point  remains  that 
deleting  the  Hilbert  Integral  in  and  of  Itself  should 
not  affect  in  any  substantial  way  the  various 
stability  problems  mentioned  earlier.  The  stability 
problems  arise  from  the  interactive  response  of  the 
numerical  system  representing  the  potential  flow 
and  boundary  layer,  Che  potential  flow  being  approxi¬ 
mated  by  a  basic  flow  and  a  linearized  correction. 
Improving  the  inviscid  flow  representation  even  to 
the  extent  of  using  the  Euler  equations,  should  not 


fundamentally  alter  the  interaction  numerical 
stability  unless  the  numerical  interaction  algorithm 
is  changed. 

The  same  is  true  for  the  boundary  layer  calcula¬ 
tion.  Also,  it  has  been  presumed  in  the  preceeding 
development  chat  an  (implicit)  finite  difference 
calculation  of  the  boundary  layer  would  be  performed, 
as  most  investigators  in  recent  years  have  elecced 
to  do.  Treating  the  boundary  layer  by  a  momentum 
integral  spatial  marching  approach  does  not  remove 
the  numerical  problems  concerned  with  branching,  and 
although  the  Goldstein  singularity  and  the  reverse 
flow  problems  are  not  apparent,  other  singularities 
arise  [Green  (1965),  Shamroth  (1969),  Cousteix, 
LeBalleur  and  Houdeville  (1980)].  To  this  is  added 
the  need  to  characterize  the  mean  velocity  profile 
in  some  suitably  general  manner.  In  addition,  for 
turbulent  flow  inherently  the  same  basic  information 
on  the  turbulent  structure  must  be  supplied,  even  if 
only  in  some  moment  form.  Thus  while  boundary  - 
layer  momentum  -  integral  calculation  schemes  have 
much  to  recommend  them  by  way  of  computational 
effici  ncy,  they  do  not  by  themselves  present  a 
solution  to  the  interaction  computational  problems 
referred  to  earlier. 

In  reviewing  the  literature  to  try  and 
establish  the  relative  efficiencies  of  various 
numerical  approaches. considerable  difficultv  is 
encountered.  Often  algorithms  and  codes  are  not 
optimized  in  view  of  their  research  nature,  run 
times  are  available  on  dissimilar  computers  with 
unknown  resource  cost/time  algorithms  and/or 
relative  efficiency.  Only  some  rather  general 
comments  on  efficiency  can  be  made,  in  spite  of  its 
critical  role.  Taking  the  individual  components  of 
the  formulation,  the  labor  of  computing  each 
boundary-layer  iteration  or  time  step  could  be  much 
less  for  an  integral  scheme  which  is  comprised  of 
a  small  system  of  ordinary  differential  equations. 

If  it  were  necessary  to  remove  or  improve  on  the 
additional  approximations  required  to  construct  the 
integral  boundary  layer  approach,  then  a  finite 
difference  solution  of  the  boundary-layer  partial 
differential  equations  could  be  undertaken.  From 
numerical  studies  in  the  literature  on  solution 
methodologies  for  the  boundary  layer  equations,  the 
computational  efficiencies  of  the  various  possible 
approaches  mav  be  obtained.  For  the  multiscale 
problem,  highly  efficient  implicit  finite  difference 
schemes  have  been  developed  and  currently  generally 
require  of  order  one  CPU  second  on  a  CDC  7600  per 
thousand  grid  points  to  compute  a  solution  or  time 
step  in  either  the  direct  or  inverse  mode.  It  should 
be  possible  to  obtain  solutions  via  boundary  laver 
integral  techniques  using  one  to  two  orders  of 
magnitude  less  computation.  Insofar  as  the  Inviscid 
potential  flow  is  concerned,  fast  iterative  transonic 
solvers  have  been  developed  which  require  about  five 
CPU  secs  per  thousand  mesh  points  on  a  CDC  7600  to 
achieve  a  suitably  converged  solution.  For  accuracy 
levels  sufficient  to  define  the  drag  of  fairly 
conventional  transonic  airfoils,  the  present  schemes 
require  about  t  .ve  to  ten  thousand  mesh  points, 
distributed  wisely,  for  the  inviscid  flow  and  about 
the  same  for  the  airfoil  boundary  lavers  (excluding 
Che  wake) . 

The  situation  becomes  very  fuzzy  when  the 
interactive  coupling  between  the  boundary  layer  and 
inviscid  flow  Is  allowed  for.  If  one  remans  with 
the  Hilbert  integral  as  defining  the  invisc id  f low  per¬ 
turbation,  the  required  numerical  evaluation  introduces 
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no  significant  computational  labor  relative  to  say 
a  finite  difference  solution  advancement  of  the 
complete  boundary  layer.  Computing  the  boundary 
layer  solution  with  interaction  requires  iteration, 
since  boundary  conditions  cannot  yet  be  applied  fully 
implicit,  and  the  number  of  iterations  through  the 
boundary  layer  equations  can  vary  widely.  In  the 
time-dependent  approach,  the  early  variants  with 
explicit  interaction  took  up  to  three  hundred  time 
steps  to  achieve  satisfactory  convergence.  More 
recent  compressible  time-  and  pseudo-time  dependent 
linearized  block  implicit  schemes  for  solving  vis¬ 
cous  flows  have  been  able  to  substantially  reduce 
the  number  of  time  steps  to  achieve  the  same  degree 
of  convergence  by  about  a  factor  of  five  by  applying 
the  boundary  conditions  in  a  fully  implicit  manner, 
using  time-step  cycling  and  pseudo-time  matrix 
conditioning.  Thus,  one  could  hope  eventually  to 
achieve  a  satisfactory  overall  solution  for  an 
interacted  airfoil  using  an  implicit  finite  differ¬ 
ence  solution  for  both  the  inviscid  and  viscous 
flow  in  about  three  to  five  minutes  of  CDC  7600  CPU 
time  if  the  Hilbert  integral  approach  were  used. 

If  the  boundary  layer  were  treated  by  a  time 
dependent  momentum  integral  technique,  then  it  is 
conceivable  that  the  required  run  time  would  be 
reduced  by  about  an  order  of  magnitude  to  virtually 
that  of  the  computation  of  the  uninteracted  poten¬ 
tial  flow. 

If  the  inverse  forward-marching  iteration 
approach  is  used,  together  with  a  FLARE  approxi¬ 
mation,  recent  developments  have  led  to  convergence 
being  obtained  in  fifty  or  less  iterations.  Some 
authors  report  having  developed  displacement  thick¬ 
ness  correction  schemes  which  result  in  satisfactory 
convergence  being  achieved  in  about  twenty  iter¬ 
ations.  The  achieved  convergence  rate  appears  to 
depend  critically  on  the  algorithm  for  correcting 
the  imposed  distribution  of  displacement  thickness 
from  a  computed  boundary-layer  deduced  free  stream 
velocity.  The  use  of  a  semi- implicit  imposition  of 
the  coupling  boundary  condition  appears  beneficial. 
With  this  number  of  iterations,  the  run  time  would 
be  similar  to  that  which  could  be  expected  from  a 
modern  time-dependent  approach.  If  the  flow  prob¬ 
lems  addressed  required  the  removal  of  the  FLARE 
approximation,  then  with  the  finite  difference 
approach,  it  would  appear  that  a  nested  inner  iter¬ 
ation  might  have  to  be  performed  and  the  existing 
evidence  is  that  this  would  result  in  a  significant 
increase  in  computation  effort. 

If  the  Hilbert  integral  perturbation  approach 
is  not  suitable,  it  does  not  appear  that  a  converged 
inviscid  flow  solution  would  be  required  for  each 
time  or  iteration  advancement  of  the  boundary  layer 
equations.  It  does  appear  both  feasible  and  advan¬ 
tageous  to  incorporate  the  boundary  layer  solution 
advancement  into  the  basic  iteration  used  to  deter¬ 
mine  the  potential  flow.  At  present  no  studies  are 
available  which  would  give  an  indication  if  signifi¬ 
cant  degradation  of  the  inviscid  flow  calculation 
convergence  would  result. 

As  a  final  observation,  with  the  Hilbert  inte¬ 
gral  approach  it  appears  at  present  that  at  least 
about  one  order  of  magnitude  in  computational  effort 
is  being  saved  by  adopting  the  interacted  boundary 
layer  approach  as  opposed  to  treating  the  entire 
flow  by  efficiently  solving  the  averaged  Navier- 
Stokes  equations. 
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Abstract 


A  viscous-inviscid  interaction  procedure  is 
presented  for  computing  incompressible  separation 
bubbles  in  two-dimensional  flow  over  lifting  air¬ 
foils.  The  scheme  consists  of  an  inviscid-flow 
method,  based  on  the  technique  of  conformal  map¬ 
ping,  together  with  an  inverse  boundary-layer 
method  which  makes  use  of  the  Cebeci-Smith  alge¬ 
braic  eddy-viscosity  formulation  together  with  the 
Mechul-function  approach.  The  coupling  between  the 
viscous  and  the  inviscid  calculations  is  achieved 
through  the  use  of  a  set  of  interaction  coeffic¬ 
ients  computed  using  the  conformal  mapping  method. 
These  coefficients  define  the  relationship  between 
the  boundary- layer  thickness,  represented  by  means 
of  a  blowing -distribution  on  the  airfoil  surface, 
and  the  external  inviscid  velocity  distribution. 
Results  are  presented  for  the  calculation  of  sepa -j 
ration  bubbles  occurring  at  the  leading  edge  aryd 
midchord  of  the  NACA  663-OI8  airfoil  at  both 
lifting  and  nonlifting  conditions. 


Mueller9  and  Mueller  and  Bat  ill®.  An  important 
theoretical  contribution  was  provided  by  Briley 
and  McDonald’  who  combined  a  Navier-Stokes  cal¬ 


culation  in  the  separation  region  with  a  boundary- 
layer  calculation  elsewhere.  An  interactive 
boundary-layer  approach  was  used  by  Kwan  and 
Pletcher8,  and  also  by  Crimi  and  Reeves9  who 
used  an  integral  boundary-layer  method  with  the 
interaction  effects  confined  to  the  immediate 
vicinity  of  the  separation  bubble. 


Recently  a  new  interactive  approach  was  pro- 
ed  by  Veldman10  in  which  the  viscous  pertur- 


posed  by  Veldman10  in  which  the  viscous  pertur¬ 
bation  to  the  inviscid  velocity  distribution  is 
computed  by  a  thin  airfoil  approximation.  This 
approach  was  used  by  Cebeci,  Stewartson  and 
Williams”  to  study  separation  bubbles  near  the 


leading  edge  of  a  thin  airfoil  and  by  Cebeci  and 
Schimke”  in  an  investigation  of  mid-chord  sepa¬ 
ration  bubbles  at  small  angles  of  attack.  However, 
at  higher  angles  of  attack  the  thin  airfoil  approx¬ 
imation,  as  implemented  in  references  11  and  12, 
does  not  account  for  the  change  in  lift  on  an  air¬ 
foil  due  to  the  viscous  effects.  This  paper  there¬ 
fore  presents  a  generalization  of  this  approach  in 
which  the  thin  airfoil  approximation  is  replaced 
by  a  surface  singularity  method. 


I.  Introduction 


An  accurate  calculation  of  the  lift  on  an  air¬ 
foil  requires  a  modeling  of  the  interaction  between 
the  inviscid  flow  away  from  the  airfoil  and  the 
viscous  flow  close  to  the  surface.  In  many  cases 
of  interest  the  boundary-layer  flow  may  separate 
upstream  of  the  trailing  edge,  causing  a  strong 
interaction  between  the  viscous  and  the  inviscid 
flow.  For  such  cases  if  a  boundary- layer  method 
is  used  to  account  for  the  viscous  effects,  the 
solution  obtained  for  the  prescribed  pressure  dis¬ 
tribution  will  break  down  at  the  point  of  separa¬ 
tion  where  the  equations  become  singular.  On  the 
other  hand,  if  the  boundary- layer  method  Is  reform¬ 
ulated  as  an  inverse  procedure  so  that  the  pressure 
distribution  is  not  prescribed  but  computed  as  part 
of  the  solution,  the  singularity  at  separation  can 
be  avoided',  and  flows  with  small  separation  can 
be  computed.  This  paper  presents  an  Interactive 
method  for  combining  such  an  inverse  boundary- layer 
procedure  with  an  incompressible  potential-flow 
calculation. 


The  new  method  has  been  applied  to  the  calcu¬ 
lation  of  the  flow  over  the  NACA  663-018  airfoil, 
at  both  lifting  and  nonlifting  angles  of  attack, 
and  the  results  are  compared  with  the  experimental 
data  obtained  by  Gault3.  For  small  angles  of 
attack  the  results  are  in  agreement  with  those 
obtained  bv  Cebeci  and  Rrhimkel2  At  hinher 


In  addition  to  the  separation  near  the  trailing 
edge,  small  separation  bubbles  are  observed  on 
airfoils.  They  occur  as  the  laminar  boundary  layer 
begins  to  separate  from  the  surface,  transition 
takes  place,  flow  becomes  turbulent  and  at  a  short 
distance  downstream,  it  reattaches  as  a  turbulent 
boundary  layer.  Such  transitional  bubbles  have 
been  observed  in  the  midchord  regions  of  compara¬ 
tively  thick  airfoils  at  small  angles  of  attack, 
as  well  as  near  the  leading-edge  of  airfoils  at 
higher  angles  of  attack‘>3. 


obtained  by  Cebeci  and  Schimke1^.  At  higher 
angles  of  attack,  converged  solutions  are  obtained 
for  flows  involving  both  separation  bubbles  and 
trailing-edge  separation.  The  comparison  of  the 
computed  pressure  distribution  with  the  experi¬ 
mental  data  around  the  nose  indicates  that  the 
method  does  not  fully  account  for  the  viscous 
effects,  particularly  as  the  angle  of  attack  in¬ 
creases.  This  discrepancy  is  believed  to  be  due 
to  the  fact  that  the  effect  of  the  viscous  wake  on 
the  external  velocity  distribution  has  been 
neglected.  Further  work  is  planned  to  extend  the 
interactive  boundary- layer  calculation  into  the 
near-wake  region. 


II.  Governing  Equations 


The  boundary- layer  equations  for  steady  incom¬ 
pressible  flow  are  well  known  and  with  the  concept 
of  eddy  viscosity  (em)»  they  can  be  written  in 
the  form 


|a  +  |i  =  0 

?x  Ay 


A  review  of  the  earlier  work  on  separation 
bubbles  was  provided  by  Tani4,  and  there  are  u  +  v 

several  more  recent  experimental  studies  such  as  "x 

the  low  Reynolds  number  work  of  Arena  and  while  b  =  v  + 
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Eqs.  (1)  are  subject  to  the  boundary  condi¬ 
tions  given  by 

y  *  0;  u  =  v  =  0,  y  =  6;  u  =  ue(x)  (2) 

In  Eq.  (2),  the  external  velocity  distribution 
ue(x)  is  obtained  either  from  experiment  or  from 
Inviscid  flow  theory.  In  the  latter  case  it  is 
often  necessary  to  consider  the  viscous  effects  on 
the  calculated  external  velocity  distribution.  One 
convenient  way  of  doing  this  is  to  write  the  edge 
boundary  condition  with  ug(x)  denoting  the  invis¬ 
cid  velocity  distribution  and  6ue  the  perturbation 
velocity  due  to  the  viscous  effects  as 

ue(x)  =  u°(x)  +  «ue  (3) 


The  perturbation  velocity  Sue  can  be  computed  in 
several  ways.  In  the  scheme  used  by  Veldman10, 
Cebeci  et  al.1',  and  Cebeci  and  Schimke12,  this  is 
done  by  using  a  thin  airfoil  approximation. 


1 1 1 ■  Turbu 1 ence  Mode  1 


The  boundary-layer  equations  outlined  above 
make  use  of  the  eddy-viscosity  concept  which 
requires  a  turbulence  model.  This  present  study 
uses  the  algebraic  eddy-viscosity  formulation 
developed  by  Cebeci  and  Smith'4.  Two  separate 
formulas  are  used  to  compute  the  eddy  viscosity, 
cm-  In  the  inner  region  of  the  boundary  layer, 
0  i  y  i  yc>  we  use 

(eji  =  {0.4y[l  -  exp(-y/A)])2 
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Mere  d/dx  (ueS*)  denotes  the  blowing  velocity  used 
to  simulate  the  boundary  layer  in  the  interaction 
region  (xa,xp).  However,  for  airfoils  at  higher 
angles  of  attack,  this  approach  becomes  less  accu¬ 
rate.  Under  such  conditions  the  boundary- layer 
separation  at  the  trailing-edge  can  cause  signifi¬ 
cant  changes  to  the  airfoil  circulation  which  Is 
not  accounted  for  by  this  approach.  This  paper 
presents  an  alternative  formulation  to  Eq.  (4)  In 
which  the  Interaction  effects  are  calculated  in 
terms  of  a  surface  singularity  distribution  on  the 
airfoil  surface.  In  this  way  the  change  in  lift 
due  to  the  viscous  effects  can  be  Incorporated  Into 
the  Interaction  procedure.  The  approach  described 
here  makes  use  of  the  conformal  mapping  techniques, 
developed  by  Halsey13,  to  calculate  the  pertur¬ 
bation  velocity.  Thus,  if  ] dz/dc 1  Is  the  modu¬ 
lus  of  the  derivative  of  the  function  which  maps 
the  airfoil  to  a  circle,  the  perturbation  velocity 
on  the  airfoil  can  be  written  as 


«ue(e) 


f  V _(e 1 ) [cot  i  (e-9‘)  +  cot 
0  n  i. 

- 2'tt  |  dz/dc  I - 


\  9']de' 


(5) 


Here  Vn(9)  denotes  the  blowing  velocity  In  the 
circle  plane  given  by 

V»>  ■  |  („,«*>  HI  (6) 

Introducing  a  discrete  approximation  into  Eqs. 
(5)  and  (6),  the  external  velocity  distribution  at 
a  point  on  the  airfoil,  Eq.  (3),  can  be  written  as 

V  *  J,  171 

where  [c^ < ]  Is  a  matrix  of  interaction  coeffic¬ 
ients,  ana  where  the  computed  velocity  distribution 
u«  corresponds  to  the  displacement  thickness 
5**  obtained  in  each  sweep  as  we  shall  discuss 
later.  The  Interaction  coefficient  matrix  depends 
on  the  airfoil  geometry  and  on  the  bound  ary- layer 
spacing  used  around  the  airfoil,  but  it  can  be 
computed  once  and  for  all  at  the  start  of  the  cal¬ 
culation. 


In  the  outer  region,  y  >_  yc,  we  use 


(cm)0  =  0.0168 


(ue  -  u)dy 
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(10) 


The  value  of  yc  Is  defined  by  the  condition 
that  (Em)i  *  (cm)o  which  ensures  the  continuity  of 
the  eddy-viscosity  across  the  boundary  layer. 


The  Intermlttency  factor  ytr  accounts  for 
the  transition  which  exists  between  the  laminar  and 
turbulent.  The  formula  used  here  Is  that  suggested 
by  Chen  and  Thyson15, 


Ttr  -  1  -  exp[-G(x  -  xtr)  (11) 

*tr  e 

where  xtr  defines  the  location  of  the  start  of 
transition.  The  empirical  factor  G  is  given  by 

u3 

r  .  1  ue  r-1.34 
G'TOT^?Rxtr  n2) 

with  Rxt  corresponding  to  the  transition  Reynolds 
number,  (uex/v)tr* 

IV.  Solution  Procedure 


When  the  boundary- layer  equations  are  coupled 
to  the  external  inviscld-flow  equations,  two  dis¬ 
tinct  regions  are  Identified.  The  first  is  the 
weakly  Interacting  region  in  which  the  boundary 
layer  remains  thin  and  attached.  In  this  region 
the  boundary- layer  equations  are  solved  with  the 
specified  external  velocity  distribution,  a  pro¬ 
cedure  which  we  will  refer  to  as  the  standard  prob¬ 
lem.  In  a  region  of  strong  viscous-inviscid  inter¬ 
action  with  flow  separation,  the  standard  problem 
breaks  down  and  as  a  result  we  employ  an  inverse 
boundary-layer  method  and  compute  the  external 
velocity  as  part  of  the  boundary-layer  solution. 

In  order  to  improve  the  behavior  of  the  solu¬ 
tions  near  the  leading-edge  stagnation  point  and 
reduce  the  sensitivity  of  the  solutions  to  the 
x-spacing,  we  use  similarity  variables  for  the 
standard  problem’'’.  Thus,  with  the  definition 
of  stream  function  <ii  and  the  Falkner-Skan  trans¬ 
formation. 
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Eqs.  (1)  can  be  written  as 
(bf“) '  +  ff»  +  m[l  -  (f‘  )2] 

■ x(fl 1  fir  • f"  S>  (]4) 

Here  the  primes  denote  differentiation  with 
respect  to  n,  and  m  is  a  dimensionless  pressure 
gradient  parameter  defined  by  m  =  (x/uaHdue/dx). 
The  boundary  conditions  given  by  Eq.  (2)  can  also 
be  written  as 

n  *  0;  f  *  f*  =  0;  n  =  ne;  f*  -  1  (15) 

In  the  interaction  region,  the  Inverse  bound¬ 
ary-layer  method  is  formulated  in  terms  of  primi¬ 
tive  variables  in  which  a  dimensionless  normal 
coordinate  Y  and  the  dimensionless  stream  function, 
F,  are  defined  by 

u„  1/2  i ,, 

Y  =  (^)  y,  4i  -  (u0vL)I/ZF(x,Y)  (16) 

Here  L  and  u0  denote  the  reference  length  and 
velocity,  respectively.  In  terms  of  these  vari¬ 
ables  and  with  primes  now  denoting  differentiation 
with  respect  to  Y,  Eqs.  (1)  and  (2)  can  be  written 
as 


Y  *  0;  F  *  F'  *  0*.  Y  »  Ye5  F>  ■  ue  (18> 


where  ue  =  ue/u0. 

To  perform  the  inverse  boundary-layer  calcula¬ 
tions  at  x  =  xi,  in  addition  to  the  boundary 
conditions  given  by  Eq.  (18),  another  condition  is 
derived  from  Eq.  (7)  which  contains  the  unknowns 

and  6^.  Rearranging  Eq.  (7),  we  get 

V<1  -  c^df)  *  g<t  (19) 

where 

9l=ue1+/J1c1j[(ue5*,j-(ue6*,f)^  (20> 

In  terms  of  dimensionless  variables  defined  by  Eq. 
(16),  Eq.  (19)  can  be  written  as 

V2 

Fe-cH(^>  (YeFe-Fe>-9i  (2D 

where  ^  «  gi/u0. 

The  solution  of  the  system  for  the  Inverse 

problem  given  by  Eqs.  (17),  (18)  and  (21)  is 
obtained  in  an  Iterative  manner  by  performing  sev¬ 
eral  sweeps  for  both  the  upper  and  lower  surfaces 
of  the  airfoil.  For  the  first  sweep  where  <  =  0, 
ug  is  the  inviscid  velocity  distribution.  How¬ 
ever,  after  each  complete  sweep,  this  velocity  u@ 
is  recomputed  for  the  next  sweep. 


Kellers’  box  method  is  used  to  solve  both  the 
standard  and  the  inverse  problems  with  the  Hechul 
function  approach  being  used  for  the  inverse  prob¬ 
lem.  A  full  account  of  this  method  is  given  in 
several  references,  for  example,  see  ref.  16.  When 
computing  separated  flow,  the  FLARE  approximation 
is  applied  so  that  the  convective  term  F’tsF’/ax) 
in  Eq.  (17)  is  set  equal  to  zero  in  the  recircu¬ 
lating  region  of  the  flow.  For  cases  involving 
small  separated  regions,  this  is  an  adequate 
approximation  although  for  flows  involving  larger 
regions  of  separation,  it  can  be  improved  as  des¬ 
cribed  in  refs.  16  and  17. 

V.  Results  and  Discussion 

The  method  described  in  previous  sections  has 
been  applied  to  the  calculation  of  the  viscous  flow 
over  the  syimetric  airfoil,  NACA  661-OI8,  for 
which  experimental  data  was  obtained  by  Gault3. 
The  results  presented  here  are  for  the  nonlifting 
case  (a  =  0°)  and  for  two  lifting  cases,  (a  - 
7°  and  a  =  12°)  for  a  Reynolds  number  Rg  =  2  x 
10°  based  on  the  airfoil  chord. 

The  experimental  data  indicates  that  for  low 
angles  of  attack  the  flow  remains  laminar  until  the 
midchord  region.  The  flow  then  separates,  becomes 
transitional  and  reattaches  as  a  turbulent  boundary 
layer.  At  higher  angles  of  attack,  a  separation 
bubble  forms  near  the  leading  edge  which  also  re¬ 
attaches  as  a  turbulent  boundary  layer. 

The  midchord  separation  bubble  case  has  been 
examined  in  detail  by  Cebeci  and  Schlmke'2  using 
the  thin  airfoil  approximation  for  the  Interaction 
coefficients  based  on  Eq.  (4).  For  low  angles  of 
attack,  the  boundary  layer  remains  attached  at  the 
trailing  edge,  and  the  viscous  perturbation  to  the 
external  flow  is  small.  Equation  (4)  is  therefore 
a  good  approximation  to  this  viscous  perturbation. 
The  current  method  has  therefore  been  compared  with 
this  earlier  method  for  the  nonlifting  case  and 
these  results  are  presented  first  before  discus¬ 
sing  the  results  for  the  higher  angles  of  attack. 

Our  calculations  and  those  of  Cebeci  and 
Schimke‘2  indicate  that  the  specification  of  the 
transition  location  has  a  significant  effect  on  the 
computed  boundary- layer  behavior.  If  the  transi¬ 
tion  location  Is  specified  a  very  short  distance 
upstream  of  the  laminar  separation  point,  then  the 
extent  of  the  separation  bubble  is  reduced  or  elim¬ 
inated  entirely.  On  the  other  hand,  if  the  transi¬ 
tion  is  specified  a  little  downstream  of  this 
point,  then  the  separated  flow  region  grows  with 
each  sweep,  eventually  extending  to  the  trailing 
edge,  without  any  signs  of  numerical  difficulties. 
In  subsequent  sweeps,  the  solutions,  however,  be¬ 
come  unstable  and  the  calculations  break  down.  An 
empirical  formula  has  therefore  been  used  to  com¬ 
pute  the  transition  location  for  this  midchord 
separation  bubble.  The  relationship  used  is  that 
proposed  by  Crimi  and  Reeves9  which  indicates 
that,  at  the  transition  point 

yu=0  *  106/[«*(ue/v)2]s  (22) 

where  yu»o  is  the  distance  from  the  wall  at  which 
the  streanwise  velocity  is  zero,  while  the  sub¬ 
script  s  denotes  the  values  computed  at  the  sepa¬ 
ration  point.  Thus,  when  a  laminar  separation  is 
encountered,  the  right-hand  side  of  Eq.  (22)  is 
computed.  The  left-hand  side  is  then  evaluated  at 


each  station,  and  the  turbulent  flow  calculation 
is  started  at  the  point  at  which  Eq.  (22)  is  sat¬ 
isfied. 

Figure  1  shows  the  computed  wall  shear  param¬ 
eter  F*  for  the  converged  solution  plotted 
versus  the  airfoil  surface  distance  measured  from 
the  leading  edge.  This  figure  also  shows  the  val¬ 
ues  computed  by  Cebeci  and  Schimke'3.  The  two 
methods  can  be  seen  to  agree  well  through  the  sep¬ 
aration  bubble,  although  they  differ  nearer  the 
trailing  edge.  This  is  due  to  the  fact  that  the 
current  method  takes  into  account  the  airfoil  geom¬ 
etry  in  that  region.  Gault's  experimental  data 
indicates  that  the  separation  bubble  extends  from 
(s/c)  =  0.62  to  0.725.  The  calculated  results  can 
be  seen  to  predict  the  length  of  the  separation 
bubble  well,  although  its  location  is  further  down¬ 
stream  than  that  measured  by  Gault3. 


Fig.  1.  Computed  wall  shear  parameter,  F^, 

for  a  =  0°,  Rc  *  2  x  106.  Compari¬ 
son  of  present  method  (solid  line)  and 
ref.  12  (dashed  linel. 

The  calculated  velocity  profiles  are  very  close 
to  the  results  of  thin  airfoil  method  used  by 
Cebeci  and  Schimke12.  Figure  2  shows  the  com¬ 
puted  velocity  profiles  compared  with  the  experi¬ 
mental  data  at  several  stations  through  the  sepa¬ 
ration  bubble.  The  agreement  is  again  good 
upstream  of  about  (s/c)  =  0.72  after  which  the 
measured  boundary  layer  reattaches. 

Figure  3  compares  the  computed  pressure  distri¬ 
bution  over  the  airfoil  with  the  experimental  val¬ 
ues  measured  by  Gault3.  The  computed  pressures 


Fig.  2  Comparison  of  computed  (solid  line)  and 
measured  (symbols)  velocity  profiles  for 
a  *  0°,  Rc  =  2  x  lO3. 


Fig.  2  Continued. 


Fig.  3  Comparison  of  measured  pressure  distribu¬ 
tion  (symbols)  and  computed  viscous  solu¬ 
tion  with  (dashed  line)  and  without  (sol¬ 
id  line)  tunnel  wall  correction  for  a  = 
0°,  Rc  =  2  x  10°. 

are  seen  to  be  too  low  even  forward  of  the  separa¬ 
tion  bubble  where  the  viscous  effects  are  small. 
This  discrepancy  is  mainly  due  to  wind-tunnel 
blockage  effects  present  in  the  experimental  data. 
A  purely  inviscid  calculation  was  therefore  per¬ 
formed  to  evaluate  the  effects  of  the  wind  tunnel 
corresponding  to  the  model  size  used  by  Gault. 
This  was  achieved  using  the  multielement  mapping 
method,  developed  by  Halsey’3,  in  which  the  upper 
and  lower  tunnel  walls  are  simulated  by  two  flat 
plates  aligned  with  the  freestream,  and  extending 
fore  and  aft  of  the  airfoil.  For  this  particular 
calculation,  the  flat  plates  were  located  one  chord 
above  and  below  the  airfoil,  and  extending  one 
chord  fore  and  aft  of  the  leading  and  trailing 
edges.  Figure  4  shows  the  pressure  distribution 
with  and  without  this  tunnel  correction.  This 
figure  also  shows  the  measured  pressures  obtained 
for  a  Reynolds  number  of  lo’,  showing  that  the 
tunnel  interference  does  account  for  most  of  the 
discrepancy  observed  in  the  inviscid  solution. 
This  same  wind-tunnel  correction  has  been  applied 
to  the  computed  pressure  distribution  in  Fig.  3. 
There  is  still,  however,  some  difference  between 
the  computed  and  the  measured  pressures  through  the 
separation  bubble,  particularly  at  the  reattachment 
point. 


Fig.  4.  Comparison  of  measured  pressure  distribu¬ 
tion  (symbols)  and  inviscid  solution  with 
(dashed  line)  and  without  (solid  line) 
tunnel  wall  correction  for  a  =  0°,  Rc  = 
10/. 

This  method  has  also  been  applied  to  the  same 
airfoil  at  two  angles  of  attack,  7°  and  12°,  for 
which  there  is  a  leading-edge  separation  bubble. 
For  both  of  these  cases  solutions  were  obtained 
through  the  boundary- layer  separation  and  reattach¬ 
ment,  and  also  in  the  separated  region  close  to  the 
trailing  edge. 

As  in  the  calculation  of  midchord  separation 
bubbles,  the  transition  location  has  a  very  import¬ 
ant  influence  on  the  size  of  the  leading-edge  sep¬ 
aration  bubble.  It  is  interesting  to  note  that  Eq. 
(22)  is  an  empirical  criterion  based  on  data  from 
leading-edge  separation,  including  the  two  lifting 
cases  considered  here.  However,  attempts  to  use 
this  formula  for  the  calculation  of  leading-edge 
bubbles  have  not  been  successful  since  the  size  of 
the  separation  region  is  too  small.  For  these 
cases  there  is  a  very  sharply  defined  pressure  peak 
near  the  leading  edge.  The  transition  location  was 
therefore  taken  to  be  at  the  pressure  peak  for  a 
number  of  iterations  until  the  boundary- layer  solu¬ 
tion  near  the  trailing  edge  had  stabilized.  The 
transition  point  was  then  moved  downstream  in  order 
to  compute  the  leading-edge  separation. 

Figures  5  and  6  show  the  computed  wall  shear 
parameter  for  the  upper  surface  at  7°  and  12°, 
respectively.  At  7°,  the  computed  leading-edge 
separation  bubble  is  very  small,  with  a  larger 
bubble  being  computed  at  12°.  However,  for  both 
cases  the  method  is  able  to  compute  a  converged 
solution  through  the  boundary- layer  separation  and 
reattachment,  as  well  as  through  the  trai ling-edge 
separation.  Figure  7(a)  shows  the  computed  pres¬ 
sure  distribution  for  7°  for  the  Inviscid  and  the 
viscous  calculations,  for  which  the  computed  lift 
coefficients  are  0.87  and  0.73,  respectively.  The 
pressure  distribution  around  the  leading  edge  is 
shown  in  figure  7(b),  along  with  the  measured  pres¬ 
sure  distribution  obtained  by  Gault3.  At  12°, 
the  computed  lift  coefficients  for  the  inviscid  and 
the  viscous  calculations  are  1.49  and  1.22,  respec¬ 
tively,  and  the  pressure  distributions  are  shown 
In  Figs.  8(a)  and  (b).  For  the  lower  angle  of 
attack,  the  agreement  between  the  computed  and  the 
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Fig.  5.  Computed  wall  shear  parameter, 
for  n  =  7°,  Rc  =  2  x  10*\ 
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Fig.  6.  Computed  wall  shear  parameter,  F ", , 
for  a  =  12°,  Rc  =  2  x  105. 


Fig.  7a.  Comparison  of  computed  viscous  (solid 
line)  and  inviscid  (dashed  line)  pressure 
distributions  for  a  =  7°,  Rc  =  2  x  10” . 


experimental  pressure  distribution  is  reasonable 
although  at  12°,  the  computed  results  account  for 
only  about  half  of  the  difference  between  the  in¬ 
viscid  pressure  and  the  measured  values.  Also,  the 
computed  results  do  not  pick  up  the  rapid  pressure 
rise  which  occurs  with  the  reattachment  of  the 
leading-edge  bubble. 

There  are  two  additional  factors  which  must  be 
accounted  for  in  order  to  improve  the  computed 
results.  As  for  the  nonlifting  case,  we  can  exoect 
there  to  be  some  significant  effect  due  to  the  wind 
tunnel  blockage  effect,  which  would  increase  the 
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Fig.  7b.  Comparison  of  measured  pressure  distribu¬ 
tion  (symbols)  with  computed  viscous 
(solid  line)  and  inviscid  (dashed  line) 
solutions  for  a  *  7°,  Rc  =  2  x  10®. 


Fig.  8a.  Comparison  of  computed  viscous  (solid 
line)  and  inviscid  (dashed  line)  pressure 
distributions  for  a  =»  12°,  Rc  =  2  x  10®. 


Fig.  8b.  Comparison  of  measured  pressure  distribu¬ 
tion  (symbols)  with  computed  viscous 
(solid  line)  and  Inviscid  (dashed  line) 
solutions  for  a  *  12°,  Rc  *  2  x  10®. 

pressure  peak  for  the  Inviscid  solution.  On  the 
other  hand,  the  current  calculation  does  not  In¬ 
clude  the  effects  of  the  viscous  wake,  and  In  order 
to  compute  the  airfoil  circulation  it  Is  Important 
to  model  the  flow  correctly  In  the  tralling-edge 
region.  The  method  will  therefore  be  extended  to 


include  the  effects  of  the  viscous  interaction  on 
the  wake.  Currently  the  approach  described  here 
is  being  also  extended  to  the  calculation  of  inter¬ 
acting  flows  on  multielement  airfoils.  This  code 
will  also  be  used  to  simulate  the  wind  tunnel  wall 
effects  as  outlined  above. 
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ABSTRACT 


This  paper  is  devoted  to  the  method  we  have 
developed  for  the  calculation  of  transitional  sepa¬ 
ration  bubbles  at  the  leading  edge  of  an  airfoil 
at  incidence. 

This  method  is  mainly  based  on  : 

-  the  solution  in  inverse  mode,  of  global  bound¬ 
ary  layer  equations  ; 

-  a  viscous-inviscid  interaction  scheme  ; 

-  the  solution,  in  inverse  mode  too,  of  a  local 
inviscid  problem. 

The  experimental  study  we  have  performed  at  the 
same  time  is  also  briefly  reported.  In  fact,  we  have 
emphasized  the  different  points  which  strongly  guided 
us  in  the  choice  of  the  assumptions  we  have  intro¬ 
duced  in  this  method.  In  particular,  the  detailed 
study  of  transition  in  a  separation  bubble  gave  us 
the  physics  of  the  phenomenon  and  was  at  the  origin 
of  the  transition  criterion  we  have  developed  and 
introduced  in  the  boundary  layer  calculation. 


INTRODUCTION 

The  positive  pressure  gradient,  downstream  of  the 
suction  peak  at  the  leading  edge  of  an  airfoil  at 
incidence,  may,  under  some  conditions,  induce  large 
perturbations  on  the  general  pattern  of  the  flow. 

If  Reynolds  number  (for  instance  Rec  •  U„  c/v 
where  c  is  the  chord  of  the  airfoil)  is  large,  the 
boundary  layer  becomes  rapidly  turbulent  and  is  not 
much  affected  by  this  gradient.  On  the  opposite,  if 
Rec  is  low  enough  for  the  boundary  layer  to  remain 
laminar,  separation  may  occur,  followed  generally  by 
a  transitional  bubble. 

Previous  studies  have  already  shown  that  the 
effect  of  this  bubble  upon  the  downstream  turbulent 
boundary  layer  is  important  and  that  it  must  be  taken 
into  account  to  be  able,  for  instance,  to  predict 
the  possible  separation  at  the  rear  of  the  airfoil. 

In  this  purpose,  we  have  developed  a  calculation 
method  which  deals  with  short  separation  bubbles,  in 
two-dimensional  subsonic  compressible  flows. 

In  parallel,  an  experimental  study  /Re'.  1/  has 
been  carried  out,  which  str  Uy  helped  ■  in  ch" 
choice  of  the  assumptions  a  ’ —  i'.itr  .i  <*d  ir  the 
method. 


CEDEX,  FRANCE 

Before  presenting  the  calculation  method,  we 
will  give  a  brief  summary  of  this  experimental  study. 

1 .  EXPERIMENTAL  STUDY 

1.1.  Global  results 

A  first  series  of  experiments  has  been  carried 
out  on  a  200  mm  chord  ONERA  LC100D  peaky  profile. 

Hall  pressure  distribution  has  been  obtained  for 
a  range  of  Reynolds  number  Re-  between  8.10^*  and  10^ 
and  incidence  between  3  and  8  . 

The  corresponding  velocity  distributions  are  pre¬ 
sented  in  figure  1,  for  an  incidence  of  7°  30'. 


tions  in  the  leading  edge  region 


The  main  results  of  this  study  are  : 

a)  for  short  bubbles  (here,  for  Rec  >  0.45  10^), 
the  velocity  distribution  is  close  to  the 
high  Reynolds  number  velocity  distribution, 
except  in  a  small  domain  around  the  bubble, 
where  the  difference  is  however  small  ; 

b)  for  a  given  incidence,  exists  a  Reynolds  num¬ 
ber  for  which  a  sudden  change  in  the  velocity 
distribution  occurs,  corresponding  to  the 
classical  bursting  of  a  short  bubble  in  a 
long  bubble. 


An  important  remark  about  this  bursting  point 
is  that  no  discontinuity  in  the  physical  size  of  the 
separation  region  seems  to  exist  /Ref.  2/.  This  can 
be  seen  in  figure  2  uhere  momentum  thickness  at 
75  Z  of  the  chord  is  plotted,  versus  upstream  velo¬ 
city.  For  the  corresponding  bursting  point,  there  is 
a  change  in  the  slope  of  the  curve,  but  continuity 
in  the  evolution.  The  increase  in  momentum  thickness 


For  a  modera'  incidence  02  (between  5  and  10° 
depending  upon  the  airfoil),  the  evolution  of  L/c , 
when  decreasing  Reynolds  number,  is  characterized 
by  a  continuous  increase,  with  a  much  higher  rate 
below  bursting  Reynolds  number,  leading  progressively 
to  a  complete  separation.  The  change  in  the  slope 
of  the  curves  increases  when  incidence  increases. 


is  also  shown,  compared  with  a  calculation  assuming 
transition  at  separation,  with  continuity  of  momen¬ 
tum  thickness.  This  increase  is  very  large  for  long 
bubbles  and  is  far  from  negligible  for  short  bubbles. 
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Fig.  2  -  LCiOOD  profile-Momentum  thickness 
at  x/o  =  75  %  (a-7“30') 


If  we  look  at  the  evolution  of  L/c  for  a  given 
Reynolds  number,  two  major  schemes  exist  : 

-  If  Rec  is  low  (Reel  for  instance),  increasing 
angle  of  attack  induces  first  decrease  in  the 
size  of  the  short  bubble,  up  to  a  »  03.  With 

a  further  increase,  bubble  bursts  and  the  size 
of  the  long  bubble  now  increases  with  inci¬ 
dence,  leading  to  a  progressive  stalling.  The 
lift  coefficient  curve  may  or  not  present  a 
break  at  the  bursting  incidence,  according  to 
the  airfoil. 

-  If  Re,,  is  high  (^2  f°r  instance),  the  evolu¬ 
tion  is  similar  up  to  the  bursting  point,  but 
due  to  the  higher  pressure  gradient,  an  in¬ 
crease  in  incidence  causes  boundary  layer  not 
to  reattach,  and  stalling  is  then  sudden. 

1.2.  Detailed  results  about  short  separation 
bubbles 

A  study  of  the  short  leading  edge  separation 
bubbles  has  then  been  carried  out  on  a  special  mo¬ 
del,  called  "enlarged  leading  edge”.  This  model, 
presented  in  figure  A,  corresponds  to  a  2.5  m  chord 
ONERA  D  airfoil,  truncated  and  fitted  with  a  blown 
flap.  Position  of  stagnation  point  and  consequently 
velocity  distribution  in  the  leading  edge  region 
could  be  set  by  changing  incidence,  flap  angle  or 
blowing  rate  / Ref.  4/. 


x/c.QSl 


Fig.  3  -  Schematic  evolution  of  the  length 
of  leading  edge  separation  bubbles 


A  global  result,  collecting  various  information 
about  the  different  types  of  bubbles  /Ref.  2,  3,  4/ 
is  presented  in  figure  3. 

We  have  schematically  plotted  the  evolution  of 
a  characteristic  length  L/c  of  the  separated  region, 
for  different  incidences,  versus  chord  Reynolds  num¬ 
ber.  Below  a  given  incidence  (here  aQ),  no  separation 
occurs  and  boundary  layer  remains  laminar  up  to  natu¬ 
ral  transition. 
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ig.  4  -  Experimental  apparatus 


These  experiments  consisted  of  : 


-  pressure  distribution  measurements  ; 

-  hot  wire  and  LDA  boundary  layer  surveys  (mean 
and  longitudinal  fluctuation  velocity  pro¬ 
files)  ; 

-  oil  surface  and  smoke  visualization  (using  the 
laser  light  sheet  technique)  ; 

-  hot  wire  signal  spectral  analysis  ; 

for  a  wide  range  of  Reynolds  number  (10^  S  Recs8.l06) 
and  two  different  levels  of  turbulence  (Tue  s  0.4  % 
and  Tue  =  2.5  Z) . 

In  the  presentation  of  the  method,  we  will  point 
out  the  assumptions  deduced  from  these  results. 


A  simple  flow-chart  is  presented  in  figure  5, 
where  a  is  Che  quantity  involved  in  the  viscous- 
inviscid  interaction. 

3.  BOUNDARY  LAYER  EQUATIONS 

Because  it  is  fast  and  satisfactorily  accurate, 
it  is  an  integral  method  which  has  been  chosen  for 
the  boundary  layer  calculation. 

The  main  equation  is  the  streamwise  momentum 
equation  ;  in  some  methods,  the  auxiliary  equation 
may  change  with  the  nature  of  the  boundary  layer  : 

-  global  continuity  (entrainment)  equation  in 
turbulent  flow  ; 

-  global  kinetic  energy  equation  in  laminar  flow. 


2.  PRELIMINARY  REMARKS 

In  a  classical  "direct"  boundary  layer  method, 
the  external  flow  is  the  imposed  input,  the  evolu¬ 
tion  of  the  different  characteristic  quantities  of 
the  viscous  flow  being  the  output  of  the  calcula¬ 
tion. 


For  the  present  purpose,  we  have  to  deal  succes¬ 
sively  with  a  laminar,  transitional  and  turbulent 
boundary  layer.  To  avoid  numerical  difficulties 
which  could  arise  from  a  change  in  the  equations, 
we  have  been  brought  to  keep  the  same  auxiliary 
equation  all  along  the  calculation  domain  :  the 
entrainment  equation. 


For  the  present  problem,  this  technique  leads  to 
a  singularity  in  the  vicinity  of  the  zero  skin  fric¬ 
tion  point  /Ref.  5/,  even  if  the  experimental  pres¬ 
sure  distribution  is  the  data  of  the  calculation. 

A  simple  analysis  of  global  boundary  layer  equation 
and  of  the  related  turbulent  closure  relationships 
/Ref.  6/  has  shown  that  the  system  is  singular  at 
separation,  except  if  the  pressure  gradient  fills 
up  a  compatibility  relation,  in  which  case  the  sys¬ 
tem  remains  however  undeterminate.  The  same  conclu¬ 
sions  are  valid  for  a  laminar  separation,  due  to  a 
similar  behaviour  of  closure  relationships  in  the 
neighbourhood  of  separation. 

The  adjustment  of  the  pressure  distribution  to 
the  compatibility  condition  leads  to  the  inverse 
mode  formulation  of  the  problem  /Ref.  7,  8/.  The 
external  velocity  is  then  the  solution  of  the  bound¬ 
ary  layer  equations,  a  distribution  of  a  boundary 
layer  parameter  ( 6 i  or  Cf/2  for  instance)  being  the 
input  of  che  calculation. 

If  one  wants  to  predict  the  evolution  of  the 
boundary  layer  through  a  separated  region,  an  invis- 
cid  calculation  must  be  associated,  through  a 
viscous-inviscid  interaction  procedure.  The  inviscid 
calculation  may  be  done  in  direct  or  inverse  mode. 

We  have  chosen  this  second  solution  in  spite  of  a 
strong  under-relaxation  necessary  to  the  stability 
of  the  method. 


-  FZcu-nhart  “,he  •rethod 


Consequently,  the  system  to  be  solved  is 

f -I  *  {<■•’>£ 
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c>  -  sjii  s  <»."•  « 


(3.1.) 


«,)) 


S]  being  known  through  the  viscous-inviscid  inter¬ 
action  relationship.  Equations  (3.1.)  form  a  system 
of  two  equations  for  the  five  unknown  quantities  : 
Cf/2,  CE,  8  (or  H) ,  5  and  Ue. 

Three  closure  relationships  are  needed. 


4.  CLOSURE  RELATIONSHIPS 


We  will  just  give  here  the  general  guideline  of 
these  relationships.  Detailed  formulation  can  be 
found  in  /Ref.  9/. 

4.1.  Incompressible  laminar  flow 

4.1.1.  Sigi lari tj;_solut ions 

FALKNER-SKAN  self-similarity  solutions  are  a 
classical  way  of  getting  closure  relationships  for 
attached  laminar  boundary  layers.  They  provide  a 
family  of  velocity  profiles,  depending  upon  a 
pressure  gradient  parameter  B  ;  6  -  -0.199  is  the 
minimum  value  of  this  parameter  and  corresponds  to 
the  separation. 


For  boundary  layers  with  reverse  flows,  the 
same  equations  can  provide  a  family  of  velocity 
profiles,  depending  upon  the  same  parameter. 

It  can  be  shown  that  for  negative  values  of  6 
(-0.199  s  S  j  0),  the  solution  is  not  unique  and 
two  profiles  can  be  obtained  for  the  same  value  of 
S  :  the  classical  solution  and  a  separated  one, 


3U 

obtained  by  setting  —  <  0  at  wall. 


These  solutions,  calculated  for  example  by 
CHRISTIAN  and  HANKEY  /Ref.  10/  provided  the  separated 
self-similarity  profiles,  complementary  to  the  atta¬ 
ched  profiles  we  alrejdy  had  /Ref.  11/. 


-*.1.2.  C]>osurt'_re  I^a  t  i_onsh  i_£S 

It  is  then  easy,  for  each  velocity  profile,  to 
get  the  characteristic  boundarv  laver  quantities 
needed  to  close  the  system. 

These  closure  relationships  have  finally  to  be 
represented  in  terns  of  an  adequate  pressure  gradient 
parameter.  In  spite  of  its  wide  variations  for  se¬ 
parated  flows,  the  shape  parameter  H  seemed  to  be 
adequate.  Closure  re lat ionsh ips  could  then  be  : 


Rn  *  -r  W.  cEr*  *  CERt)  (H)  and  H*  *  H* (H) 

In  fact,  the  definition  of  *  would  be  included 
in  both  the  two  last  relationships.  However,  a  sin- 
pie  analysis  of  the  entrainment  equations  shows 
that  these  two  relationships  are  equivalent  to  the 
following  ones  *. 


E  -1 

- —  (H)  and  H  :  H  '$,/*) 

H 


In  this  form,  the  first  one  is  independent  of  the 
arbitrary  definition  of  $,  We  will  see  at  §  4.4  how 
has  been  soLved  this  problem  for  the  last  relation¬ 
ship. 


Incompressible  turbulent  flow 


Self-simi iaritv  solutions  proposed  bv  MICHEL- 
QUEMARD-DURANT  /Ref.  12/,  provided  closure  relation¬ 
ships  for  attached  flows.  They  have  been  extended 
to  the  case  of  moderate  separated  flows  (H  £  10)  ; 
however,  due  to  the  formulation  of  these  relation¬ 
ships,  they  could  not  provide  negative  values  of 
Cf/2.  We  have  therefore  used  a  relation  proposed 
by  EAST  et  al.  /Ref.  I  3/,  which  is  in  good  agree¬ 
ment  with  the  one  proposed  by  MICHEL  et  al.  for  the 
attached  flows.  To  remain  homogeneous  with  the  lami¬ 
nar  closure  relationships,  the  set  of  turbulent  ones 
is  : 

(H,  Rq)  deduced  from  /Ref.  13/, 


— y  -  (H,  R^)  deduced  from  /Ref.  12/, 

H  H 


H*  =  H  (Si/1!)  deduced  from  /Ref.  12  /  - 


Hie  two  lietitious  boundarv  hivt-rs  are  then  as¬ 
sumed  to  correspond,  in  the  transition  region,  to  a 
common  value  of  *■*;*.  Closure  relationships  provide 
therefore  respective  ciiaract  er  i  st  i  c  quantities  oi 
these  two  boundary  layers,  quantities  which  are 
weighted  through  an  '*  intermi  t  loticv  t  unction"  •  ,  to 
provide  tin*  transitional  boundary  laver  following 
characteristic  quantities  : 


M  =  t  I 


S:  ■  "  '  0  (:k,  *  •  S:T 

This  method  has  been  successfully  used  for  atta¬ 
ched  flows  and  is  based  on  tin*  expo  r  i  men  t  .1  i  obser¬ 
vation  ol  intermi ttencv  between  laminar  flow  and 
turbulent  spots  in  a  flat  plate  boundarv  laver  tran¬ 
sition. 

In  fact,  our  experiments  /Ref.  1/  have  shown  that 
for  separation  hubbies,  transition  process  no  more 
involves  turbulent  spots,  but  is  due  to  the  bursting 
of  vortices,  born  in  the  laminar  separated  shear 
laver.  However,  this  transition  is  very  fast  and 
the  use  of  an  intermi ttencv  function  provides  sa¬ 
tisfactory  results. 

3.  VISCOUS- INVISCID  INTERACTION 

The  interaction  relationship  can  be  written  in 
terms  of  the  direction,  relative  to  the  wall,  of 
the  velocitv  vector  at  the  boundarv  between  viscous 
and  inviscid  flows. 

LE  BALLEUR  /Ref.  b/  has  shown  that  it  could  also 
be  written  in  terms  of  vertical  velocity  at  a  given 
distance  of  the  wall.  An  expansion  through  the 
boundarv  laver  of  the  inviscid  velocity  normal  to 
the  wall,  associated  with  the  boundarv  laver  global 
continuity  equation,  provides  this  relation. 


If  it  is  written  at  v  =  0,  one  can  see  that  the 
boundarv  layer  is  equivalent  to  a  transpiration 
at  wall,  the  magnitude  of  which  is  given  bv  : 


-f-  <r  Uo  V 

lTe  dx  e  I 


Let  us  note  Chat  in  this  case,  S  is  a  parameter 
of  the  sel f-s imi larity  solution  and  is  consequently 
completely  defined. 


•  3*  Extension  to  compressible  flows 


For  laminar  /Ref.  I  1/  as  well  as  for  turbulent 
/Ref.  14/  flows,  it  has  been  shown  that  the  use  of 
transformed  quantities  allows  to  extend  the  incom¬ 
pressible  closure  relationships  to  compressible 
f lows . 


.a.  Treatment  of  the  transition  region 


b .  INVISCID  PROBLEM  EQUATIONS 

Hie  inverse  boundary  layer  calculation  could  be 
introduced  in  a  complete  flow  calculation  through 
this  viscous-i nvisc id  interaction  relationship.  In 
fact,  our  purpose  was  not  to  develop  such  a  complex 
rode,  but  rather  to  obtain  a  practical  and  easv  to 
use  method. 


b.I.  Incompressible  flow 


The  flow  around  tin*  airfoil  being  assumed  irro- 
tational,  we  can  first  define  a  potential  t,  so_ 
that  : 


We  have  assumed  that,  in  this  region,  two  fic¬ 
ticious  boundary  layers,  laminar  and  turbulent, 
could  be  defined.  At  this  stage,  we  have  hence 
arbitrarily  defined  :  for  laminar  flows,  so  that 
incompressible  laminar  and  turbulent  zero  pressure 
gradient  flows  correspond,  through  the  relationships 
H  (*]/■* )  to  the  same  value  of  i/c. 


\  :  --  i) 

'V  =  <  and  v  =  '  ‘ c 
•x  «*  v 

where  subscript  corresponds  to  the  actual  external 
f I ow  w i f  h  a  hubb 1 e . 


If  we  define 


as  che  potential  of  the  flow 


3 

3 


around  che  geometric  airfoil,  we  have  also  : 

;  :  -*FP  =  ° 

■  p  p  rp 

with  I'-n  =  — r -  and  v„„  =  — - — 


We  can  then  define  the  velocicy  U. (x)  induced  by 
the  separation  bubble  as  :  1 

lri  (x)  *  l'e(x)  -  L’^Cx) 

Because  of  the  linearity  of  POISSON  equation,  it 
is  easy  to  define  the  potential  $  so  that  : 

i»i  =  0 

^  1  J, 

l'.  =  — -k  and  v.  »  —  -1- 

i  lx  l  3y 

subscript  i  corresponding  to  the  perturbation  indu¬ 
ced  by  the  bubble. 

Once  5  is  known,  the  solution  of  the  complete 
inviscid  flow  is  then  equivalent  to  the  solution  for 
the  perturbation  potential  J^. 

In  fact,  looking  at  the  available  experimental 
results,  it  appeared  that  we  could  reasonably  assume 
that  the  velocity  perturbation  was  small  and 
vanished  outside  the  vicinity  of  the  bubble. 

Neglecting  the  wall  curvature  effects,  the  pro¬ 
blem  is  then  : 

•  ®  f  , - rin 


1  .*i  =  0  in  (O) 

\  H  «  0  on  ( r ) 

3  Ui  on  (rw) 


if  a. 

V_  (z- 


In  fact,  the  determination  of  j>.  is  not  neces¬ 
sary  and  the  problem  is  practically^to  determine 

vi  =  on  (v- 

This  result  is  easily  obtained  with  a  GREEN's 
function  which  provides  : 

v0(x)  =  vi(x,0)  -  IjT  d? 

In  fact,  experiments  showing  that  U£  is  negligi¬ 
ble  out  of  the  vicinity  of  the  bubble,  the  integral 
is  taken  on  an  adequate  finite  domain  around  the 
bubble.  The  results  we  obtain  provide  subsequent 
validation  of  these  assumptions. 

b.2.  Compressible  subsonic  flows 

To  keep  the  same  formulation,  we  use  a  PRANDTL- 
GLAL’ERT  approximation  for  the  linearized  potential 
flow  equation  : 


7.  SOLUTION  OF  THE  INVERSE  VISCOUS  PROBLEM 

The  system  of  the  two  global  boundary  layer 
equations,  associated  with  the  viscous-invisc id 
interaction  relationship  is  the  following  : 


Cf  de  r 

2  dx  +  '  [' 


«  I  dUe 
(H  +  2)  .  rr-  -r— 

He  dx 


1  dq,  1 
oe  dx  J 


CE  S  (0eL’e  <«  -  «1» 

“  =  (oeUe 

On  a  quasi-conservative  form,  it  can  be  written 
~  (oeUe-  (B1  *  0))  -  oeUe-  *  a) 


(DeUe  6)  =  ofiUe  (C£  *  a) 


d?  ((3eUe  V  =  “ 

where  a  =  is  given  by  the  previous  inviscid 
,  ,  .  Ue 

calculation. 

The  integration  of  this  system  in  x  gives 
°eUe'5'p»Uei5i  and  o  Ue2  (S,  +8)  in  x 

c  C  l  0  1 

Figure  6  gives  a  brief  description  of  the  method. 
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With  the  use  of  coordinate  transformation 
Y  »  y./T  -  M2 ,  the  same  assumptions  lead  to  : 

.  - - _  /-*• 


V0(x)  »  (x,0) 


-Mo-  f  Uj(E) 

-  jL 


JL  VL 


'  /  ~r_e  z-'v.'^rse 

' j'.ey  1  :l  _v<  *  :t'OK 


8.  TRANSITION 


The  problem  of  transition  (practically,  the 
determination  of  the  beginning  of  transition  and 
its  extent)  is  one  of  the  main  points  of  the  method. 

A  delayed  transition  would  cause  the  bubble  not 
to  reattach  and  the  calculation  would  fail.  On  the 
other  hand,  with  a  too  early  transition,  the  in¬ 
crease  in  momentum  thickness  would  be  too  small 
and  the  downstream  turbulent  calculation  would  not 
be  significant. 

Before  going  through  our  transition  calculation 
method,  we  would  like  first  to  have  a  quick  look 
at  some  of  the  existing  methods. 


Next  paragraph  will  explain  the  way  we  have 
tried  to  introduce  these  two  major  points  in  our 
criterion. 

8.2.  Present  transition  calculation  method  for 
incompressible  flows 

From  our  experiments  /Ref.  1/,  we  could  point 
out  that  transition  is  initiated  by  the  amplifica¬ 
tion  of  laminar  instability  waves,  similar  to 
TOLLMIEN-SCHLICHTING  waves  observed  on  a  flat  plate. 
This  amplification  proceeds  from  a  critical  point 
(point  where  Reynolds  number  reaches  a  critical 
value  below  which  no  disturbance  can  be  amplified), 
which  is  generally  upstream  of  separation. 


8.1.  Examples  of  existing  transition  criteria 

One  of  these  separation  bubble  transition  cri¬ 
teria  has  been  established  by  HORTON  /Ref.  15/  and 
modified  by  VINCENT  DE  PAUL  /Ref.  16/  and  ROBERTS 
/Ref.  17/.' 


Once  the  separation  point  S  has  been  found, 
through  a  direct  laminar  calculation  method,  they 
assume  there  is  a  sudden  transition  at  a  point  T, 
defined  as  follows  : 


wi  th 


where  subscripts  S  and  T  respectively  correspond 
to  separation  and  transition  point. 


K  is  :  -  a  constant  for  HORTON  (K  *  4.I04) 

-  a  function  of  Rgg  for  VINCENT  DE  PAUL 

-  a  function  of  Tujfor  ROBERTS. 


Another  criterion  is  used  by  KWON  and  PLETCHER 
/Ref.  18, ,  where  the  onset  of  transition  is  given 
by  : 

RxT  -  1.059  Res  +  44720 


The  transition  develops  downstream  of  T  with  an 
intermittency  function  e  given  by  : 


exp  (CT  (x  -  xT)  ) 


where  C_ 


0.025/6 


IS 


We  have  tried  to  introduce  these  different 
criteria  in  our  boundary  layer  calculation,  but 
the  results  were  very  poor,  and  that  can  perhaps 
be  explained  by  the  following  remarks  : 

The  influence  of  the  turbulence  intensity  level 
is  generally  not  taken  into  account  (except  by 
ROBERTS).  If  this  parameter  is  not  essential,  it 
has  a  non  negligible  influence  on  the  length  of 
the  laminar  separated  region.  In  our  experiments 
for  instance,  a  change  in  upstream  turbulence  in¬ 
tensity  from  0.45  Z  to  0.65  Z  reduces  the  "equi¬ 
valent  constant"  K  from  7.10"  to  4.10^.  GAULT 
/Ref.  19/  and  ROBERTS  /Ref.  17/  find  such  a  quali¬ 
tative  effect  of  this  parameter.  In  fact,  recent 
experiments  we  have  performed  with  turbulence  gene¬ 
rating  grids  show  that  for  a  local  turbulence  inten¬ 
sity  of  2.5  Z,  transition  happens  practically  at 
separation  and  no  bubble  appears  while,  however,  an 
increase  in  momentum  thickness  has  been  found.  In 
addition,  none  of  these  criteria  are  able  to  take 
into  account  the  physical  phenomena  which  lead  to 
the  onset  of  transition. 


In  fact,  ARNAL  et  al.  /Ref.  20  /  have  shown  that 
for  attached  flows,  an  important  parameter  charac¬ 
teristic  of  this  amplification  is  the  difference 
between  local  and  critical  momentum  thickness 
Reynolds  number.  We  have  hence  tried  to  develop, 
for  transition  in  separated  flows,  a  criterion  si¬ 
milar  to  the  one  proposed  by  ARNAL  et  al.  for  at¬ 
tached  flows,  and  which  would  intend  to  take  into 
account  the  previous  remarks. 

We  will  briefly  give  the  principles  of  this 
criterion. 

8.2.1.  Stability  calculation 

ARNAL  and  HABIBALLAH  /Ref.  21/  have  studied 
within  the  framework  of  spatial  theory  ana  for 
parallel  flows,  the  stability  of  attached  laminar 
self-similar  velocity  profiles.  We  have  extended 
this  study  to  the  separated  profiles  used  for  the 
closure  relationships  as  described  in  §  4.1.. 

These  calculations  provide,  for  a  given  profile, 

I  8A 

the  amplification  coefficient  (F,R6j)  »  -  —  — 

of  a  sinusoidal  disturbance,  whose  magnitude  is  A 
and  whose  reduced  frequency  is  F  (F  -  2sfv/Ue2 
with  f,  physical  frequency),  for  a  wide  range  of 
RSj. 

A  sweep  in  frequency  provides  then  the  stability 
diagrams.  An  example  is  presented  in  figure  7.  On 
this  diagram,  iso-amplification  lines  are  plotted, 
versus  reduced  pulsation  a  and  Reynolds  number 
R6j.  The  ai  »  0  curve  is  the  boundary  between  am¬ 
plified  and  damped  domains  and  is  called  neutral 
curve.  The  shape  of  this  curve  clearly  shows  that 
we  can  define  a  critical  Reynolds  number  (subscript 
CR)  below  which  any  disturbance  is  damped. 


Neutral  curves,  with  the  corresponding  critical 
Reynolds  number,  are  presented  in  figure  8.  The 
great  instability  of  these  profiles  is  characterized 
by  low  values  of  R6jCR  >  as  uel1  as  by  larS®  aper¬ 
ture  of  neutral  curves,  indicating  a  wide  range 
of  amplified  frequencies.  Flat  plate  neutral  curve 
has  been  reproduced  as  reference. 


f  Ln(AMo) 
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■— flnA/Ao  Ux.=l 
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Heutral  curves 


For  attached  flow,  the  choice  of  a  mean  POHL HAUSEN 
parameter  gives  fairly  good  results.  In  our  case, 
due  to  the  non  uniqueness  of  the  velocity  profiles 
for  negative  values  of  this  parameter,  the  choice 
of  the  shape  parameter  H  seemed  to  be  the  most 
adequate.  In  addition,  and  for  better  convenience, 
relation  (8.1)  has  been  used  in  its  differential 
form  : 

~  (H,  R« )  -  A(H)  (8.2) 


8.2.2.  Determination  of  the  onset  of 
transition 

If  we  consider  on  figure  7  the  evolution  with 
R<5j  of  the  amplification  coefficient  of  a  dis¬ 
turbance  of  frequency  F,  the  representative  point 
lays  on  a  straight  line  coming  from  the  origin. 

For  low  R5|,  this  disturbance  is  damped,  up  to  the 
first  crossing  point  with  the  neutral  curve.  Let 
A0  be  the  magnitude  of  this  disturbance  at  this 
point  xQ.  From  there,  the  disturbance  is  then  am¬ 
plified,  up  to  the  second  intersection  point  with 
the  neutral  curve. 

For  each  disturbance,  at  a  given  point  x  where 
Reynolds  number  is  R<5|,  we  can  define  the  local 
amplification  a  (H,  F,  R<5 . )  as  follows  : 


a  (H,  F,  Ri.) 


<4*  -r-  v 


An  example  of  this  procedure  is  presented  in 
figure  9,  for  a  pressure  gradient  parameter  of 
-0.08  fH  »  16.5).  The  dash  line  corresponds  to 
the  envelope  of  the  local  amplification  curves  for 
the  different  values  of  the  parameter  F.  This 
envelope  gives  the  so  called  total  amplification 
n(H,  R!|)  or  also  n(H,  Rq),  corresponding  to  the 
amplification  of  the  most  unstable  frequency,  for 
anv  Reynolds  number  greater  than  the  critical 
Reynolds  number  Ra_„. 


For  self-similarity  solutions,  the  integration 
of  equation  (8.2)  from  the  critical  point  gives 
back  relation  (8.1). 

For  practical  use,  two  problems  arise  : 

-  the  determination  of  the  critical  point, 
where  n  =  0  ; 

-  the  determination  of  the  evolution  of  n  for 
non  self-similar  flows. 

For  the  first  point,  self-similarity  solutions 
provide  the  evolution  of  the  critical  Reynolds 
number  versus  pressure  gradient  parameter.  Present¬ 
ed  in  terms  of  shape  parameter,  this  gives  the 
relation  : 

^CRF  *  ^CRF  (H)  (8'3) 

plotted  in  figure  10. 

At  each  station,  the  integration  of  the  boundary 
layer  equation  system  provides  local  Reynolds  num¬ 
ber  R?  and  local  shape  parameter  H.  For  this  cal¬ 
culated  value  of  H,  we  deduce  the  fictitious  criti¬ 
cal  Reynolds  number  R„-  by  using  equation  (8.3)  : 
this  fictitious  Reynolds  number  is  the  theoretical 
critical  Reynolds  number  of  a  self-similar  flow 
whose  shape  parameter  would  be  H.  We  assume  then 
that  the  critical  point  of  the  flow  is  obtained 
when  local  Ra  is  equal  to  this  fictitious  Ra  . 


For  n  s  2,  the  shape  of  the  curve  leads  to  a 
simple  analytical  representation  : 


-Aini  .  jj 


-  RaCR':n) 


rfh  e  r  e  n  is  an  adequate  pressure  gradient  parameter. 


For  the  second  point,  we  simply  assume  that 
the  slope  of  the  curve  n(Ra)  at  a  given  station  x, 
is  only  function  of  the  local  calculated  shape 
parameter  and  is  given  by  the  corresponding  self¬ 
similarity  solution. 
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The  integration  leads  then  to  : 
n(x)  =  /"  9  #-  (H)  dRq 

7ReCR  dRq 

where  :  -  RQ  and  H  are  local  Reynolds  number  and 
shape  parameter  at  station  x, 

-  *-s  critic3^  Reynolds  number 

previously  defined. 

The  onset  of  transition  is  finally  assumed  to 
occur  when  the  total  amplification  reaches  a  given 
value  n-f*  function  of  the  local  turbulence  level 
through  a  relation  proposed  by  MACK  /Ref.  22/  : 

nr(Tue)*  -  8.-»3  -  2.4  Ln  (Tue) 


8.3.  Extension  to  subsonic  compressible  flows 

At  the  present  time,  we  have  not  yet  performed 
a  detailed  study  of  the  stability  of  laminar  com¬ 
pressible  boundary  layers,  which  would  allow  us 
to  develop  the  corresponding  transition  criterion. 
However,  we  have,  as  a  first  approximation,  tried 
to  extend  the  present  calculation  method  to  sub¬ 
sonic  compressible  flows,  according  to  the  follow¬ 
ing  remarks  : 

-  A  review  of  experimental  results  /Ref.  21/ 
showed  that,  for  an  airfoil,  critical  point 
is  generally  located  close  to  the  suction 
peak,  at  a  point  where  pressure  gradient  is 
close  to  zero  ;  on  the  other  hand,  stabilitv 


calculations  relative  to  zero  pressure  gra¬ 
dient  flows  /Ref.  21/  exhibit  a  fairiv  weak 
influence  of  Mach  number  on  critical  Reynolds 
number.  Consequently,  we  have,  in  a  first  step 
determined  the  beginning  of  the  amplification 
by  the  same  way  as  for  incompressible  flows, 
using  the  incompressible  parameters  of  the 
boundary  laver  : 


Hi  •  f  (1  -  — )  dv/  /  —  (1  -  — )  dv 

•/o  ue  '  •/o  ue  ue 

n  ue  /  f  u  ,  .  u  .  , 

;e  J0  ue  ue 

alreadv  used  in  the  closure  relationships 
t rans  format  ions . 

-  Calculations  by  MACK  /Ref.  23/  indicate  that, 
if  compressibility  has  a  stabilizing  effect, 
this  effect  becomes  significant  when  reaching 
transonic  regime. 

In  so  far  as  no  more  specific  results  have  been 
obtained,  we  have  finally  calculated  the  total  am¬ 
plification  n,  by  introducing  the  incompressible 
parameters  of  the  boundary  layer,  so  that  : 


f  Roi  ,  * . 

"  V  (dRq'i 


where  {-—■) . 

dRq  1 


the  value  of  -r——  corresponding 


to  the  local  Incompressible  shape  parameter 

The  onset  of  transition  is  then  obtained  through 
MACK's  relation. 


8.4.  Intermittencv  function 

Formulation  of  c  from  Chapter  8.1.  has  been 
tested,  starting  from  our  definition  of  beginning 
of  transition.  Sudden  transition  as  well  as  other 
definition  appeared  not  to  fit  with  the  experimen¬ 
tal  rapid  but  not  ponctual  transition. 

For  attached  flows,  ARNAL  et  al.  /Ref.  20/  found 
that  intermittency  function  was  fairly  well  corre¬ 
lated  by  the  quantity  S/9y>  where  9  is  momentum 
thickness  at  a  given  point  in  the  transition  region 
as  -ly  is  the  momentum  thickness  at  the  beginning 
of  transition. 

We  have  consequently  cried  to  use  the  same  type 
of  relation  and  the  best  results  were  obtained 
with  : 

c  ■  1  -  exp  (-  2.5  .  (■— - I ) ) 

^T 

very  close  to  the  relation  used  by  ARNAL  et  al. 
/Ref.  20 /. 


9.  COMPARISON  WITH  EXPERIMENTS 
9.1.  Preliminary  remarks 

The  present  method  deals  with  short  leading  edge 
separation  bubbles,  in  subsonic  compressible  flows, 
and  only  needs  : 

a)  a  velocity  distribution  without  bubble, 

b)  the  local  external  turbulence  intensity 
(<  5  X), 

c)  condition  for  H  and  1  at  the  first  grid  point 


The  following  remarks  are  to  be  done,  relative 
to  these  data  : 

.  The  velocity  distribution  can  be  either  a 
potential  or  an  experimental  high  Reynolds 
number  one.  If  Reynolds  number  is  far  enough 
from  bursting  range,  it  is  even  possible  to 
use  a  "smoothed"  experimental  velocity  dis¬ 
tribution.  Results  so  obtained  for  boundary 
Laver  evolution  remain  quite  significant, 
though  calculated  velocity  distribution  is 
of  course  slightly  different  from  experimental 
one. 

.  Concerning  point  b) ,  it  is  generally  sufficient 
to  know  the  upstream  turbulence  intensity.  The 
local  one  can  be  obtained,  assuming  a  constant 
turbulence  kinetic  energy  by  : 

Tue  *  Tu„  .  s- 

uem 

where  ue^  is  a  mean  value  of  the  external 
velocity  in  the  transition  region. 

This  assumption  is  no  more  valid  for  high 
turbulence  intensities,  where  turbulence  decay 
may  be  high  (turbulence  generated  by  a  grid, 
in  particular)  and  the  knowledge  of  local 
turbulence  intensity  is  important,  otherwise, 
increase  in  momentum  thickness  may  be  underes¬ 
timated  through  the  previous  assumption. 

.  About  the  last  point,  an  integral  laminar 
boundary  layer  calculation  from  stagnation 
point  gives  correct  conditions. 
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These  experiments  have  been  carried  out  at 
ON ERA  on  another  "enlarged  leading  edge",  corres¬ 
ponding  to  a  2 . S 5  m  chord  airfoil.  Pressure  distri¬ 
butions  and  boundary  Laver  surveys  obtained  for 
Rec  =  8  lGb  are  compared  to  our  calculation  results 
in  figure  11.  Undisturbed  velocity  distributions 
have  been  obtained  by  "smoothing"  the  experimental 
values,  while  local  turbulence  level  is  deduced  from 
mean  upstream  turbulence  level  of  the  wind  tunnel 
•  Tu^  -  0.-4  to  0.5  %) . 

Here  also,  a  slight  shift  exists  between  expe¬ 
rimental  and  calculated  separation  regions  ;  in 
addition,  the  level  of  the  pressure  plateau  is 
underestimated.  The  definition  of  the  undisturbed 
velocity  is  probably  one  of  the  main  reasons  of 
these  discrepancies.  In  spite  of  that,  as  it  has 
been  noted  at  §  9. 1 ,  if  one  is  mainly  interested  in 
the  initial  conditions  for  the  downstream  boundary 
layer,  this  approximation  allows  to  predict  the  cor¬ 
rect  level  for  momentum  thickness. 


••  'O'' 


These  experiments  have  been  oerformed  at  ONERA, 
to  provide  additional  data  about  t.,e  flow  around 
compressor  blades.  The  OAGPI  model  is  a  kind  of 
"enlarged  leading  edge",  the  shape  of  which  has  been 
designed  co  reproduce,  at  a  large  scale,  Che  pressure 
distribution  at  the  upper  surface  of  a  cascade  blade. 
Upstream  Mach  number  is  .707  and  total  pressure  is 
25  340  Pa.  Reference  chord  of  the  model  is  333  mm. 
Results  relative  to  this  test  case  are  presented  in 
figure  12. 

A  first  remark,  which,  in  fact,  was  the  main 
reason  for  our  method  to  be  used,  is  that  a  calcula¬ 
tion  assuming  transition  at  separation  point,  pre¬ 
dicted  momentum  chicknesses  downstream  of  the  bubble, 
greater  than  che  experimental  values.  These  results 
were,  however,  questionable,  because  measured  inte¬ 
gral  quantities  were  probably  affected  with  some 
incertitudes  because  of  Che  size  of  the  boundary 
layer. 

For  this  model,  neither  undisturbed  inviscid, 
nor  high  Reynolds  number  velocity  distributions  were 
available.  Consequently,  the  smoothed  experimental 
distribution  was  used  as  the  undisturbed  one.  Local 
turbulence  intensity  was  deduced  from  the  upstream 
value  (Tu„  =  0.15  7,). 

Results  seem  to  confirm  that,  effectively,  this 
separation  bubble  does  not  induce  increase  in  momen¬ 
tum  thickness.  A  more  accurate  calculation  would 
however  need  a  better  definition  of  the  undisturbed 
velocity  distribution. 


9.4.  GAULT  experiments  /Ref. _ 1 9 / 


These  experiments  correspond  to  a  separation 
bubble  at  raid-chord  of  a  NACA  63018  at  low  angle 
of  attack  (a  »  2°),  for  a  Reynolds  number 
?.ec  »  2  10  ■  Boundary  layer  surveys  have  been  carried 
out  in  the  region  around  the  bubble  but,  in  the 
separated  domain,  the  velocity  profiles  were  limited 
to  che  positive  values  of  U.  Consequently,  we  have 
only  plotted  Che  integral  quantities  for  s/c  «  .592 
(about  30  mm  upstream  of  separation)  and  s/c  »  .714 
(nearly  at  reattachment). 


In  our  calculation,  undisturbed  velocity  distri¬ 
bution  has  been  taken  for  Rec  ”  10?,  while  local 
turbulence  intensity  has  been  deduced  from  the 
upstream  value  (Tu„  -  0.15  to  0.20  7.) .  Initial  con¬ 
ditions  have  been  adjusted  to  fit  experimental 
boundary  layer  integral  thicknesses  at  s/c  *  .592. 


Figure  13  presents  the  comparison  between  these 
experiments  and  our  calculation  results  (full  line). 
In  addition,  two  other  calculations  have  been  plot¬ 
ted  : 


-  in  dash  line,  a  turbulent  calculation  ini¬ 
tiated  at  the  experimental  reattachment  point 
(case  /A/)  ; 


-  in  dotted  line,  a  direct  calculation,  laminar 
up  to  the  calculated  separation  point  S^, 
turbulent  downstream  of  it,  and  assuming  con¬ 
tinuity  of  9  at  SQ  (case  /B /). 

Me  can  immediately  note  that  the  calculated 
separation  region  (S  -  R)  is  relatively  far  down¬ 
stream  of  che  experimental  one  (S  -  R  ).  Let 
us  however  note  that,  as  in  GAULTeriportfX?he  sepa¬ 
ration  point  Sq,  calculated  through  a  direct  laminar 


method,  is  also  downstream  of  S  .In  spite  of  that, 
the  effect  of  the  bubble  on  theeS8wnstream  turbulent 
boundary  layer  seems  fairly  well  predicted,  if  we 
compare  our  calculation  to  calculation  /A/,  for 
s/c  greater  than  0.8.  Another  noticeable  fact  is 
that  our  calculation,  as  well  as  calculation  /A/, 
predict,  downstream  of  the  bubble,  a  momentum  thick¬ 
ness  lower  than  momentum  thickness  given  by  calcula¬ 
tion  /B/,  as  it  has  already  been  noted  in  §  9.3. 


9 .  5. 1 .  Low  turbulence  level  experiments 

In  figure  14  is  presented  one  set  of  results 
obtained  for  Rec  ■  2.2  106  and  a  local  turbulence 
intensity  of  0.4  Z.  The  undisturbed  velocity  dis¬ 
tribution  has  been  obtained  for  the  highest  Reynolds 
number  experimental  case.  Local  turbulence  intensity 
has  been  deduced  from  the  upstream  one.  The  choice 
of  a  few  grid  points  in  the  constant  pressure  gra¬ 
dient  region,  provided  good  boundary  conditions 
for  H  and  9  through  similarity  solutions. 

Open  circles  correspond  to  hot  wire  results 
while,  in  the  separated  region,  closed  circles 
correspond  to  LDA  measurements.  The  agreement  bet¬ 
ween  calculation  and  experiments  is  quite  satisfac¬ 
tory.  In  particular,  the  validity  of  the  transition 
criterion  seems  good,  owing  to  the  correct  predic¬ 
tion  of  eicher  the  size  of  the  pressure  plateau 
or  the  evolution  of  the  shape  parameter  in  the 
vicinity  of  reattachment.  Compared  with  a  calcula¬ 
tion  assuming  transition  at  separation  (see  dotted 
line),  the  increase  in  momentum  thickness  is  well 
predicted. 


«  j*  v'  :  v.-  .-<■  v« 
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CONCLUSION 

The  method  we  have  presented  here  has  been  de¬ 
signed  to  take  into  account  the  effects  of  leading 
edge  separation  bubbles  on  the  downstream  turbulent 
boundary  layer.  This  initial  purpose  led  us  to  the 
various  assumptions  we  made  in  the  choice  of  the 
method.  Previous  experiments,  as  well  as  the  detail¬ 
ed  study  we  have  carried  out  on  the  phenomenon  have 
been  widely  responsible  in  this  choice.  The  results 
obtained  for  this  type  of  bubbles  show  a  good  gene¬ 
ral  agreement,  in  regards  to  the  cost  and  the  sim¬ 
plicity  of  the  method. 

Considering  mid-chord  separation  bubbles,  the 
assumption  of  local  viscous-inviscid  interaction  is 
perhaps  questionable.  The  difficulties  in  the  deter¬ 
mination  of  the  separation  point  through  a  high 
Reynolds  number  velocity  distribution  are  probably 
significant  of  a  non  negligible  influence  of  the 
bubble  on  the  position  of  stagnation  point.  In  spite 
of  that,  the  results  obtained  by  the  calculation 
method  seem  fairly  significant,  provided  that  come 
care  is  taken  in  the  definition  of  the  "undisturbed" 
velocity  distribution.  In  this  case,  a  simple  smooth¬ 
ing  of  the  experimental  distribution  is  no  more 
sufficient. 

In  all  the  cases,  the  criterion  we  have  developed 
seems  to  give  a  correct  prediction  of  the  onset  of 
transition.  In  our  opinion,  it  is  the  best  compro¬ 
mise  between  the  first  generation  of  empirical  cri¬ 
terion  and  the  next  one,  where  for  instance  stabi¬ 
lity  of  the  boundary  layer  would  be  studied  at  each 
station,  for  each  iteration.  At  a  lower  cost,  the  pre¬ 
sent  criterion  is  however  able  to  take  into  account 
the  "history"  of  the  laminar  boundary  layer,  in  a 
simplified  but  fairly  efficient  way. 
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Abstract 


An  iterative  viscous- invisc id  interaction 
calculation  procedure  is  used  to  predict  leading 
edge  and  midchord  separation  bubbles  on  airfoils 
in  steady  subsonic  flow.  The  procedure  utilizes 
an  inverse  finite-difference  boundary  layer  calcula¬ 
tion  scheme  to  predict  the  viscous  flow  and  a 
direct  Hilbert  integral  formulation  for  the  inviscid 
flow.  Three  models  for  laminar-turbulent  transi¬ 
tion  are  discussed.  Predictions  are  compared  with 
experimental  measurements  for  several  transitional 
separation  bubble  flows  at  angles  of  attack  up 
through  7® f ' ' 

i 

Nomenclature 


A  function  of  Mach  number  (see  Eq .  10) 
C  constant 

c  airfoil  chord 

j 

C  pressure  coefficient,  1  -  (u  /u  )~ 

p  r  e  » 

C.p  function  of  displacement  thickness 

D  damping  f motion 


u 

u 


x 
x ' 

x< 

x? 

Ax 

y 

Of 

Y 

6 


i  mixing  length 

L  characteristic  Length 


6* 


M  Mach  number 

p  pressure 

\  intensity  >t  line  source  or  sink 

k  x  e.i i  *  .a  runent  pmnt 


K 

\ 


H 


■*n'»,  Js  number  based  on  x 


Re- .n  ■ .  K  iiimbe 


ise  I  >n  momentum  thickness 


•*p,i  r  1 1  ;  -n  p-  - 1  nt 

I :  in*  e  I  i  uig  upper  -.urface  *i f  airfoil 

meisurej  ; rum  stagnation  point 


0 


t 


distance  along  surface  measured  from  leading 
edge 

x  component  of  velocity 
friction  velocity 
v  component  of  velocity 
coordinate  along  the  surface 

variable  of  integration  in  Eqs .  (24)  ana  (26) 

interaction  starting  point 

interaction  end  point 

length  of  transition  region 

coordinate  normal  to  surface 

angle  of  incidence 

intermi ttency  function 

boundary  layer  thickness 


<1  i sp lacement  thickness, 


u/u  )dv 
e 


von  Karman  constant 

extent  of  transition  region 

viscosity 

kinematic  viscosity 

normalized  streamwise  coordinate  in  transi 

tion  zone,  (x  -  x  )/A 
tr 

•lens  i  ty 

shearing  stress 


Subscripts 

BL  denotes  boundary  layer 
c  indicates  value  of  correction 

e  evaluated  at  outer  flow  boundary 

FT  evaluated  for  fully  turbulent  flow 
INV  denotes  inviscid  flow 
in  denotes  inner  region 

L  evaluated  at  downstream  flow  boundary 
max  evaluated  at  maximum  condition 
n  denotes  iteration  level 

o  denotes  reference  quantity 

ot  denotes  outer  region 

s  denotes  evaluation  at  separation  point 

T  denotes  turbulent  flow  quantity 

t  denotes  turbulent  flow  quantity  or  transi¬ 
tion  end  point 

tr  denotes  transition  initiation  point 

*  denotes  evaluation  at  freestream  conditions 

far  upstream  of  airfoil 


Superscripts 

(  )  bars  on  dependent  variables  denote  time  mean 
quantities 

(  )'  prime  on  dependent  variables  denotes  fluctua¬ 
tions 

1.  Introduction 

The  prediction  and  control  of  turbulent  flow 
separation  and  reattachment  continue  to  be  impor¬ 
tant  in  many  engineering  applications.  Subsonic 
flow  separation  occurs  or  can  occur  on  airfoils, 
helicopter  blades,  near  the  tail  of  axisymnetric 
bodies,  ship  hulls,  and  in  diffusers,  compressors, 
and  engine  inlets.  In  many  applications  it  is 
desirable  to  avoid  separation  entirely.  In  others, 
some  separated  regions  must  be  tolerated  over  some 
range  of  the  operating  conditions;  and  it  is  highly 
desirable  to  be  able  to  predict  performance  even 
with  regions  of  recirculation  present.  Although 
progress  is  being  made  in  the  understanding  and 
prediction  of  these  flows,  the  accurate  and  eco¬ 
nomical  calculation  of  turbulent  flows  containing 
regions  of  recirculation  still  remains  one  of  the 
major  challenges  in  the  field  of  computational 
fluid  dynamics. 

Most  recent  investigators  dealing  with 
separated  flows  have  been  optimistic  that  the 
boundary  layer  equations  may  provide  a  suitable 
mathematical  description  for  at  least  thin  separ¬ 


ated  regions  at  moderate  or  high  Reynolds  num¬ 
bers.1-3  However,  the  solution  of  boundary  layer 
equations  alone  provides  only  part  of  the  answer  to 
the  problem  posed  by  separation  in  applications  be¬ 
cause  information  from,  or  at  least  compatible,  with 
the  outer  inviscid  flow  is  needed  to  establish  the 
outer  boundary  conditions  for  this  boundary  layer 
calculation.  In  the  neighborhood  of  separation, 
the  inviscid  flow  solution  over  the  displacement 
surface  of  the  viscous  flow  differs  significantly 
from  the  inviscid  flow  over  the  solid  body  alone. 
Neither  the  correct  inviscid  solution  nor  the  cor¬ 
rect  viscous  flow  solution  can  be  obtained  inde¬ 
pendently.  The  two  problems  must  be  solved  simul¬ 
taneously  or  iteratively  until  the  solutions 
"match"  through  a  common  streamwise  pressure  grad¬ 
ient  at  the  solid  surface.  Thus,  a  practical  cal¬ 
culation  scheme  based  on  boundary  layer  equations 
must  include  provisions  for  the  viscous-inviscid 
interaction. 

There  have  been  only  a  few  reports  of  viscous- 
inviscid  interaction  schemes  being  applied  to  sub¬ 
sonic  separated  turbulent  flow.  These  computational 
studies  have  employed  both  integral  and  differential 
procedures  for  the  solution  of  the  viscous  flow. 
Integral  procedures  have  been  applied  to  fully 
stalled  turbulent  flow  in  diffusers  by  Wooley  and 
Kline4  and  to  the  flow  over  a  reward- facing  step 
by  Kim  et  al.s  Crimi  and  Reeves6  and  van  Ingen7 
also  used  integral  analyses  in  developing 
prediction  schemes  for  separation  bubbles  on  air¬ 
foils.  Gerhart  and  Chima8  reported  only  partial 
success  in  their  use  of  an  integral  boundary  layer 
scheme  in  a  viscous-inviscid  interaction  procedure 
for  subsonic  turbulent  flows. 

Differential  solutions  to  the  boundary  layer 
equations  were  used  in  the  interaction  schemes 
applied  to  subsoni :  turbulent  flow  by  Briley  and 
McDonald,9  Carter,10  Cebeci  et  al.11  and  Kwon  and 
Pletcher.12  The  Briley  and  McDonald  study  utilized 
a  time-dependent  analysis,  whereas  the  others 
employed  inverse  boundary  layer  procedures .  Only 
Refs.  9  and  12  included  comparisons  with  experi¬ 
mental  data. 

In  Ref.  12,  an  inverse  boundary  layer  method 
was  combined  with  a  Hilbert  integral  formulation 
for  the  inviscid  flow  to  predict  a  midchord  transi¬ 
tion  bubble  on  an  airfoil  at  zero  angle  of  attack. 
Two  models  for  laminar-turbulent  transition  were 
evaluated  and  both  were  found  to  perform  satisfac¬ 
torily  for  this  flow.  In  the  present  paper,  the 
generality  of  the  computational  method  and  transi¬ 
tion  models  of  Ref.  12  are  tested  by  comparing  pre¬ 
dictions  with  experimental  measurements  for  mid¬ 
chord  and  leading  edge  bubbles  on  airfoils  at 
angles  of  attack  ranging  up  to  7°.  During  the 
course  of  the  study,  turbulence  and  transition 
models  were  found  to  play  a  crucial  role  in  deter¬ 
mining  the  accuracy  of  the  predictions.  Three 
transition  models  are  evaluated  and  discussed. 

The  key  features  of  the  calculation  method  and 
turbulence  modeling  are  given  below.  Further 
details  on  the  method  may  be  found  in  Refs.  12 
and  13. 

Analysis 

Viscous  Flow 

The  flow  is  assumed  to  be  two-dimensional, 
steady,  and  incompressible.  Any  separated  regions 
are  assumed  to  be  sufficiently  thin  so  that  the 


*. 


boundary  layer  form  of  the  momentum  and  continuity 
equations  provides  an  adequate  mathematical  model 
for  viscous  regions.  In  any  region  of  reversed 
flow,  the  streamvise  convective  derivative  is  also 
assumed  to  be  negligibly  small.  Neglecting  tur¬ 
bulent  normal  stresses,  the  governing  conservation 
equations  are 

Continuity 


p  +  P  =  0 

ox  3y 


-  I  3ij  du 

C  u  5-  +  v  5-  = 

I  3x  3y 


1  d£  +  i  at 

p  dx  p  3y 


where  C  =  1.0  when  u  >  0,  and  C  =  a  small  (4  0.2) 
positive  constant  when  u  £  0  and 

3u  — — r  (3) 

T  =  p  ^  -  Pv  u 


The  inner  boundary  conditions  are 


u(x,0)  =  v(x,0)  =  0 


For  attached  flows  some  distance  from  the 
separation  point,  the  standard  direct  finite- 
difference  method  was  employed  for  which  the  outer 
boundary  condition  was 

lim  u(x,y)  =  u  (x)  (5) 


For  the  inverse  method,  the  second  boundary 
condition  satisfied  by  the  streamwise  component  of 
velocity  was 


OD 
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dy  =  6*(x) 


where  6*(x)  is  a  prescribed  function. 

Equation  (2)  deviates  from  the  conventional 
momentum  equation  in  the  treatment  (FLARE  approxi¬ 
mation14)  of  the  streamwise  derivative  term, 

c|u||S  .  The  form  used  permits  marching  the  solu¬ 
tion  through  regions  of  reversed  flow  by  avoiding 
a  negative  coefficient  for  the  streamwise  deriva¬ 
tive  term.  The  boundary  layer  equations  were 
solved  by  the  implicit  finite-difference  scheme 
described  in  Ref .  1 . 

Turbulence  and  Transition  Modeling 

The  Reynolds  stress  was  assumed  to  be  related 
to  the  rate  of  mean  strain  according  to 


-PU  V  =  MT  gy 


where  p^.  is  a  turbulent  viscosity.  External  flows 
which  give  rise  to  thin  separation  bubbles  invar¬ 
iably  separate  in  the  laminar  state  and  undergo 
transition  to  turbulent  flow  prior  to  or  coincident 
with  reattachment.  Unfortunately,  there  are  no 
known  practical  procedures  for  computing  the  de¬ 
tails  of  laminar-turbulent  transition  from  first 
principles.  In  the  present  study,  the  value  of 
p^.  was  determined  as  the  product  of  a  viscosity 
for  fully  turbulent  flow,  and  an  empirical 

intermittency  factor,  y: 


Mj  -  Y 


Such  an  approach  has  proven  useful  for  natural 
transition  on  flat  surfaces  and  airfoils.15 

The  fully  turbulent  viscosity  was  evaluated 
according  to  Modei  D  of  Ref.  1.  In  this  model. 


2  3u 
MFT~  p£  3y 


where  2  is  a  mixing,  length  evaluated  differently 
for  the  inner  and  amter  regions  of  the  boundary 
layer.  For  the  regitm  closest  to  the  wall,  the 
mixing  length  is  specified  as 


£ .  =  kDy 

in  ' 


exp  U  la? 


1/2 

26 


Here  K  was  taken  as  0.41.  For  the  outer  region, 
the  mixing  length  was  evaluated  as 


£  =  0.12  L 

o 


where  L  was  determined  from 


dL  _  ,  ,  I  I  L  t  L  \ 2 
ue  dx  |  ux  |  6  \  5  ) 


The  motivation  for  the  transport  equation  for  L 
was  given  in  Ref.  1.  In  the  present  predictions, 

£  =  0.089  6  was  used  to  establish  initial  values 

for  L.  The  inner  expression  for  l  was  used  from 
the  wall  outward  until  £  =  £  At  that  point 

the  switch  was  made  to  tie  outer  formulation. 

Three  schemes  for  evaluating  y  have  been 
applied  in  the  present  study. 

Transition  Model  A:  This  model  is  based  on 
existing  correlations  for  natural  transition  on 
flat  plates  and  airfoils.  Transition  was  assumed 
to  start  when  Re^  equaled  or  exceeded  the  value 
given  by  Cebeci  et  ai.15 


Re9,tr  =  1-174 


,  ♦  2-§^l  Re  °  -° 
Re  x 

x 


Reeves6 : 


For  the  calculation  of  the  extent  of  the 
transition  region,  the  correlation  suggested  by 
Chen  and  Thyson16  was  used: 
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where  A  is  the  function  of  Mach  number  expressed 
by 


Y  =  0,  x  <  xtr 

=  1  -  exp  [-CTCx  -  xtr,2J  ’ 

x  i  *tr  (21) 
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A  =  60  +  4.68M 
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where 

C_  =  0.025/ 6" 2 
T  s 


Thus,  the  extent  of  the  transition  region  is 


Ax 


A  x 


tr 


Re 
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~x,tr 
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The  intermittency  function  was  evaluated 
using  the  correlation  presented  by  Dhawan  and 
Narashima.17  The  correlation  was  obtained  based 
on  the  source  density  function  of  Emmons18, 

Y  =  1  -  expC-0.412  q2)  (18) 


where 


5  = 


(19) 


for  x  S  x  S  xt-  A  is  a  measure  of  the  extent 
of  thertransition  region  determined  in  the  present 
study  by  letting  y  =  0.999  and  x  =  x  in  Eqs .  (18) 
and  (19). 


Transition  Model  C:  This  model  assumes  that 
transition  occurs  instantaneously  at  the  point 
indicated  by  Eq.  (20).  Although  the  model  gave 
surprisingly  good  results,  its  use  was  ultimately 
discontinued  in  the  present  study  because  the  con¬ 
cept  of  "instantaneous"  transition  was  thought  to 
be  physically  unacceptable.  Transition  is  expected 
to  occupy  a  finite,  although  possibly  very  short, 
region. 


Inviscid  Flow 


It  is  assumed  that  the  inviscid  flow  is  two- 
dimensional  and  irrotational ,  permitting  the  use 
of  superposition  to  develop  the  potential  flow 
solution.  Letting  up  q  denote  the  tangential  com¬ 
ponent  of  velocity  of  the  inviscid  flow  over  the 
solid  body  without  separation  and  u  the  velocity 
on  the  displacement  surface  induced  only  by  the 
sources  and  sinks  distributed  on  the  surface  of 
the  body  due  to  the  displacement  effect  of  the 
viscous  flow  in  the  interaction  region,  the  x- 
component  of  velocity  of  a  fluid  particle  on  the 
displacement  surface  can  be  written  as 


u 

e 


=  u 


e  ,o 


u 

c 


(22) 


Transition  Model  B:  This  model  is  based  on 
correlations  for  separation  bubble  transition. 
According  to  the  studies  of  Ward19  and  Horton20, 
the  pressure  distribution  from  the  separation 
point  to  the  point  where  the  displacement  thick¬ 
ness  reaches  a  maximum  is  characteristically  nearly 
uniform.  Transition  has  frequently  been  associated 
with  this  point  of  maximum  6*  where  the  flow  "turns 
down"  to  reattachment,  and  experiments  tend  to  con¬ 
firm  that  transition  is  well  advanced  or  completed 
when  reattachmcnt  occurs.  This  point,  which  marks 
the  end  of  the  constant  pressure  region  in  transi¬ 
tional  bubbles  from  several  experiments,  has  been 
correlated  in  Ref.  12  against  the  Reynolds  number 
at  separation.  In  transition  Model  B,  transition 
was  assumed  to  start  at  the  point  where  the  con¬ 
stant  pressure  region  ends,  which  is  reasonably 
well  correlated  by 


Following 
source  or 
placement 
evaluated 


Lighthill,21  the  intensity  of  the  line 
sink  displacing  a  streamline  at  the  dis- 
surface  of  the  viscous  flow  can  be 
as 
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d(u  5*) 
e 

dx 


(23) 


Using  a  small  disturbance  approximation  valid  for 

small  values  of  6*,  u  (x)  can  be  evaluated  as  the 
c 

Hilbert  integral: 


i/ 

-00 


d(u  5*)  ,  . 

e  dx 

dx '  (x  -  x '  ) 


Re  .  =  1 . 0607Re  +  33185  (20) 

x ,  t  r  x ,  s 

where  Re^  g  is  based  on  the  distance  along  the 

surface  from  the  airfoil  stagnation  point.  Having 
established  the  point  where  transition  is  initi¬ 
ated  by  Eq.  (20),  the  intermittency  function  is 
evaluated  by  the  form  suggested  by  Cnmi  and 


Further  details  on  the  calculation  of  u 
(the  inviscid  surface  velocity  on  the  body  without 
separation)  will  not  be  given  here,  u  ^  can  oe 

obtained  by  conventional  methods,  such  as  the  Hess 
and  Smith22  procedure,  or  from  experimental  data. 
This  distribution  does  not  change  luring  the 
interaction  calculation. 


For  the  numerical  computation  at  u  ,  it  was 
assumed  that  strong  interaction  was  limited  to  the 
region  x,  ‘-s  x  ^  x,  in  Fig.  1.  The  intensity  of  the 

source  and/or  sink  was  assumed  to  be  significant  in 
this  region  and  to  approach  zero  as  x  approaches  t°°. 
Consequently,  q  was  only  calculated  in  the  region 
Xj  ^  x  %  x?  using  the  boundary  layer  solution.  Out¬ 
side  of  this  region,  the  source  and/or  sink  distri¬ 
bution  was  extrapolated  by 

q' lx)  =  ^  (25) 

X^ 


viscous  flow  calculation  is  repeated  over  the 
interaction  zone  in  the  inverse  mode  using  the 
specified  6*<x)  The  outer  edge  velocity,  u^ 

is  obtained  as  part  of  the  output  of  this  calcula¬ 
tion.  The  same  distribution  of  6*(x)  is  used  to 
calculate  the  correction  to  the  inviscid  velocity, 
u^(x),  as  indicated  by  Eq.  (2b).  A  new  inviscid 
surface  velocity,  can  now  be  computed. 

The  edge  velocities  from  the  two  calculations 
(viscous  and  inviscid)  will  not  agree  until  con¬ 
vergence  has  been  achieved. 

The  boundary  layer  calculation  is  repeated 
using  a  new  6*  distribution  obtained  from 


where  b  was  computed  to  match  q  obtained  from 
Eq.  (23)  at  x  =  Xj  and  x  =  x^. 

Equation  (24)  can  be  rewritten  as 


(27) 


The  first  and  third  integrals  can  be  evaluated 
analytically  using  Eq.  (25).  The  second  integral 
is  evaluated  numerically  using  the  trapezoidal  rule, 


Fig.  1.  Schematic  diagram  of  interaction  region 
on  a  two-dimensional  body. 


where  the  singularity  at  x  =  x1  is  isolated  in  the 
manner  employed  by  Jobe.23  Further  details  of  the 
procedure  can  be  found  in  Ref.  24. 

Viscous- Inviscid  Interaction  Procedure 

A  distribution  of  u  is  first  obtained  as 
indicated  in  the  previous  *  sect  ion .  Next,  in  order 
to  verify  the  expectation  of  separation  and  to  help 
determine  the  location  and  extent  of  the  required 
interaction  region,  an  attempt  is  made  to  calculate 
the  entire  viscous  flow  in  the  direct  mode  using 

u  (x)  as  a  boundary  condition.  In  a  flow  in 
e ,  o 

which  viscous-inviscid  interaction  is  required, 
this  calculation  will  end  with  j  prediction  of 
separation.  Based  on  the  results  of  this  first 
viscous  flow  calculation,  the  interaction  zone  is 
established  and  a  trial  distribution  of  6*(x)  is 
specified  throughout  the  interaction  zone.  The 


The  form  of  Eq.  (27),  used  previously  by  Carter10 
and  Kwon  and  Pletcher,12  has  been  justified  on  the 
basis  of  a  local  continuity  concept12  and  from  a 
simplified  momentum  integral  equation.10 

It  should  be  noted  that  Eq.  (27)  only  serves 
as  a  basis  for  correcting  6*  between  iterative 
passes,  so  no  formal  justification  is  required  as 
long  as  the  iterative  procedure  converges.  At  con¬ 
vergence,  ug  fiL  =  ug  and  Eq.  (27)  represents 

an  identity,  thereby  having  no  effect  on  the  nature 
of  the  final  solution.  One  of  the  main  advantages 
of  this  method  is  that  the  need  to  use  "smoothing" 
or  under-relaxation  can  be  avoided;  in  fact,  suc¬ 
cessive  over-relaxation  (SOR)  can  be  used. 

Results 

Comparisons  have  been  made  with  the  experi¬ 
mental  measurements  of  Gault25*26  and  McCullough 
and  Gault27  obtained  on  two  symmetric  NACA  airfoils 
at  angles  of  attack. 

In  the  study  of  Ref.  12,  both  transition 
models  A  and  B  were  observed  to  satisfactorily  pre¬ 
dict  the  midchord  separation  bubble  on  an  NACA 
66  -  018  airfoil  at  zero  angle  of  attack.  When 

Model  A  was  used  to  predict  the  flow  on  the  same 
airfoil  at  the  same  Reynolds  number  but  at  two 
degrees  angle  of  attack  in  the  present  study,  the 
model  predicted  the  onset  of  transition  prior  to 
the  experimentally  observed  separation  point  and 
the  predicted  flow  did  not  separate  at  all.  Tran¬ 
sition  Model  A  utilizes  elements  developed  for 
natural  transition  with  very  small  pressure  grad¬ 
ients  and  was  evaluated  in  order  to  establish  a 
baseline  comparison  through  which  the  differences 
between  bubble  and  natural  transition  might  become 
evident.  Apparently  the  model  predicts  an  early 
(compared  to  experimental  results)  onset  of  transi¬ 
tion  in  some  cases,  which  can  permit  the  transi¬ 
tional-turbulent  flow  to  overcome  the  locally 
adverse  pressure  gradient  and  remain  attached, 
counter  to  the  experimental  measurements.  Because 
of  this  shortcoming,  not  shared  by  Models  B  and  C. 
Model  A  was  not  used  for  further  predictions  in  the 
present  study. 

Figure  2  compares  the  pressure  coefficients 
predicted  by  Models  B  and  C  with  the  measurements 
of  Gault25  for  t^e  NACA  06,-018  airfoil  at  ty  =  2° 
and  Re  =  2  *  10  .  Predicted  separation  and  re- 
attachment  points  are  shown  in  the  figure.  The 


bubble  is  seen  to  form  somewhat  downstream  of  mid¬ 
chord.  Velocity  profile  comparisons  are  presented 
in  Fig.  3  for  this  flow.  Both  transition  Models  B 
and  C  are  seen  to  provide  fairly  good  predictions 
although  the  velocity  profiles  predicted  by  Model 
C  can  be  seen  to  be  in  slightly  better  agreement 
with  the  measurements. 


SPECIFIED  t NV I  SC ID  VELOCITY 

•  PRESENT  PREDICTION  (TRANSITION  MODEL  Bi 

•  PRESENT  PREDICTION  (TRANSITION  MOOEL  C) 


O  MEASUREMENTS  OF  GAULT  [25]  ( 

(NACA  SS3  -  018.  Rec  •  2  x  10  ,  i  »  2°) 
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Fig.  2.  Comparison  of  predicted  pressure  distri¬ 
bution  with  experimental  data  on  NACA 
66^-018  airfoil,  a  »  2°. 


. - PRESENT  PREDICTION  (TRANSITION  MODEL  B) 

- PRESENT  PREDICTION  (TRANSITION  MODEL  C] 

O  MEASUREMENTS  of  GAULT  [25]  (Tufi»  0.15  0.2) 

NACA)  66,  •  018.  Re.  •  2  «  10°.  i  ■  2  )  0.761 

„  0.704  0.7090-7'4  I  / 


s/c  •  3.612  0.632  ' 


0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0  0.0  1.0 
J/U  _ 

Fig.  3.  Comparison  of  predicted  mean  velocity 
profiles  with  experimental  data  for 
NACA  663-018  airfoil,  a  -  2°. 

The  remaining  comparisons  are  for  the  NACA 
63-009  airfoil  at  Re  =  5.8  x  10  and  angles  of 
attack  of  4,  5,  and  ^  degrees.  Leading  edge  bub¬ 
bles  were  observed  to  form  under  these  flow  condi¬ 
tions.  An  overview  of  the  effect  of  increasing 
angle  of  attack  can  be  seen  in  Fig.  4  where  the 
predicted  displacement  surfaces  and  separation 
and  reattachment  points  are  presented  for  the  three 
flows.  The  separation  bubble  can  be  seen  to  move 
toward  the  leading  edge  as  the  angle  of  attack  in¬ 
creases.  This  same  trend  can  be  observed  in  the 
experimental  measurements,  although  no  displacement 
thickness  was  measured  to  allow  a  comparison  in 
Fig.  4.  Predictions  were  only  obtained  using 
transition  Model  B  for  these  three  flows.  Earlier 
comparisons  had  indicated  that  both  Models  B  and  C 
gave  acceptable  and  similar  predictions.  Model  C 
was  dropped  from  further  consideration  only  because 
the  idea  of  instantaneous  transition  was  thought  to 
be  physically  unrealistic. 
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Fig.  4.  Variation  of  displacement  thickness 
distribution  with  angle  of  attack  on 
NACA  63-009  airfoil.  Re  -  5.8  x  10*. 


Figures  5-7  compare  the  predicted  and 
measured26 ’ 27  pressure  coefficients  for  the  NACA 
63-009  airfoil  flows.  The  predictions  which  Crimi 
and  Reeves  obtained  by  an  interaction  scheme  that 
calculated  the  viscous  flow  by  an  integral  metuod 
are  also  shown  in  Fig.  7.  The  predicted  sep?.J’,'n 
and  reattachment  points  are  indicated  in  -Hm.  i  v 
ures .  The  agreement  between  the  predicted  the 
measured  pressure  coefficient  appears  to  be  gen¬ 
erally  good. 
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3.  Comparison  of  predicted  pressure  distri¬ 
bution  with  experimental  data  on  NACA 
63-009  airfoil,  i  *  4°. 
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Fig.  6.  Comparison  of  predicted  pressure  distri¬ 
bution  with  experimental  data  on  NACA 
63-009  airfoil,  a  «  5°. 


Fig,  7.  Comparison  of  predicted  pressure  distri- 
but ion  with  experimental  data  on  NACA 
63-009  airfoil,  a  -  7°. 


Predicted  velocity  profiles  in  and  near  the 
separated  regions  are  compared  with  measurements 
for  the  NACA  63-009  airfoil  flows  in  Figs.  8-10. 

The  agreement  between  predictions  and  measurements 
appears  reasonable,  except  perhaps  for  the  NACA 
63-009  airfoil  at  a  -  7°.  The  difficulty  of  ob¬ 
taining  accurate  velocity  measurements  with  con¬ 
ventional  pressure  probes  in  and  near  separated 
flows  is  well  known.  Predicted  velocity  profiles 
near  reattachment  are  extremely  sensitive  to  the 
location  of  the  predicted  transition  point.  For 
a  =  7°,  especially,  the  predicted  transition  occur¬ 
red  slightly  downstream  of  that  indicated  by  the 
experimental  measurements.  Here,  the  steepening 
of  the  velocity  profiles  is  taken  as  evidence  of 
transition  from  laminar  to  turbulent  flow.  Gen¬ 
erally,  the  velocity  profiles  suggest  that  the 
flow  separates  laminartv  and  remains  essentially 


laminar  until  after  the  local  peak  in  the  displace¬ 
ment  surface  has  occurred,  indicating  that  the 
outer  portion  of  the  flow  is  turning  toward  the 
airfoil  and  that  the  reversed  flow  region  is 
shrinking.  In  one  computed  case,  the  NACA  63- 
009  airfoil  at  of  =  5°,  the  predicted  flow  re¬ 
attached  laminarly,  separated  a  second  time,  under¬ 
went  transition  to  turbulent  flow,  and  then  re¬ 
attached  a  second  time.  Despite  this  unusual  pre¬ 
dicted  flow  pattern,  the  predicted  pressure  coef¬ 
ficients  and  velocity  profiles  are  in  fairly  good 
agreement  with  the  measurements.  It  should  be 
remembered  that  the  actual  flow  near  separation  and 
reattachment  points  is  frequently  quite  complex, 
with  certain  portions  of  the  flow  fluctuating  in 
time  between  the  separated  and  attached  state.28 


u/lis 

Fig.  8.  Comparison  of  predicted  mean  velocity 
profiles  with  experimental  data  for 
NACA  63-009  airfoil,  a  -  4°. 


Fig.  9.  Comparison  of  predicted  mean  velocity 
profiles  with  experimental  data  on 
NACA  63-009  airfoil,  a  -  5^. 


The  inviscid  surface  velocity  distribution 
for  unseparated  flow,u  (x),  needed  in  the  present 
viscous- inviscid  interaction  procedure  was  obtained 
by  the  Hess  and  Smith  procedure.22  From  ten  to 
fifteen  iterations  through  the  viscous  and  inviscid 
calculations  were  needed  for  convergence,  as  deter¬ 
mined  by  the  requirement  that  the  maximum  change  in 
the  inviscid  edge  velocity  be  less  than  0.6%  between 
two  successive  iterations.  The  maximum  difference 
between  u^  ^  and  u^  was  less  than  2%. 


w _ w. 


Fig.  10.  Comparison  of  predicted  mean  veiocitv 

profiles  with  experimental  data  on  N'ACA 
6  3-009  airfoil,  .x  *  7° ,  Re  *  5 . 8  x  10°. 


Concluding  Rema rks 

The  present  viscous-inviscid  interaction  cal¬ 
culation  procedure  was  seen  to  provide  predictions 
m  fairly  good  agreement  with  experimental  data 
for  both  midchord  and  leading  edge  transitional 
separation  bubbles  on  airfoils  at  angles  of  attack. 
The  predictions  appeared  quite  sensitive  to  the 
model  used  for  laminar-turbulent  transition. 

Model  A,  which  is  based  on  correlations  for  natural 
transition,  proved  unsatisfactory  in  the  present 
study  because  early  transition  was  predicted  for 
some  flows  wmch  prevented  separation  altogether. 
Both  Models  B  and  C  gave  good  results  for  the  NACA 
bo^-018  airfoil  flow  at  o  =  2°.  The  main  differ¬ 
ence  between  the  models  was  the  way  in  which  the 
length  of  the  trinsition  region  was  determined. 
Model  C  assumed  that  transition  occurred  instan¬ 
taneously.  This  model  was  abandoned  on  physical 
grounds  during  the  latter  stages  of  the  study  in 
favor  of  Model  B  which  made  use  of  a  transition 
zone  of  finite  length. 

The  purpose  of  the  present  study  has  been  to 
predict  flows  in  which  separation  bubbles  occurred, 
and  for  this  purpose  transition  Model  ri  has  proven 
reasonably  satisfactory  for  both  midchord  and 
leading  edge  bubble  flows  at  several  angles  of 
attack.  Unfortunately,  this  transition  model  uses 
the  separation  point  as  a  parameter;  consequently, 
it  provides  no  information  on  transition  for 
flows  which  do  not  separate.  Further  work  is 
needed  to  establish  a  more  generally  useful  tran¬ 
sition  model  which  would  reliably  predict  no 
separation  when  none  occurs.  Laminar  separation 
on  airfoils  in  subsonic  flow  has  been  observed 
to  occgr  at  local  Reynolds  numbers  up  to  about 
7  *  10  .  There  would  be  no  experimental  basis 
for  Eq .  i 20 j  beyond  that  point.  In  using 
transition  Model  B,  it  is  tentatively  suggested 
that  transition  be  initiated  according  to  Model  A 
if  separation  does  not  occur  bgfore  the  local 
RevnoLds  number  reaches  7  *  10  . 
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Results  -f  unsteady  invite: :  and  v  i 
transonic  flow  computations  are  presented  a-: 
compared  with  experimental  iata  f'r  the  N.-.  :  - 
airfoil  with  osciliatir.z  flap,  for  the  NA  .'.•••  - 
airfoil  and  for  a  supercritical  airfoil  ;sc:»l 
in  pitch.  The  computations  w-e-e  performed  usir 
MLR  version  of  the  NA3A-Ames  computer  code  DTP 
coupled  with  the  lag-ertrainment  method  of  ire 
for  a  turbulent  boundary  layer.  The  compute  d  ■ 
of  the  boundary  layer  on  the  unsteady  airl  ads 
(reduction  of  the  magnitude  and  a  positive  m.a 
shift  generally  leads  to  a  tetter  agreement  « 
experimental  data.  The  remaining  differences  m 
due  to  the  low  frequency  small  perturbation 
potential  approximation,  the  weax  interaction 
modelling  and  wall  interference  effects.  For 
various  cases  considered,  in  comparison  .with  t 
unsteady  boundary  layer  methods  developed  at  C 
the  steady  method  of  Green  predicts  an  about 
similar  effect  of  the  boundary  layer  on  the 
unsteady  airloads. 


1 .  Introduction 

Recently  various  unsteady  transonic  small 
perturbation  methods  have  been  coupled  with 
boundary  layer  integral  methods  to  improve  the 
prediction  of  unsteady  airloads  on  airfoils 
oscillating  in  attached  transonic  flow.  Results  of 
these  methods  have  been  reported  in,  for  instance. 
Refs,  l  to  6.  The  two-dimensional  methods  developed 
at  ONERA  (Refs.  1  and  2)  employ  versions  of  the 
unsteady  boundary  layer  method  of  Cousteix, 
Houdeville  and  Desopper  (Ref.  61,  whereas  the 
LTHAN2-NLR  version  of  the  two-dimensional  NA3A- 
Ames  code  LTRAM2  (Refs.  4,  5)  and  the  three- 
dimensional  code  developed  at  Boeing  (Ref.  3)  are 
coupled  with  the  steady  lag-entrainment  method  of 
Green  (Ref.  7).  The  methods  described  in  Refs.  2 
and  3  employ  different  models  of  strong  viscous- 
inviscid  interaction,  whereas  the  methods  described 
in  Refs.  1  and  5  employ  a  weak  interaction  model. 

The  present  paper  contains  a  short  description 
of  the  LTRAI12-SLP.  code  coupled  in  weak  interaction 
with  Green's  method  ("LTRAIIV"  program!  ana  a  com¬ 
parison  of  calculated  results  for  various 
oscillating  airfoils  with  experimental  data  and 
results  of  other  theories.  The  aim  of  the  paper  is 
twofold:  first,  to  verify  the  expected  improvement 
in  accuracy  by  taking  into  account  boundary  layer 
effects  both  for  conventional  and  supercritical 
oscillating  airfoils,  and  second,  -c  investigate 
the  prediction  of  these  effects  oy  Green':  lag- 
entrainment  method  in  comparison  -  .h  the  ms’oaiy 
boundary  layer  methods  employed  at  INFRA.  The 
latter  comparison  is  ,  ust  i Tied ,  because  'he  :r,7isc.  i 
flew  methods  used  at  NLE  and  NEEA  hav*  the  same 
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theoretical  basis  'transonic  small  perturbation 
theory ' . 

An  outline  of  the  1TRAGV  cede  is  given  in 
section  2.  A  summary  of  the  transonic  flow 
computations  and  a  definition  of  results  are  given 
in  section  3.  In  section  -  results  are  presented 
for  the  NACA61A0C6  airfoil  with  oscillating  flap, 
for  the  NACA61A01C  airfoil  pitching  about  0.25 
chord  and  for  a  supercritical  airfoil  pitching 
about  0.1*5  chord. 


Outline  cf  the  ITRAhV  computer  program 

The  basis  of  ITRADV  is  the  LTRAII2-NLS  computer 
program  ,Ref.  -  ,  a::  nr  roved  version  of  the 
LTRAN2  code  developed  by  Sallhaus  ana  loorjiar. 

(Ref.  9).  This  program  computes  the  time  history 
of  the  inviscid  transonic  flow  aoout  a  2D  airfoil 
in  unsteady  motion.  It  is  based  on  the  low  frequen¬ 
cy  trans:  r.i  c  .mall  rtvrtat  icn  potential  equation: 

[  i_jj*  -  '  v*+!  «  ]  •  +  c  -  =0  ( 1  ) 

cx>  X  '<  W  «  2Z  JO  X t 

where  y*  =  2->2-y  M“.  For  an  instantaneous  airfoil 
contour  defined  by  z  ~  h  (x,  t ■ ,  the  boundary 
condition  on  the  airfoil  is  given  by: 


Across  the  wake  the  pressure  jump  is  required  to  be 
AC^=  0,  which  results  in  the  boundary  condition: 

A(*x  ♦♦,«!>.  (3) 

In  the  unsteady  flow  computation  the  motion  is 
subdivided  into  a  number  of  time  steps,  and  at  each 
time  step  equation  (1)  is  solved  by  a  conservative 
alternating  direction  implicit  (ADI)  finite 
difference  scheme. 

In  practical  applications,  first  a  steady 
state  solution  is  computed.  In  the  ITFAI.'2-NLR 
program  this  is  performed  sy  a  separate  relaxation 
method,  starting  from  this  steady  state,  the 
unsteady  flow  is  usually  calculated  for  a  few 
periods  of  sinusoidal  motion.  Fourier  analysis  of 
the  unsteady  airloads  luring  the  last  period  yields 
the  unsteady  aerodynamic  coefficients  which  can 
be  used  for  aeroelastic  analyses. 

For  viscous  computations  the  boundary  condition 
(2  is  modified  by  adding  the  displacement  thickness 
effect  to  the  airfoil  boundary  conditions: 

*z  -  hx  *  *  ht>  (U) 

To  account  for  the  displacement  thickness  of  the 
wake,  the  wake  condition  (3)  is  supplemented  by 
the  condition: 

AUz)  =  dx.  (5) 

The  displacement  thickness  of  the  turbulent 
part  of  the  boundary  layer  and  the  wake  are 
computed  using  Green's  lag-entrainment  method,  of 
which  a  full  description  is  given  in  Ref.  7.  The 
three  ordinary  differential  equations  underlying 
this  method  are  the  momentum  integral  equation,  the 
entrainment  equation  (based  on  conservation  of 
mass'  and  the  lag  equation  (derived  from  the 
turbulent  kinetic  energy  equation;.  In  the  LTRAIIV 
program  these  equations  are  integrated  using  a 
fourth-order  Runge-Kutta  method.  Secondary 
influences  such  as  curvature  are  neglected,  and 
no  special  care  is  taken  to  treat  the  effect  of 


shock  waves.  Initial  conditions  and  the  transition 
point  location  can  be  prescribed  (e.g.  in  case  of 
forced  transition),  or  they  are  calculated  using 
the  laminar  boundary  layer  method  of  Thwaites 
(Ref.  10)  with  Illingworth  -  Stewartson  transforma¬ 
tion  (Ref.  11)  and  the  transition  point  prediction 
method  of  Granville  (Ref.  12).  The  latter  method 
was  implemented  in  the  form  described  by  Cebeci 
and  Smith  (Ref.  13). 

The  coupling  with  the  boundary  layer  computa¬ 
tion  is  carried  out  according  to  the  weak  inter¬ 
action  model:  at  each  time  step,  the  displacement 
thickness  distribution  is  computed  for  the  local 
velocity  distribution  U  (x)  at  the  old  time  level 
Tr-,  and  is  used  subsequently  as  input  (through 
equations  (t)  and  (5)!  for  the  inviscid  flow 
computations  at  the  new  time  level  Tr-+ 1  .  In  order 
to  suppress  divergence  in  the  iteration  process 
relaxation  factors  have  to  be  applied  to  U  and  to 
dx  in  Eqs.  (U)  and  (5): 


d”  = 

X 


b  i 


r.-1 


In  Eq.  (7)  the  minus  sign  for  n,  6  is  used  for 
the  lower  side  of  the  airfoil.  In  practice, 
gives  a  converging  unsteady  flow  computation. 

It  should  be  noted  that  the  above  relaxation  factors 
introduce  a  phase  shift  in  the  viscous  displacement 
term  d  in  the  boundary  conditions,  which  for 
harmonic  motions  is  approximately  given  by: 


=  2 AT  (deg)-  (8) 
b  l 

The  resulting  error  in  the  phase  angle  of  the 
unsteady  airloads  depends  on  the  computed  effect 
of  the  boundary  layer,  and  therefore  usually  is  a 
small  fraction  of  Aip  in  Eq.'  (8). 

The  above  viscous-inviscid  interaction  was 
implemented  both  in  the  steady  (line-relaxation) 
and  in  the  unsteady  (ADI)  computation.  By  accounting 
for  the  effect  of  only  the  boundary  layer  on  the 
airfoil  the  computational  cost  are  increased  by 
about  30  %  relative  to  an  inviscid  flow  computa¬ 
tion;  accounting  for  the  displacement  effect  of 
boundary  layer  and  wake  leads  to  a  50  %  increase. 

In  order  to  improve  the  accuracy  and 
applicability  of  the  code,  in  the  near  future  the 
weak  interaction  model  will  be  replaced  by  a 
simultaneous  solution  of  flow  »quation  and  boundary 
layer  equation  as  formulated  by  ..''dman  (Ref.  1 U ) . 

A  rather  similar  coupling  procedure  was  implied 
in  the  method  described  by  Rizzetta  in 
Ref. 15 .  This  type  of  coupling  should  eliminate 
instability  in  the  computed  interaction  near 
separation,  and  consequently  reduce  the  need  to 
apply  underrelaxation  factors  to  the  displacement 
thickness  variation. 


3.  Computations  and  definition  of  results 

Both  inviscid  and  viscous  flow  computations 
were  carried  out  for  the  following  cases: 

(a,  NACA6UA006  airfoil  with  oscillating  flap  wi*h 
a  hinge  at  0.75  '  (experimental  data  from 
Tijdeman  and  Schippers,  Ref.  1 6 , ; 
mean  steady:  M  =  0,85,  0  deg.  Re  -  2.**»1C', 

X  =  0.10; 

unsteady:  51  =  1  deg,  k  =  0,).i.u,  O.'d,  0.2** 
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(b)  NACAfcUAOlO  airfoil  (NASA  Ames  model) 

oscillating  in  pitch  about  0.25  c  (experimental 
data  from  Davis  and  Malcolm,  Ref. ( 17)-;  , 

mean  steady:  Moo=  0.3,  oq=  0  deg,  Re  =  12.5*10°, 

transition  point  assumed  at  0.10  c; 
unsteady:  =  1  deg,  k  =  0.05,  0.1,  0.2 

(c)  NLR  supercritical  airfoil  with  relative  thick¬ 
ness  t/c  =  0.12,  oscillating  in  pitch  about 
0.1*5  c  (experimental  data  from  Horsten,  Ref.  18, 
and  partly  unpublished ! ; 

mean  steady:  M<=o=  0.6  to  0.75,  incidence  matched 
to  obtain  approximate  agreement 
with  pressure  distributions 
measured  at^a  =  0.75  deg, 

He  =  2.2*10°,°x  =  0.10; 

unsteady:  a  =  0.5  deg,  f  =  1*0  Hz  (k  =  0.09 

to  0.11). 


In  the  viscous  flow  computations  for  cases  (a)  and 
(b1  the  displacement  thickness  of  the  wake  was  not 
taken  into  account;  in  case  (b!  at  It  =  0.2,  and 
case  (c)  this  effect  was  accounted  for. 

The  unsteady  flow  was  computed  during  two  cycles  of 
oscillation  at  120  time  steps  per  cycle.  The 
initial  conditions  for  the  turbulent  boundary 
layer  computation  (0  and  x  )  were  obtained  by  the 
laminar  boundary  layer  and  transition  point 
computations,  with  the  transition  strip  location  as 
downstream  boundary  for  x  ,  and  the  Reynolds 
number  based  on  momentum  thickness  Re.,=  320  as 
lower  boundary  for  the  initial  value  of  Reg. 

The  unsteady  pressure  and  displacement  thick¬ 
ness  distributions  are  presented  in  the  following 
form,  where  A  indicates  the  amplitude  of  the  sinus¬ 
oidal  motion  and  subscript  1  indicates  the  first 


harmonic  component : 
pressure: 


AC  =  AC  '♦i  AC" 
P  P  P 


(9) 


displacement  thickness:  AA*=  A6*'+i  A6*"=  (10) 

The  overall  airloads  are  presented  as  follows, 
where  the  index  a  or  c  indicates  a  pitching  motion 
or  a  flap  motion,  respectively: 

lift:  k  =k’fik"=--r-  ( 1 1 ) 

a,c  it  A 

c 

2  1 

moment  (about  0.25  c):  m  =  m'+im"  =  - —  (12) 

a  ,c  v  A 

C 

p  ni 

hinge  moment:  n  -  n'+in"  = - r—  (13) 

C  TT  A 


The  reduced  frequency  is  based  on  semi-chord  and 
defined  as : 


00 


1*.  Results  and  discussion 

e.l  The  NACA6VA006  airfoil 

Figures  1 ,  2  and  table  1  show  some  results 
for  the  NACA6UA006  airfoil  with  oscillating  flap. 
The  mean  steady  pressure  distribution  (Fig.  la; 
exhibits  a  weak  shock  wave  near  midchord.  Addition 
of  the  boundary  layer  leads  to  a  more  forward  shock 
location  and  a  lower  trailing  edge  pressure. 


resulting  into  a  better  agreement  with  the  experi¬ 
mental  result.  In  the  real  and  imaginary  part  of  the 
pressure  distribution  at  it  =  0.2U  (Figs  lb  and  1  c) 
similar  remarks  apiply.  The  peaks  in  ACp  near  mid¬ 
chord  are  associated  with  the  shock  wave  motion, 
whereas  the  peak  in  the  real  part  of  ACp  at  3.75 
chord  is  generated  by  the  discontinuity  in  surface 
slope  at  the  flap  hinge. 

The  effect  of  the  boundary  layer  on  the  lift,  moment 
and  hinge  moment  coefficients  is  shown  in  figure  2 
for  k  =  0  to  0.2A.  Except  for  the  phase  angle  of  the 
hinge  moment  coefficient  the  effect  of  the  boundary 
layer  (reduction  of  magnitude  and  a  positive  phase 
shift)  leads  to  a  better  agreement  with  the  experir 
mental  data.  The  boundary  layer  effect  is  opposite 
the  effect  of  thickness,  which  illustrates  the  often 
acceptable  performance  of  linear  theory  at  transonic 
conditions.  The  viscous  transonic  flow  computation 
gives  the  best  results  for  the  moment  coefficients. 
For  the  lift  coefficient  the  predicted  phase  angle 
is  too  negative  and,  for  low  frequencies,  the 
magnitude  is  overestimated. 

This  may  indicate  an  underprediction  of  the  boundary 
layer  effect  on  the  shock  wave  motion,  inaccuracy  of 
the  TSP  theory  and  the  presence  of  wall  interference 
effects  at  low  frequencies.  The  significance  of  the 
latter  effects  is  illustrated  by  the  quasi-steady 
wall-interference  correction  to  kc  at  k  =  0  in 
figure  2.  In  general  it  should  be  remarked  that  the 
presence  of  wall-interference  effects  prohibits  a 
definite  conclusion  about  the  accuracy  of  the 
theories  investigated. 

Also  in  figure  2,  for  k  -  0.2l*  a  comparison  is 
made  with  results  of  a  rather  similar  TSP  method  in 
use  at  0NERA,  which  is  coupled  with  an  unsteady 
boundary  layer  method  (Desopper  and  Grenon,  Ref.  1). 
Compared  with  this  method  the  method  of  Green 
predicts  a  slightly  stronger,  though  rather  similar 
effect  of  the  boundary  layer.  Taking  into  account 
the  effect  of  the  use  of  relaxation  factors  (in 
equations  6  and  7,  causing  a  slight  positive  phase 
shift  of  about  1  deg  in  kc  to  3  deg  in  nc)  it  can 
be  concluded  that  the  steady  boundary  layer  method 
is  equally  well  applicable,  compared  to  the  unsteady 
method.  The  same  conclusion  can  be  drawn  from  a  com¬ 
parison  of  results  of  the  present  method  and  data 
from  Couston  et  al  (Ref.  2)  for  a  slightly  different 
case  (M^=  0.851*,  k  =  0. 1 8 ),  presented  in  table  1. 
Ccuston  et  al.  also  employ  a  TSP  method,  coupled 
with  an  unsteady  boundary  layer  method  approximately 
similar  to  that  of  reference  i . 

^.2  The  NACA6AaQ10  airfoil  (NASA  Ames  model) 

An  example  of  the  computed  mean  steady  and 
unsteady  pressure  and  displacement  thickness  distri¬ 
butions  (without  viscous  wake  computation)  is  given 
for  k  =  3.2  in  figure  3.  In  the  mean  steady  pressure 
distributions  (Fig.  3a;  there  is  a  reasonable 
agreement  between  the  experimental  and  thecretical 
results.  Accounting  for  the  boundary  layer  leads  to 
a  more  upstream  and  weaker  shock  wave,  and  to  a 
lower  pressure  at  the  tail,  like  in  the  case  of  the 
airfoil  with  oscillating  flap  discussed  in  section 
U.l.  These  effects  can  be  associated  with  a  local 
increase  of  the  displacement  thickness  at  the  shock 
wave  ("viscous  wedge")  and  at  the  trailing  edge. 

The  theoretical  results  at  the  shock  wave  exhibit  a 
lower  gradient  than  the  measured  data,  which  is 
likely  due  to  the  coarseness  of  the  computational 
grid. 

The  corresponding  unsteady  pressure  and  dis¬ 
placement  thickness  distributions  are  shown  in 
figure  ?b  (real  part  and  figure  3c  (imaginary 
part  .  For  the  real  part  a  good  agreement  is  found 
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between  experimental  ar.d  theoretical  recult.:.  Ac  to 
the  boundary  layer  effect  the  came  remarks  apply  as 
in  the  steady  case.  This  leads  to  a  letter  agreement 
with  tne  experimental  data,  like  the  steady  case 
me  unsteady  pressure  peak  at  the  shock  is  smeared 
out,  compared  to  the  experimental  result.  A  strong 
gradient  in  the  displacement  thickness  reflects  the 
gradient  in  the  pressure  distribution  at  the  shock 
va  v  ~ . 

Again,  similar  remarks  apply  to  the  imaginary 
parts  *hv*r.  in  figure  :c.  However,  here  the 
unsteady  pressure  level  upstream  cf  the  shock  wave 
is  smiewhat  anderpredictei,  which  leads  to  signifi¬ 
cant  : i f  f  -rer.ces  in  the  phase  angle  of  experimental 
■*.r.  i  t ret  icai  airloads  discussed  next. 

comparison  of  unsteady  lift  and  moment 
:  t*.  ff  i  cier.ts  is  made  in  figure  a.  The  results  are 
presented  as  magnitude  and  phase  angle.  For  refer¬ 
ence,  also  results  cf  linear  theory  are  shown.  Like 
the  airfoil  with  oscillating  flap,  the  effects  of 
the  1  ur.dary  layer  on  lift  and  moment  is  a  reauc- 
i  ::.agr.it-de  ana  a  positive  phase  shift, 

nr.  -si*  •  '  :•  r he  effect  of  thickness.  For  k  =  0.2 
the  'rs-'rv^d  underprediction  of  AC”  upstream  of  the 
sncck  wave  ■,  Fig.  3c,  leads  to  a  considerable  differ¬ 
ence  in  the  phase  angle  of  both  lift  and  moment 
:•  vrff i cient ;  the  magnitude  of  these  quantities  is 
reasonac Ly  well  predicted.  The  error  in  phase  angle 
probably  indicates  inaccuracy  of  the  low  frequency 
small  perturbation  potential  equation  (1,  for  the 
present  case.  However,  also  a  possible  unsteady 
displacement  of  the  transition  point  in  the  experi¬ 
ment  not  accounted  for  may  contribute  to  the 
coserved  difference  between  experimental  and  theore¬ 
tical  results.  It  is  not  known  to  what  extent  also 
wall-interference  effects  play  a  role. 

For  k  =  0.2  also  results  are  shown  where  the 
displacement  effect  of  the  wake  is  taken  into 
account.  This  effect  reduces  the  effect  of  the 
boundary  layer  by  about  25  %  in  magnitude  and  50  % 
in  phase  angle.  The  explanation  is  that  the  wake 
displacement  thickness  reduces  the  pressures  at  the 
trailing  edge,  which  results  in  a  thinner  boundary 
layer  and  a  smaller  influence  of  the  boundary  layer 
on  the  unsteady  airloads. 

•4.Q  The  supercritical  airfoil 

Ir.  figures  5  ar.i  6 

results  are  presented  for  an  oscillating  super¬ 
critical  airfoil  (relative  thickness  12  %  chord; 
developed  at  TLF.  To  obtain  stable  viscous  flow 
solutions  for  this  airfoil,  the  distribution  of  Ue 
near  the  trailing  edge  was  modified  in  the  follow¬ 
ing  way  before  each  boundary  layer  computation.  The 
trailing  edge  velocity  was  prescribed  '  Ve -  0.?  and 
a  smooth  distribution  of  h’e  was  matched  between 
this  value  and  the  values  of  :Je  at  90  :3  and  113  % 
chord. 

Figure  5a  shows  the  mean  steady  pressure 
distribution  for  the  experimental  shock-free  condi¬ 
tion  M^=  0.75,  a0=  0.75  ieg  .  .  The  shock-free 
theoretical  results  were  obtained  at  a  lower  Mach 
number  Mw=  5.731  •  at  different  angles  of  attack 
a-=  -0.2  deg  for  the  inviscid  case,  and  a0=  0.25 
deg  for  the  viscous  caseJ.  The  difference  in  a 
relative  * '  the  experimental  incidence  was  necessary 
largely  t j  account  for  wall-interference  effects 
la w 0.5  deg,  and  additionally  for  the  inviscid 
case,  for  viscous  effects  lot « 0.5  deg  .  The  reduc¬ 
tion  in  Mach  number  was  probably  required  to 
account  for  the  small  perturbation  potential 
approximation  and  possibly  again  some  wall-inter¬ 
ference  effects.  The  viscous  results  show  clearly 
the  best  agreement  with  the  experimental  data.  The 
steady  effect  of  the  boundary  layer  is  a  reduction 


p  res sure  1 e  vel . 

The  o: r responding  unsteady  r-sul*  s  ar-  /h  o,:: 
in  figure  5b  ; real  par*:  and  figure  c  imaginary 
part  .  The  real  and  imaginary  parts  :f  2  V  sh  w  -p..- 
same  order  of  agreement  with  the  experimental 
results.  The  pressure  distribution  on  the  lower 
surface  is  predicted  satisfactorily,  it  shows  a 
typical  subsonic  behaviour,  except  for  the  peaks  at 
the  weak  shock  wave  near  the  ncse.  The  boundary 
layer  and  wake  hardly  affect  the  pressure  distribu¬ 
tion. 

on  the  upper  surface  a  broad  peak  near  25  s 
chord  indicates  the  typical  character  of  a  shoex- 
free  mean  steady  state,  which  is  predicted  reasona¬ 
bly  well  by  both  viscous  ar.d  inviscid  theory.  The 
broad  peax  is  due  to  the  sensitivity  of  the  pressure 
distribution  for  small  incidence  variations  about 
the  shock-free  mean  steady  state.  The  computed  dis¬ 
placement  thickness  shows  wedge-type  changes  at  the 
unsteady  pressure  peaks  and  at  the  trailing  edge, 
which  cause  some  reduction  of  the  pressure  peaks 
and  the  loading  on  the  rear  part  of  the  airfoil. 

The  strong  peak  in  the  experimental  unsteady  pres¬ 
sure  distributions  near  midchord  is  not  predicted. 
This  may  be  due  to  strong  shock  wave-boundary  layer 
interaction,  not  accounted  for  in  the  theoretical 
results. 

For  M  =  0.6  to  3.5  unsteady  lift  and  moment 
coefficients  for  a  constant  frequency  f  =  20  Hz 
(k  =  0.09  to  0.11 ;  are  shown  in  figure  6.  A  compar¬ 
ison  is  made  of  results  of  linear  theory,  the 
present  inviscid  and  viscous  transonic  flow  compu¬ 
tations  and  experimental  results.  The  experimental 
mean  steady  state  conditions  range  from  subsonic  at 
M^=  9.6  through  the  shock-free  transition  condition 
at  Mao=  0.75  to  separated  transonic  flow  at  Mto=  0.3. 
The  mean  steady  incidences  for  the  computation  were 
chosen  such  that  an  approximate  matching  was 
obtained  between  theoretical  and  experimental  mean 
steady  pressure  distributions. 

Compared  to  the  results  of  linear  theory, 
which  exhibit  smoothly  increasing  air±~ads  with 
increasing  Mach  number,  both  the  theoretical 
transonic  results  and  the  experimental  data  exhibit 
a  stronger  and  qualitatively  different  effect  of 
M^.  Typical  transonic  effects  on  the  lift  are  a 
larger  magnitude  and  a  more  negative  phase  angle. 
These  thickness  effects  are  reduced  by  the  boundary 
layer  and  the  wake.  The  strong  change  cf  ma  near 
Mw=  0.7^  reflects  the  displacement  of  the  shock 
wave  and,  correspondingly ,  the  unsteady  pressure 
peaks  from  upstream  the  quarter-chord  point  to  a 
more  downstream  location.  Tp  tc  flow  separation, 
these  effects  on  r.a  are  rat isf actcrily  predicted  by 
the  1TRAT7  program. 

The  predicted  effect  of  the  boundary  layer  is 
rather  similar  to  that  on  the  NACAc^AOlQ  airfoil. 
Contrary  to  the  latter  airfoil,  however,  the  phase 
angles  of  the  lift  coefficient  cn  the  supercritical 
airfoil  are  predicted  more  negative  compared  with 
the  experimental  data.  This  may  be  due  to  stronger 
wall  interference  and  viscous  effects  in  the  exper — 
imental  results  for  the  supercritical  airfoil. 
Finally  it  is  interesting  to  note  that  the  differ¬ 
ence  between  experimental  and  theoretical  viscous 
results  in  figure  c  indicates  a  difference  in 
effective  free-strean  Mach  number  of  about  . 2 . 

This  difference  also  exists  between  the  theoretical 
and  experimental  shock  fr°e  results  shewn  in 
figure  '.  As  mention0!  before  both  wall -in*  °rforor.r-- 
effects  and  the  small  perturbation  potential  arrr  x- 
i  mat  i  o r.  may  c or.t  r i  but  o  t  ~  t  h°  '  i, c  e  rv°  i  i  i  f  f •» 

The  above  results  iemcr.st rut>-  that  * h*- 
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Unsteady  transonic  flew  computations  were 
carried  cut  using  the  1TFAN2-NLR  code  coupled  in 
weak  interaction  with  the  steady  lag-entrainment 
method  :f  Green.  Applications  were  made  for  the 
MACAcdAOCo  airfoil  with  oscillating  flap,  the 
NAC A6-+AJ 1  '  airfoil  and  a  supercritical  airfoil 
esc i Hat ing  in  pitch. 

A  comparison  of  results  of  this  programme  vita 
ir.viseid  results  and  experimental  data  demonstrates 
the  generally  improved  accuracy  as  compared  to  the 
ir.viscid  method.  For  the  cases  considered,  the  use 
of  a  steady  boundary  layer  method  yields  an  almost 
similar  effect  on  the  unsteady  airloads  as  unsteady 
boundary  layer  methods  developed  at  ONERA. 

The  still  existing  differences  relative  to  the 
experimental  data  may  indicate  limitations  in 
accuracy  of  LTPANV,  in  particular  the  low  frequency 
transonic  small  perturbation  theory,  and  the  weak 
interaction  coupling  procedure.  Definite  conclu¬ 
sions  about  the  accuracy  of  the  LTRANV  code  cannot 
be  made  due  to  unknown  effects  of  wall  interference. 
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!  Abstract 

_ ^Contributions  are  made  to  finite  Reynolds 

number,  viscous/ invisc id  interaction  theory  for 
laminar,  subsonic  flow  past  a  thin— airfoil  trail¬ 
ing  edge.  In  particular,  an  analytical/computa¬ 
tional  technique  is  developed  for  predicting  high 
Reynolds  number,  attached  or  separated,  trailing- 
edge  and  near-wake  flow.  The  analysis  is  based  on 
interacting  boundaty-laver  theory  in  which  the 
outer  invisc id  and  the  inner  viscous  flows  are 
solved  simultaneously  to  determine  the  complete 
flow  past  the  displacement  body.  Inviscid  solu¬ 
tions  are  based  on  linear  airfoil  theory  and 
viscous  solutions  are  determined  by  a  finite 
difference  approximation  to  the  boundary-layer 
equations  cast  in  Levv-Lees  variables.  A  semi¬ 
inverse  viscous/ inviscid  iteration  procedure  is 
employed  in  which  viscous  and  inviscid  solutions 
are  repeatedly  determined  until  the  inviscid  pres¬ 
sure  distribution  at  the  displacement  surface 
match  the  viscous  pressure  distribution.  —.Jh is 
approach  is  assessed  through  compar isonaf' Wth  pre¬ 
vious  solutions  for  incompressible  flow/past  a 
modified  flat  plate  airfoil  at  an  angle  of  a\tack. 
In  addition,  results  of  parametric  studies  are 
presented  to  illustrate  the  effects  of  angle  of 
attack,  Reynolds  number,  Mach  number  and  wake 
curvature  on  trailing-edge  flow  behavior. 

Introduction 

The  ultimate  goal  of  the  presen'  research 
program  is  to  employ  viscous/ inviscid  interaction 
concepts  to  develop  a  reliable  analytical/numerical 
method  for  predicting  viscous  effects  in  subsonic 
to  low  supersonic  cascade  flows  at  high  Reynolds 
numbers.  The  approach  to  be  followed  is  similar 
to  that  being  successfully  applied  to  high  Reynolds 
number  external  aerodynamic  flows  wherein  viscous/ 
inviscid  interaction  concepts  are  used  to  construct 
the  full  flow  field  using  locally  relevant  compon¬ 
ent  flow  solvers^’2.  Thus,  for  the  case  of  high 
Reynolds  number  flow  in  a  cascade  the  full  flow 
field  is  broken  down  into  the  four  major  categories 
to  represent  1)  Che  inviscid  flow;  2)  attached 
boundary-layer  flow;  3)  wake  flow;  and  4)  locally 
interacting  (possibly  separated)  flow  such  as 
occurs  at  a  blade  trailing  edge.  Construction  of 
a  general  cascade  flow  solver  involves  first,  the 
developr.ent  of  component  flow  solvers,  and  second, 
the  matching  or  these  component  solvers  into  an 
overall  computa t ional  procedure  to  produce  a 
reliable  and  efficient  general  flow  solver.  There¬ 
fore,  the  utility  and  reliability  of  this  cascade 
solver  is  critically  dependent  on  the  level  of 
development  of  its  component  embers.  The  first 


three  components  which  deai  with  the  inviscid  ilow, 
the  boundary- layer  flow,  and  the  wake  flow  are 

well  understood  fluid  dynamically,  and  solution 

3  4 

methods  are  at  a  relatively  mature  state  ’  .  aotk 
on  the  fourth  component,  the  local  interaction 
solver,  is  the  subject  of  the  present  paper.  Here 
solution  techniques  are  developed  and  demonstrated 
for  laminar,  asymmetric  trailing-edge  flow. 

This  effort  is  a  continuation  of  the  work 
initiated  by  Werle  and  Verdon3  in  which  separated 
trailing-edge  flows  were  calculated  based  on  asymp¬ 
totic  triple-deck  concepts.  This  approach  was  sub¬ 
sequently  extended  to  treat  finite  Reynolds  number 
flows,  and  solutions  were  obtained  for  symmetric 
flows  past  thin  flat-plate  and  elliptic-section 
trailing  edges**.  Flat-plate  solutions  were  found 
to  be  in  very  good  agreement  with  those  of  other 
investigators^”^  for  finite  Reynolds  number  (Re), 
and  with  asymptotic  triple-deck  solutions  in  the 
limit  as  Re  -  ».  Under  the  present  effort  this 
finite  Re  interaction  analysis  has  been  further 
developed  and  applied  to  calculate  asymmetric 
flows  past  the  trailing  edge  of  a  thin  cambered 
airfoil,  and  results  have  been  determined  for  both 
attached  and  separated  flows.  Comparisons  with 
Veldman's10  recent  incompressible  results  have 
been  made,  and  a  detailed  parametric  study  has 
been  conducted  to  illustrate  the  effects  of  angle 
of  attack,.  Reynolds  number,  Mach  number,  and  wake 
curvature  on  flow  behavior  in  the  vicinity  of  a 
loaded  airfoil  trailing  edge. 

General  Concepts 

For  flows  of  practical  interest  in  either  ex¬ 
ternal  or  internal  aerodynamics  the  Reynolds  num¬ 
ber  is  usually  sufficiently  high  so  chat  the  flow 
past  an  airfoil  or  blade  can  be  divided  into  two 
regions:  an  "inner”  dissipative  region  consisting 
of  the  boundary  layer  and  the  wake,  and  an  "outer" 
inviscid  region.  The  principal  interaction  between 
the  viscous  and  inviscid  regions  arises  from  the 
displacement  thickness  which  leads  to  a  thickened 
semi- inf inite  equivalent  body  with  corresponding 
changes  in  surface  pressures.  If  the  interaction 
is  "weak",  the  viscous  effect  on  the  pressure  is 
small  (i.e.,  of  0( Re-^*-)  in  laminar  flow  or  of 
0(ln  Re)”*-  in  turbulent  flow) ;  then  the  complete 
flow  problem  can  be  solved  in  a  hierarchial  man¬ 
ner  The  first  step  is  to  determine  the  inviscid 
flow  past  the  airfoil.  The  resulting  pressure  dis¬ 
tribution  is  then  imposed  on  the  viscous  layer  cal¬ 
culation  to  determine  the  dispiacerrer-t  tiwckne.'-  iue 
to  viscous  dissipation  and  hence,  the  effective 
shape  of  the  bodv .  The  displacement  effect  on  the 
inviscid  flow  is  then  esti-mated  bv  computing  the 
inviscid  pressure  -distribution  over  the  displace¬ 
ment  bodv. 


‘1 
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The  foregoing  method  for  calculating  the  in¬ 
teraction  between  the  viscous  ind  inviscid  parts 
of  the  :  I.  u  is  based  "n  a  direct  hierarchv  between 
the  viscous  and  inviscid  regions  whicn  applies  as 
long  as  the  disturbances  to  the  inviscid  : low  due 
to  viscous  displacement  effects  are  small.  How¬ 
ever,  me  flow  over  an  airfoil  involves  both  a  weak 
overall  interaction  arising  f rom  standard  displace¬ 
ment  effects  and  also  from  wake  curvature  effects, 
and  local  "strong"  interactions  arising,  for 
example,  from  boundary-layer  separation,  shock 
boundary-layer  interaction,  or  the  rapid  flow 
acceleration  immediately  aft  of  the  trailing  edge. 
In  such  situations  viscous  displacements  cause  sub¬ 
stantial  changes  in  the  local  inviscid  pressure 
field.  The  concept  of  an  inner  viscous  region  and 
an  outer  inviscid  region  still  applies,  but  the 
classical  hierarchial  structure  of  the  flow  breaks 
down.  In  a  strong  interaction  region  the  hierarchv 
changes  from  direct  (i.e.,  pressure  determined  by 
the  inviscid  flow)  to  inverse  (pressure  determined 
by  the  viscous  layer) ,  and  this  change  must  be 
accommodated  in  developing  a  complete  solution1  . 


The  approach  taken  here  employs  an  interacting 
boundarv-laver  model  in  which  the  flow  in  the 
outer  inviscid  region  is  potential  and  the  viscous 
flow  is  governed  by  Prandtl's  boundarv-laver  equa¬ 
tions.  At  an  airfoil  trailing  edge  the  strong 
interaction  arises  from  the  abrupt  change  in  the 
slip  condition  that  the  boundary  layer  experiences 
at  the  termination  of  the  airfoil  surface.  This 
leads  to  a  singularity  in  the  classical  boundary- 
layer  solution  and  subsequent  local  breakdown  of 
a  weak  interaction  procedure.  However,  strong 
viscous/ invisc id  interaction  solutions  can  be 
determined  by  an  iterative  procedure  which  requires 
successive  solutions  for  the  viscous  and  inviscid 
regions.  Here  an  efficient  semi-inverse  solution 
procedure  using  Carter's  iterative  technique  is 
applied  to  the  local  strong  interaction  region  at 
an  airfoil  trailing  edge.  Thus  both  the  "inner" 
viscous  and  "outer"  inviscid  flows  are  repeatedly 
solved  for  a  prescribed  displacement  thickness 
distribution  until  inviscid  pressures  at  the  dis¬ 
placement  surface  match  viscous  pressures. 


* 

We  consider  high  Reynolds  number  (Re  *  ~ 
u»  L/-O,  adiabatic,  laminar  flow  with  negligible 
body  forces  of  a  perfect  gas  with  constant  specific 
heats  and  unit  Prandtl  number  past  the  trailing 
edge  of  a  two-dimensional  airfoil  (Fig.  1).  In 


Fig.  1 


the  present  .ndlvsis,  viscous  displacement  thick¬ 
ness  eitects  .it  the  trailing  edge  are  regarded  as 
strong,  while  wake  curvature  effects  are  regarded 
as  weak.  This  treatment  i  ,  in  accordance  with  the 
triple-deck  scaling  requ  :  ements  for  laminar  flow 
at  asvmptot ical ly  large  Reynolds  number  .  Thus, 
iterative  solutions  of  the  inviscid  and  viscous 
equations  will  be  determined  to  account  for  strong 
displacement  interactions  and  the  resulting  outer 
inviscid  solutions  will  then  be  corrected  to 
account  for  wake  curvature  interactions. 

In  the  following  discussion  flow  variables  and 
spatial  coordinates  have  been  made  dimensionless. 
Lengths  have  been  scaled  with  respect  to  the  length 
of  the  airfoil  (L*),  density,  velocity  and  viscos¬ 
ity  with  respect  to  their  freestream  values  (c^, 
u*  and  u  *  respectively),  pressure  with  respect  to 
twice  the  freestream  dynamic  pressure  uM“), 

and  temperature  with  respect  to  the  square  of  the 
freestream  speed  divided  by  the  specific  heat  at 
constant  pressure  (u^/c*).  Here  the  superscript 
*  denotes  a  dimensional  quantity  and  the  subscript 
»  refers  to  the  flow  conditions  at  infinity. 


Invisc id  Region 


Consider  two  dimensional,  subsonic  flow  in  the 
x,y  plane  with  freestream  velocity,  uw,  in  the 
direction  of  the  positive  x-axis  around  a  thin, 
slightly  cambered  airfoil  at  small  angle  of 
attack  relative  to  the  freestream  direction 
(Fig.  1).  The  airfoil  is  located  along  the  inter¬ 
val  [0,1]  of  the  x-axis  and  the  location  of  the 
upper  and  lower  surfaces  of  the  airfoil  and  wake 
displacement  body  are  defined  by 


y±(x)  =  h+U)±8±U),  x«[o,i] 

=hwU)±  S±(x),  x>i 


(i) 


where  h+  and  h_  define  the  upper  and  lower  surfaces 
of  the  airfoil  and  1^  defines  the  location  of  the 
reference  wake  streamline,  i.e.,  the  streamline 
which  emanates  from  the  airfoil  trailing  edge  and 
•  is  the  viscous  displacement  thickness.  The 
functions  h+  and  h_  are  prescribed,  but  and  ' 
must  be  determined  as  part  of  the  solution.  Under 
the  stated  assumptions  concerning  airfoil  shape 
and  orientation,  the  projection  of  the  airfoil  and 
wake  displacement  body  on  the  v-axis  will  be  small. 
In  addition,  if  the  outer  inviscid  flow  is  assumed 
to  be  isentropic  and  irrotat ional ,  a  velocity  po¬ 
tential,  ?(x,v)  exists  which  can  be  expressed  in 
terms  of  an  asvmptotic  series,  i.e.. 


♦  =  ♦o  +  «*i « ■<?(«*)=  $0  +  4>  *  0(*z)  (2) 


where  is  a  small  parameter.  The  disturbance 
potential,  : ^ x , y )  is  then  governed  by  the  linear 
equat ion 


Hiifh  Reynolds  Number  FLow  Around  a  Thin 
Airfoil 
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To  within  first  order  (in  •:)  the  inviscid  flow 
properties  ere  given  by 


y  M  ^  P  =  p  y  -  [i  y  -  I )  M  ^  T  j 

2  (i) 

-  1  •  y  Mx  <P  x 

where  P  is  the  pressure,  -  is  the  density,  T  is 
the  temperature t  is  the  freestream  Mach  number, 
and  \  is  the  specific  heat  ratio.  Note  that 
the  pressure  is  related  to  the  disturbance  poten¬ 
tial  bv 


l  y  /(  X  -I ) 


can  be  referenced  to  any  arbitrary  curve  which 
emanates  from  the  trailing  edge  and  lies  within 
the  wake.  Note  that  for  symmetric  flows,  the 
reference  wake  streamline  (centerline)  lies  in  the 
plane  of  the  symmetry  (v  =  0)  and  condition  (6) 
can  be  applied  for  x  -  0  to  determine  the  inviscid 
solution  in  the  upper  half  plane.  Finally,  the 
disturbance  velocitv  must  vanish  in  the  far-field. 


—  0  as  T  — « 


where  x  is  a  position  vector  in  the  x ,v-coordinate 
f  rame . 


Symmetric  and  Asvmmetric  Flows 


The  inviscid  flow  is  determined  as  a  solution 
of  Eq .  (3)  and  is  subject  to  a  flow  tangency  condi¬ 
tion  at  the  airfoil  surface,  jump  conditions  on 
normal  velocity  and  pressure  across  the  wake,  and 
the  uniform  flow  condition  in  the  far  field.  To 
account  for  the  effect  of  viscous  displacement 
thickness  at  the  airfoil  surface,  the  inviscid 
solution  must  satisfy  the  following  form  of  the 
flow  tangency  condition 


'b  |  t 

ly=0 


*[h±(x)±8±(x>],  x«  [o,i] 


where  the  prime  denotes  the  differentiation.  In 
addition,  two  conditions  arise  from  the  formal 
asymptotic  matching  of  the  viscous  and  inviscid 
solutions  along  the  wake1.  The  first  condition 
accounts  for  the  wake  displacement  effects  and 
requires  that  the  inviscid  solution  for  the  normal 
compone.'t  of  velocity  must  be  discontinuous  across 
the  wake  with  a  jump  given  by 


(X), 


It  is  convenient  to  write  the  solution  to  the 
foregoing  problem  as  the  sum  of  two  terms;  a 
symmetric  term,  giving  the  flow  due  to  thick¬ 

ness  effects  and  an  asymmetric  term,  ^A,  giving 
the  flow  due  to  loading  effects.  Both  ?A  and  $$ 
must  satisfy  the  differential  equation  (3)  and  the 
far-field  condition,  Eq.  (9).  In  addition,  the 
symmetric  component  of  the  potential  must  satisfy 
the  tangency  condition 

*y|,,0l*  ±dt(k,>  *>0  (10) 


where  Dj  is  one-half  the  displacement  body  thick¬ 
ness;  i.e., 

°T*(vy_)/2  *  (hv~h_+  s^+Sj/2,  xc[o,i] 


=  (S^+8_)/2  =  8w/2,  x  >l 


The  symmetric  solution  does  not  produce  a  pressure 
difference  across  the  airfoil  or  its  wake,  and 
therefore , 


Here  jj  denotes  the  difference  in  a  quantity 
(upper  minus  lower)  across  the  wake  and  £  is 
the  displacement  thickness  of  the  complete  wake. 
The  second  condition  accounts  for  the  wake  curva¬ 
ture  effect  which  arises  from  the  turning  of  the 
low  momentum  flow  along  the  curved  wake  stream¬ 
lines  which  generates  a  pressure  difference  across 
the  wake.  The  requirement  that  the  outer  inviscid 
flow  match  this  pressure  difference  leads  to  the 
following  jump  condition  on  the  inviscid  pressure 


The  asymmetric  component  of  the  potential  must 
satisfy  the  following  requirements 


<ly!0±:°cix)-  x*M 


=  0,  XX 


XX  (8) 


where  ~u  is  the  momentum  thickness  of  the  complete 
wake  and  <-  is  the  curvature  of  the  reference  wake 
streamline  which  is  taken  as  positive  when  the 
reference  wake  streamline  is  concave  upwards.  A 
complication  arises  in  that  the  location  of  the 
reference  wake  streamline  is  unknown  apriori;  how¬ 
ever,  to  lowest  order  In  Re,  the  wake  conditions 


where  y  «  Dc(x)  defines  the  location  of  the  airfoil 
and  wake  "camber"  line,  i.e., 

0ci(y++y-)/2s(,v+h-+V  s-)/2-  x«  [°.'] 

(16) 

=  hw+  (8+  +  S_)/2,  xx 
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Clearly  then,  the 
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where  the 


M=o> 


(18) 


while  the  asvmmetric  potential  due  to  wake  curva- 
A 

ture  effects,  :v/c  roust  satisfy  conditions  (14)  and 
(15),  but  it  does  not  contribute  to  the  normal 
velocity  at  the  airfoil  surface. 


.  e . , 


dy 


r0  , 


■M 


(19) 
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Inviscid  Pressure  Distributions 


Solutions  to  the  foregoing  boundary  value 
problems  can  be  conveniently  determined  using  com- 
nlex  variable  theorv  and, in  particular,  Cauchy's 
integral  formula12.  It  follows  that  the  symmetric 
jomponent  of  the  pressure  acting  on  the  airfoil 
and  wake  can  be  determined  in  terms  of  a  prescribed 
thickness  distribution  D-j(x)  by  evaluation  of  a 
Cauchy  principal  value  integral,  i.e.. 


ps(x,0±)  =  -$SU,0±)=- 


Ot<C> 

x-s 


d?  co) 


A  +■ 

The  asymmetric  component  of  the  pressure,  p'  (x,o  ) 
=  -|JpA|j/2,  acting  on  the  airfoil  surface  is 
determined  from  the  solution  of  an  integral  equa¬ 
tion  given  by 


/  (l-M‘ 

2rr 


2  u/2 


0  *  * 
y-°>c(4)[sw(C)  dJ 


121) 


tne 


3oth  displacement  and  wake  curvature  effects  con¬ 
tribute  to  this  pressure  jump.  To  determine  the 
jump  due  to  displacement  effects  alone  HI 
second  term  on  the  right-hand  side  is  set  equal  to 
zero.  Analytical  techniques  (c.f.,  Ref.  13)  ;an 
be  used  to  invert  the  resulting  singular  integral 
equation  and  provide  the  following  direct  solution 
for  the  oressure  jump  due  to  displacement  effects 


(22) 


The  pressure  jump  u  r--*ss  trie  airrcil  due  to  wake 
curvature  men  determined  i.->  a  solution  cl  the 
integral  eo ua c ion 
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In  the  present  study  of  viscous,  inviscid 
interactions  near  the  trailing  edge  of  an  airfoil, 
displacement  interactions  are  regarded  as  strong 
whereas  the  wake  curvature  interactions  are 
regarded  as  weak.  Thus,  an  inviscid  solution  for 
the  potential  H  is  determined  by  simultan¬ 

eously  solving  inviscid  and  viscous-laver  equation 
for  prescribed  viscous  displacement  thickness  dis¬ 
tributions  until  inviscid  pressures  on  the  airfoil 
surface  and  on  the  wake  streamline  match  the 
viscous  pressures.  Once  a  converged  solution  to 
the  strong-displacement  interaction  problem  is 
achieved,  the  resulting  inviscid  pressure  will  be 
corrected  to  account  for  wake  curvature  effects. 
For  this  purpose  the  wake  curvature  is  taken  to  be 
the  curvature  of  the  inviscid  wake  "camber"  line 
as  determined  by  the  strong  displacement  interac¬ 
tion  inviscid  solution,  i.e., 


*(X)  =  0CU)  = 
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d 4,  x  > i  (24) 


Finally,  the  pressure  acting  on  the  airfoil  and 
reference  wake  streamline  is  given  by 

plx.o*)  =  psCx.o)  *  {JpA]j /2*  m[o,i] 

5  ps(x,0)  ±  k  (8W  +  0W)  /2,  XX  (25) 


Viscous  Layer  Region 

The  flow  in  the  inner  or  viscous  region  is 
assumed  to  be  governed  by  Prandtl's  boundary -layer 
equations  expressed  in  s  and  n  coordinates  which 
are  directed  along  and  normal  to  the  airfoil  sur¬ 
face  and  wake  streamline,  respectively,  and  u  and 
v  which  are  the  velocity  components  in  the  s  and  r 
directions.  These  equations  are  then  recast  in 
Levy-Lees  variables  Co  minimize  the  growth  of  the 
viscous  layer  in  the  computational  domain.  The 
new  independent  variables  are  defined  by 
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the  boundary  layer  equations  for  adiabatic  flow  at 
unit  Prandtl  number  reduce  to  the  familiar  form 

cont inuitv 


of  the  freestream  and  edge  Mach  numbers.  It 
follows  from  Bernoulli's  equation  that 

s  (WwAe)2  r  (yM^,pe/y 


-  momentum 


Per  °  =  (y- 1)  Mire 


2{F-^£-  +  V  -^  +  /9(FZ-I  )-  T-(e-r-)  =  0  (29) 
d£  drj  ov  \  dv  t 


and  therefore 


drj  \  drft 


V  =  pp/[pgp.e) 

B.lL*i3L[l+&) 

Ue  d{  2Te 


In  addition,  one  requires  the  equation  of  state. 


fl-il  dM, 
p  '  Me  d{ 


In  addition,  it  follows  from  the  definition  of  the 
displacement,  :,  and  momentum,  -r ,  thicknesses  that 

peUe8(Re/2£)'/Z  =  /”[I_F  +  Hr“  M«  ( 1  _f2)]  d77 


p=  (y-i)  p  T/y 


tor  relating  pressure,  density  and  temperature. 

In  the  present  study  the  viscosity  is  assumed  to 
varv  linearly  with  temperature,  and  hence.it 
follows  from  Eqs.  (30)  and  (31)  that  i  -  1  since 
the  normal  pressure  gradienc  is  zero  across  the 
boundary  layer. 

Boundary  conditions  for  the  foregoing  equa¬ 
tions  are  as  follows 

Edge  conditions  (•  -  ») 


Airfoil  surface  conditions  (1  -  1 _ ,  •>  =0) 

- - - — -  TE  , 


F  =  V  =  0 


'.Cake  streamline  condition  (1  ■  ,  -■  =  0) 


'.■r  symmetric  flow,  the  additional  condition 


pt  ug9(Re/20l/2  =  y“(  i-F)F<Jt7  (38b) 


Finally,  the  surface  skin  friction  coefficient, 

Cf,  is  defined  by 

c,  ■  o,t, 

({Re)  N=o 


Viscous/Inviscid  Iteration 

The  complete  flow  field  is  determined  by 
matching  the  solutions  of  the  inviscid  and  viscous 
equations.  The  inviscid  flow  is  determined  sub¬ 
ject  to  the  conditions  of  flow  tangency  at  the  air¬ 
foil  displacement  surface  and  jump  conditions  due 
to  viscous  displacement  and  wake  curvature  effects 
across  the  wake.  The  solution  of  the  viscous  layer 
equations  must  approach  the  inviscid  conditions  on 
the  airfoil  surface  and  on  the  reference  wake 
streamline  at  the  outer  edge  of  Che  viscous  layer. 
For  weak  viscous/inviscid  interact  ions, f low  proper¬ 
ties  at  the  edge  of  the  viscous  layer  can  be  deter¬ 
mined  from  the  zeroth  order  inviscid  solution  and 
the  solution  for  the  complete  first-order  flow 
field  can  be  determined  sequentiallv.  For  strong 
interactions,  flow  properties  at  the  edge  of  Che 
viscous  layer  depend  on  the  first  order  inviscid 
solution.  In  this  case  inviscid  and  viscous  equa¬ 
tions  muse  be  solved  simultaneously.  Since  neither 
the  pressure  gradient  at  the  edge  of  the  boundarv 
layer  nor  the  displacement  and  momentum  thickness 
of  the  viscous  layer  are  known  apriori,  iterative 
procedures  are  required  to  determine  the  complete 
solut ion. 


can  be  applied  at  the  wake  centerline  to  restrict 
the  solution  domain  to  either  the  upper  or  lower 
half-plane.  Fluid  properties  at  the  edge  of  the 
boundarv  layer  (i.e.,  inviscid  properties  at  the 
displacement  surface,  V)  can  be  expressed  in  terms 


In  the  present  study  displacement  effects  at 
the  trailing  edge  of  the  airfoil  are  regarded  as 
strong  while  wake  curvature  effects  are  regarded  as 
weak.  Thus,  s imu  1  taneous  solutions  of  the  inviscid 
and  viscous  equations  are  determined  to  account 


for  strong  displacement  interactions  and  the 
resulting  inviscid  solution  is  then  modified  to 
account  for  wake  curvature  interactions.  It  has 
been  found  that  a  semi-inverse  calculation  pro¬ 
cedure  using  underrelaxacion  provides  a  relatively 
efficient  method  for  determining  the  flow  in  strong 
viscous/ invisc id  interaction  regions  .  In  this 
approach  the  inviscid  and  viscous  equations  are 
solved  for  a  prescribed  nth  displacement  thickness 
distribution,  n  (s),  to  determine  the  (n+l)th 
inviscid  pressure  distribution,  pj^(s),  at  the 
displacement  surface  and  the  (n+l)th  viscous  pres¬ 
sure  distribution,  Pvisc^s^»  *-n  the  vi-scous  Layer. 
The  (n+l)th  estimate  for  the  displacement  thick¬ 
ness  is  then  obtained  by  underrelaxat ion,  i.e., 

8n+'(s>=  8n(s)  i  +  w[Pi7v'fs)-p"*c(s)]]  (39) 


X 


and  i  and  j  are  streamwise  mesh  point  indices,  IB 
and  IE  refer  to  the  mesh  stations  at  the  beginning 
and  end  of  the  strong  interaction  region,  respec¬ 
tively,  and  =  (x.  +  ^  +  x^)/2.  The  integrals 
and  It  in  Eq .  (42)  are  evaluated  analytically. 
Contr ibut ions  to  the  local  (at  x  *  x^)  pressure 
due  to  thickness*, ef f ec ts  upstream  (0  <  < 

and  downstream  (  >  Xjg)  ot  the  strong  interaction 

region  are  determined  by  analytical  or  numerical 
(using  trapezoidal  rule  quadrature)  integration 
depending  on  the  assumed  functional  form  of  the 
thickness  distribution,  D^(x)  (c.f.,  Ref.  6). 


Asymmetric  Pressure  -  Displacement  Effects 


where  is  the  relaxation  parameter. 

Equation  (39)  is  applied  to  update  the  cal¬ 
culated  displacement  thickness  of  the  boundary 
layers  on  the  upper  and  lower  surfaces  of  the  air¬ 
foil  and  the  complete  wake.  The  process  is  re¬ 
peated  until  the  maximum  change  in  f  satisfies  the 
relation 

|8n*'(s)-8n(s)|mox  <  «8  (40) 

where  is  a  small  posicive  number. 


Numerical  Solution  Procedure 


It  is  somewhat  more  difficult  to  determine  the 
asymmetric  pressure  component, p^,  because  of  the 
singular  term  ('/(l-  )]  which  appears  inside  the 
integral  on  the  right-hand  side  of  Eq.  (22).  How¬ 
ever,  a  first-order  accurate  approximation  to  this 
integral  has  been  determined  and  is  given  by 


~  (o)  I  3  (  *  | ;  0  ,  *0  ) 


The  numerical  integration  procedure  developed 
by  Napolitano,  et  aid4  has  been  extended  to 
accommodate  a  variable  streamwise  mesh  spacing  and 
applied  to  determine  the  symmetric  component  of 
the  pressure  acting  on  the  airfoil  and  wake  stream¬ 
line.  Thus, the  integral  appearing  in  Eq.  (20)  is 
approximated  in  the  strong-interaction  region  by 
the  following  second-order  accurate  expression 


7  °'T  (?1  rtf  °T  10 


~  £  d‘t  1|  ,  *,+,) 


IE-l  „ 

I  0  T  '*]♦,>  I2U,  ;  *j  ,  Xj+() 

j « re  - 1 

(41) 


I,  (*,;  *,  ,  *|+l)  =  /  —  d ; 

» i 


where  0  and  IT  refer  to  the  leading  and  trailing 
edge  mesh  lines,  respectively.  The  integral  term 
Ij  is  given  by 

I3U,;x,  ,i2)  ^  _L_  (-i_)  d? 

and  is  evaluated  in  closed  form. 


Asymmetric  Pressure-Wake  Curvature  Effects 

Once  a  converged  solution  to  the  strong- 
displacement  interaction  problem  is  achieved,  the 
inviscid  pressure  distribution  must  be  corrected 
to  account  for  wake  curvature  effects.  The  curva¬ 
ture  of  the  wake  streamline  is  determined  bv  a 


6 


numerical  approximation  to  Eq.  (2**)  .  Since  »  (x) 
must  only  be  determined  tor  x  *  1,  the  integral 
on  the  right-hand  side  of  Eq .  (24)  can  be  evaluated 
by  a  simple  trapezoidal  rule.  The  asymmetric  pres¬ 
sure  difference  across  the  airfoil  due  to  wake 
curvature  effects  JpwcU  is  Chen  determined  by  a 
numerical  solution  of  tne  integral  equation, 

Eq .  (23).  This  equation  can  be  solved  by  first 
transforming  Che  interval  [0,1]  on  the  x-axis  to 
the  interval  [0,"]  on  the  unit  circle  and  Chen 
invoking  certain  properties  of  Chebvchev  poly¬ 
nomials  (c.f..  Ref.  15).  Thus  with  the  cransfor- 


x=(l-C0SX)/2 

5=  0-cos7)/2 

and  the  use  of  a  trapezoidal  rule  quadrature, 
Eq .  (23)  can  be  approximated  by 


f  [Pwctol  f  IpwcWl 

0  xrC  ^  =  l  COS^-COSX, 


N 


Ipwc^v’E 


COS(^k)-COSXj 


is  0,1,  ..,N~I 


derivatives  are  replaced  bv  one-sided  and  central 
difference  expressions,  respectively.  For  the 
derivatives,  an  upwind  differencing  scheme  is  used, 
i.e.,  backward  difference  is  used  if  the  local 
streamwise  velocity,  F,  is  positive  and  forward 
difference  is  used  if  local  velocity,  F,  is  nega¬ 
tive.  This  results  in  a  stable  numerical  algorithm 
in  the  presence  of  reverse  flow  which  is  more 
accurate  than  the  commonly  used  FLARE  approximation 
in  which  the  streamvise  convection  terms  are  set 
to  zero  in  reverse  flow  regions^. 

The  set  of  linear  difference  equations  are 
then  solved  using  Davis  coupled  scheme"*  via  a 
superposition  technique  developed  by  Werle  and 
Verdon^.  Essentially,  the  dependent  variables,  F 
and  V,  are  decomposed  into  two  components  such  that 
one  component  depends  on  the  pressure  gradient 
parameter  z  whereas  the  other  component  has  no  •' 
dependence.  As  a  result  of  this  decomposition, 
two  sets  of  linear  algebraic  equations  are  obtained. 
Final  closure  is  achieved  by  determining  the  value 
of  the  pressure  gradient  parameter,  c ,  such  that 
the  resulting  solutions  satisfy  the  prescribed 
value  of  displacement  thickness.  It  should  be 
pointed  out  that  the  procedure  briefly  described 
here  yields  an  extremely  efficient  numerical 
algorithm  because  of  its  noniterative  nature. 
Complete  details  of  this  viscous  layer  solution 
procedure  are  available  in  Ref.  17. 


Xj  =  17T/N  , 
u,  (2k- 0  7 r 

7L  -  , 
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k=  i,.  ,N 


and  the  source  term  g  (x,i)  refers  to  the  right-hand 
side  of  Eq.  (23).  The  system  of  difference  equa¬ 
tions,  Eq.  (46),  is  solved  by  a  standard  matrix 
inversion.  To  retain  pressure  continuity  at  the 
trailing  edge,  the  following  condition  must  be 
Imposed 


Viscous  Region 


For  strong  displacement  interactions,  the 
inviscid  and  viscous  flows  are  determined  by  an 
iterative  procedure  which  is  continued  until  the 
inviscid  pressure  ( p  -  P0  +•  p  ®  +  p^)  at  the  dis¬ 
placement  surface  matches  the  viscous  pressure 
(pe)  ac  the  edge  of  the  viscous  laver.  At  each 
step  of  this  process  the  viscous  layer  equations 
are  solved  numerically  for  prescribed  displace¬ 
ment  thickness  distributions.  Solutions  for  the 
boundary  lavers  on  the  upper  and  lower  surfaces  of 
the  airfoil  and  Che  complete  wake  are  determined 
separately.  In  each  case  the  continuity  and  momen¬ 
tum  equations  are  replaced  bv  a  set  of  linear 
algebraic  equations  using  a  finite  difference 
approximation  in  which  the  nonlinear  terms  in  the 
momentum  equation  are  linearized  around  the  solu¬ 
tion  at  the  previous  iteration  and  the  1  and  ' 


Results 

The  analytical  and  numerical  approach  outlined 
above  has  been  applied  to  predict  high  Reynolds 
number  laminar  flow,  past  the  trailing  edge  of  a 
thin  lifting  airfoil.  Following  Veldman  ,  the 
inviscid  pressure  distribution  p£,  due  to  the  air¬ 
foil  alone,  is  assumed  to  be  constant  on  the  upper 
and  lower  surfaces  of  the  airfoil  upstream  of  the 
point  x  ■  xc  and  equal  to  those  acting  on  a  flac 
plate  inclined  at  an  angle  i  relative  to  the  uni¬ 
form  stream  for  xr  •  x  <  1.  Thus, 


p*  (* ,0~ )  =  ♦ 


(i-m£ji/z 


0<x<xc 


XC<X<I  (49) 


The  foregoing  pressure  distribution  ensures  that 
the  oncoming  boundary  layers  remain  attached  until 
(or  shortly  before)  the  trailing  edge  and  corres¬ 
ponds  to  a  thin  cambered  airfoil  (modified  flat 
plate)  which  more  closelv  approximates  an  inclined 
flat  plate  as  x  -  1. 

Since  attention  is  being  focused  on  local 
viscous/ invisc id  interaction  phenomena  at  the 
trailing  edge  of  tne  airfoil,  viscous  displacements 
and  wake  curvatures  upstream  (x  xj  and  down¬ 
stream  (x  •  x.-)  of  the  strong-interaction  region 


are  assumed  to  have  1  negligible  impact  on  pres¬ 
sures  near  the  trailing  edge.  Thus,  tor  tne  calcu¬ 
lations  presented  here,  . '  tor  x  and  and 

■  {  w  +  ■  >  tor  x  xr-  are  sec  equal  to  zero  when 
evaluating  the  integrals  in  Eqs.  (20),  (22)  and 
(23).  Unless  stated  otherwise  x^  and  have  been 
set  at  0.3  and  1.5,  respectively.  Further,  the  ex¬ 
tent  of  the  viscous  solution  domain  normal  to  the 
airfoil  and  wake  streamline  has  been  taken  to  be 
"  BL  w^ere  BL  is  c^e  B^asius  boundary-layer  thick¬ 
ness.  Inviscid  and  viscous  solutions  have  been 
repeated' v  determined  for  prescribed  displacement 
thickness  distributions  until  the  maximum  difference 
between  the  (n+l)th  values  of  the  displacement 
thickness  over  the  strong  interaction  solution  in¬ 
terval  was  within  10-/.  The  corresponding  maximum 
difference  between  the  viscous  and  inviscid  pres¬ 
sures  was  approximately  10  * .  This  level  of  con¬ 
vergence  required  approximately  15  iterations  for 
the  attached  flow  solutions  and  approximately  30 
iterations  for  the  separated  flow  solutions. 


lower  - :  •  ana  v.ikc?  streamline,  and 

an  increase  ;n  .  r*  on  the  upper  surface. 

Both  viscous  displace:,  -m  n.  .  -a:-e  curvature  tend 
to  decrease  the  loading  >n  trie  i . •.  .in a  the 
wake  curvature  effect  gives  rise  to  a  negative- 
loading  in  the  immediate  vicinitv  of  the  trailu  g 
edge.  Finallv,  both  effects  contribute  to  a  more 
favorable  suction-surface  pressure  gradient  at  the 
trailing  edge  which  would  tend  to  delay  separation 
of  the  suction  surface  boundary  laver. 

The  present  results  for  >!,_  =  0.1,  Re  *  10b  and 
*  =  0.07  are  compared  with  Veldman’s  incompressible 
predictions  in  Fig.  3.  In  this  comparison  onlv 
displacement  interaction  effects  are  considered. 
Comparisons  are  provided  for  pressure  distribu¬ 
tions  (Fig.  3a),  displacement  thickness  distribu¬ 
tions  (Fig.  3b),  and  skin  friction  and  wake  stream¬ 
line  velocitv  distributions  (Fig.  3c).  The 
results  obtained  from  the  two  different  solution 
procedures  are  observed  to  be  in  very  good  agree¬ 
ment. 


Present  results  for  a  flow  at  > l n  *  0.1  and 
Re  -  10°  past  Che  trailing  edge  of  the  modified 
flat  plate  airfoil  described  above  with  x  *  0.07 
are  shown  in  Figs.  2  and  3.  First-order  pressure 
(or  pressure  coefficient)  distributions  due  to  (1) 
the  airfoil  alone  as  given  by  Eq.  (49),  (2)  the 
airfoil  and  viscous  displacement  effects,  and  (3) 
the  airfoil,  viscous  displacement  and  wake  curva¬ 
ture  effects  are  given  in  Fig.  2.  It  can  be 
seen  that  strong  displacement  interactions  at  the 
trailing  edge  cause  a  rather  substantial  reduction 
in  the  pressure  acting  on  the  lower  (or  pressure) 
surface  of  the  airfoil  and  a  somewhat  smaller 
change  in  the  upper  (or  suction)  surface  pressure 
except  for  the  reduction  in  the  immediate  vicinity 
of  the  trailing  edge.  In  addition,  displacement 
effects  cause  a  reduction  in  near  wake  pressures. 
For  this  example  (i.e..  Re  =  10^),  the  effect  of 
wake  curvature  on  pressure  is  generally  smaller 
than  the  effect  of  viscous  displacement.  The 
former  provides  a  reduction  in  pressure  on  the 


Fig.  3  Asymmetric  Trail ing-Edge  Flow 

a)  Comparison  of  Pressure  Distributions 
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Parametric  Studies 

Having  partially  illustrated  the  effects  of 
viscous  displacement  and  wake  curvature  on  pres¬ 
sures  in  the  trailing-edge  region  and  having 
established  the  accuracy  of  the  present  solution 
procedure,  we  proceed  to  present  results  from  para¬ 
metric  studies.  These  studies  were  conducted  to 
illustrate  the  effects  of  angle  of  attack  or 
trailing  edge  loading  parameter  (cc)  ,  Mach  number 
(M»)  and  Reynolds  number  (Re)  on  the  flow  behavior 
in  the  trailing-edge  region. 

Solutions  for  a  flow  at  =  0.1  and  Re  = 

10^  and  values  of  x  of  0,  0.07,  0.12  and  0.14  are 
shown  in  Figs.  4  and  5.  These  solutions  indicate 
that  flow  separates  from  the  suction  surface  at  x  * 
0.12  and  x  -  0.14.  In  the  separated  flow  cases  it 
was  found  necessary  to  modify  the  linearization 
procedure  for  the  streamwise  convection  term  in 
the  momentum  equation  in  order  to  achieve  a  con¬ 
verged  solution.  In  particular,  this  term  was 
linearized  relative  to  the  solution  at  the  pre¬ 
vious  streamwise  station  rather  than  the  solution 
at  the  previous  iteration  level.  The  pressure  dis¬ 
tributions  depicted  in  Fig.  '-a  reveal,  as  expected, 
an  increased  loading  on  the  airfoil  with  increasing 
angle  of  attack  over  most  of  the  trailing-edge  re¬ 
gion  (i.e.,  x  ■  0.85);  however,  both  pressure 
(lower)  and  suction  (upper)  surface  pressures,  par¬ 
ticularly  the  former,  tend  co  decrease  with  in¬ 
creasing  ~x  in  the  immediate  vicinity  of  the  trail¬ 
ing  edge.  Further,  there  is  a  strong  adverse  pres¬ 
sure  gradient  in  the  near  wake  which  increases  with 
increasing  angle  of  attack.  The  slight  pressure 
plateau  just  aft  of  the  trailing  edge  for  x  -  0.12 
and  x  -  0.14  arises  from  the  small  reversed  flow 
regions  which  occur  at  these  angles. 

Boundary- layer  and  wake  displacement  thick¬ 
nesses  (Fig.  4b)  generally  increase  with  increas¬ 
ing  angle  of  attack,  particularly  on  the  suction 
surface  of  the  airfoil.  However,  there  is  a 
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rapid  chinning  of  the  wake  for  the  separated  flow 
ac  i  =  0.14.  The  skin  friction  distributions 
(Fig.  4c)  indicate  that  the  flow  separates  from 
the  suction  surface  at  approximately  x  =  0.96  and 
x  =  0.93  for  i  *  0.12  and  a  =  0.14,  respectively. 

It  should  be  mentioned  that  the  case  j.  ~  0.12  has 
also  been  investigated  by  Veldman^.  Since  only 
the  symmetric  components  of  the  displacement  thick¬ 
ness  and  the  pressure  were  presented  in  Ref.  10, 
a  detailed  comparison  with  Veldman's  solutions  can¬ 
not  be  made  here  for  this  case.  However,  the 
skin  friction  distributions  of  Fig.  4c  and  the  pre¬ 
dicted  location  of  the  separation  point  on  the  suc¬ 
tion  surface  compare  very  well  with  Veldman *  s  results . 
The  wake  streamline  velocity  distributions  shown 
in  Fig.  4c  reveal  a  very  rapid  flow  acceleration 
just  aft  of  the  trailing  edge  generally  followed  by 
a  gradual  acceleration  to  the  freestream  velocity. 

For  the  separated  flow  at  a  *  0.14  the  wake  stream¬ 
line  velocity  is  approximately  constant  in  the 
near  wake  region  (from  x  -  1.01  to  x  1  1.05)  after 
undergoing  a  rapid  acceleration  just  aft  of  the 
trailing  edge, and  then  it  gradually  accelerates  to 
the  freestream  value.  The  behavior  of  the  wake 
displacement  thickness  and  wake  streamline  velocity 
distributions  for  the  i  *  0.14  case  is  somewhat 
surprising  and  will  be  interrogated  in  more  detail 
in  our  future  work.  The  important  point  to  be  made 
here  is  that  converged  strong  viscous/invisc id  in¬ 
teraction  solutions  have  been  achieved  for 
separated,  laminar,  asymmetric,  trailing-edge  flow. 


DISTANCE  FROM  LEADING  EDGE  * 


Fig.  5  Velocity  Profiles  in  the  Near  Wake  Region 
for  Separated  Asymmetric  Flow 

Velocity  profiles  in  the  near  wake  region  are 
shown  for  the  i  *  0.14  case  in  Fig.  5.  A  small 
reverse  flow  region  is  apparent  in  the  profiles  at 
x  *  1  (i.e.,  at  the  trailing  edge),  x  *  1.0074  and 
x  *  1.015.  The  minimum  values  of  the  streamwise 
velocity  occur  on  Che  suction  surface  at  the  trail¬ 
ing  edge  and  above  the  wake  streamline  in  the  near 
wake.  Further  downstream  the  location  of  the  mini¬ 
mum  streamwise  velocity  tends  to  coincide  with  the 
wake  streamline. 

The  effect  of  Mach  number  is  depicted  in  Fig. 

6.  Here  i  *  0.07,  Re  -  10^  and  freestream  Mach 
numbers  of  0.1,  0.5  and  0.7  are  considered.  The 
pressure  distributions  (Fig.  6a)  reveal  an  increase 
in  airfoil  loading  with  an  increase  in  Mach  number 
except  in  the  immediate  vicinity  of  the  trailing 


a)  Pressure  Distributions 
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edge.  In  addition,  there  is  a  thickening  of  the 
suction-surface  boundary  layer  and  the  wake  and  a 
thinning  of  the  pressure-surface  boundary  layer  wich 
increasing  Mach  number  (Fig.  6b).  Finally,  the 
skin  friction  increases  on  the  pressure  surface  and 
decreases  ou  the  suction  surface  of  the  airfoil, 
and  the  streamwise  acceleration  in  the  wake 
decreases  "ith  increasing  Mach  number  (Fig.  6c). 

The  trends  for  suction-surface  skin  friction  and 
wake  streamline  velocity  depicted  in  Fig.  6c  suggest 
ttiac  an  increase  in  t'reescream  Mach  number  would 
tend  to  promote  flow  separation  in  the  trailing- 
edge  region. 

The  effect  of  Reynolds  number  on  trailing  - 
edge  flow  behavior  is  examined  in  Fig.  7  for 
Ma  *  0.1  and  x  =  0.07.  The  inviscid  pressure  dis¬ 
tribution  (i.e.,  due  to  the  airfoil  only)  for  this 
case  is  shown  in  Fig.  2.  Vise  id/ invisc id 
interaction  results  have  been  determined  for  Re  = 
10"4,  10®  and  10®,  respectively.  The  extent  of  the 
strong  interaction  solution  interval  was  varied  with 
Reynolds  number  and  set  at  1.5,  1.0  and  0.5  for  Re  » 
10^,  10®  and  10®,  respectively.  The  results  in  Fig. 
7  indicate  that  the  streamwise  length  scale  of  the 
strong-interaction  phenomena  in  the  immediate  vici¬ 
nity  of  the  trailing  edge  decreases  with  increasing 
Reynolds  number.  Hence,  at  high  Reynolds  number  a 
very  fine  mesh  is  required  to  accurately  resolve 
flow  gradients  near  the  trailing  edge. 

The  pressure  distributions  in  Fig.  7a  reveal 
that  the  interaction  between  the  viscous  and  in¬ 
viscid  flows  tends  to  reduce  airfoil  loading  with 
decreasing  Re,  particularly  at  lower  Re.  In  addi¬ 
tion,  wake  curvature  effects  become  stronger  with 
decreasing  Reynolds  number.  Note  that  for  Re  * 

10®,  wake  curvature  has  a  negligible  impact  on 
pressure.  The  corresponding  displacement  thickness 
distributions  are  shown  in  Fig.  7b.  The  larger 
displacement  thicknesses  on  the  suction  surface 
tend  to  "uncamber"  the  airfoil  and  reduce  lift. 

This  effect  as  well  as  che  wake  curvature  effect 
becomes  more  pronounced  with  decreasing  Reynolds 

number  since  boundary  layer  and  wake  displacement 

—  1/2 

thicknesses  generally  scale  with  Re  .  The 
skin  friction  (Fig.  7c)  decreases  with  increasing 
Re  on  both  the  pressure  and  suction  surfaces  of 
che  airfoil.  In  addition,  the  predicted  skin 
friction  distribution  for  Re  *  10®  indicates  chat 
there  is  a  small  region  of  separated  flow  adjacent 
to  the  suction  surface  of  the  airfoil.  Such  a 
trend  is  anticipated  on  intuitive  grounds  since  a 
smaller  disturbance  (or  angle  of  attack)  is  needed 
to  separate  the  flow  as  Reynolds  number  is  in¬ 
creased  . 


Concluding  Remarks 

An  efficient  analytical/numerical  approach  has 
been  developed  to  determine  high  Reynolds  number, 
laminar  flow  in  the  trailing-edge  region  of  a 
lifting  airfoil.  Here  strong  viscous/ Invisc id 
interactions  arise  from  the  change  in  boundary 
condition  experienced  ‘y  the  fluid  as  it  leaves 
Che  airfoil  surface  and  accelerates  into  the  wake. 
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Fig.  7  Asymmetric  Trail ing-Edge  Flow:  Effect 
of  Revnolds  Number 

c)  Skin  Friction  and  Wake  Streamline 
Velocity  Distributions 
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In  che  present  scudy  the  inviscid  flow  has  been 
determined  bv  che  methods  of  classical  linear 
theory  and  an  inverse  numerical  solucion  procedure 
has  been  used  to  calculate  che  flow  in  the  viscous 
layer.  Thus*  both  inviscid  and  viscous  solutions  n. 
are  determined  for  a  prescribed  displacement  thick¬ 
ness  distribution.  For  strong-displacement  inter¬ 
actions,  simultaneously  determined  inviscid  and 
viscous  solutions  are  underrelaxed  until  the  com¬ 
puted  pressure  distribution  converges.  The  re¬ 
sulting  inviscid  solution  is  then  corrected  to 
account  for  the  weak-interaction  effect  of  wake  ^ • 

curvature . 

The  capability  for  computing  the  flow  in  the  8. 
crailing-edge  region  has  been  demonstrated  for  a 
thin  lifting  airfoil  (modified  flat  plate).  Re¬ 
sults  of  the  present  analysis  have  been  shown  to 
be  in  very  good  agreement  with  Veldman' s^  incom-  9. 
pressible  predictions.  In  addition,  a  brief  para¬ 
metric  study  has  been  conducted  to  illustrate  che 
effects  of  trailing-edge  loading,  Mach  number,  and 
Reynolds  number  on  trailing-edge/near-wake  flow. 
Converged  solutions  with  a  small  reverse  flow  re¬ 
gion  adjacent  to  the  trailing  edge  on  the  suction 
surface  of  the  airfoil  and  extending  into  the  near¬ 
wake  region  have  been  obcained.  In  future  work, 
the  analysis  described  herein  will  be  extended  to 
include  thickness  effects  and  a  more  detailed 
study  of  flow  separation  in  the  trailing-edge  region 
will  be  conducted. 
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Suimiary 

Measurements  of  incompressible  turbulent  flows 
near  the  trailing  edge  have  been  made  in  three 
different  configurations:  (1)  a  conventional  air¬ 
foil  at  zero  incidence  with  near-symmetric  flow, 
(2)  a  supercritical  airfoil  at  an  angle  of  attack 
of  4  degrees  with  strongly  asymmetric  but  attached 
flow,]  and  (3)  supercritical  airfoil  at  a  high  angle 
of  ^attack  of  12  degrees  with  upper-surface 
boundary-layer  separation. 

Mean  flow  and  turbulence  including  three 
Reynolds  stress  components,  four  triple  correla¬ 
tions  and  some  frequency  spectra  were  obtained 
using  pressure  and  hot-wire  probes  as  well  as  a 
laser-doppler  velocimeter.  Selected  results  are 
presented  to  show  the  features  of  viscous-inviscid 
interaction  and  characteristics  of  turbulence  in 
the  trailing-edge  region. 

I.  Introduction 

There  are  mainly  two  problems  in  the  calculation 
of  the  trailing-edge  flow  for  which  no  unanimously 
accepted  satisfactory  solution  method  has  yet  been 
given.  The  first  one  is  how  to  account  for  the 
viscous-inviscid  interaction.  It  is  trivial  that 
one  way  or  another  an  interactive  approach  is  nec¬ 
essary  in  order  to  avoid  the  stagnation  pressure 
predicted  by  the  potential-flow  theory  at  a  finite- 
angle  trailing  edge.  The  second  one  is  how  to 
model  the  turbulent  stresses  in  the  case  of  prac¬ 
tical  high  Reynolds  number  flows.  The  present 
paper  presents  some  experimental  evidences  that 
nay  suggest  a  better  way  of  calculation  and  model¬ 
ing  method,  test  existing  methods  and  help  under¬ 
stand  underlying  turbulence  mechanism  in  a  few 
cases  of  asymmetric  lifting  airfoils  with  or  with¬ 
out  separation  under  incompressible  conditions. 

In  recent  years,  while  the  present  investigation 
has  been  in  progress,  a  number  of  experimental 
studies  have  been  published  that  are  related  to  the 
trailing-edge  flows.  Many  of  them**’  are  con¬ 
cerned  with  the  near  wake  of  flat  plates,  for  which 
the  problem  of  viscous-inviscid  interaction  is  very 
small  and  the  main  concern  is  the  structure  of 
turbulence.  Airfoil  flows  have  also  been  studied 
by  a  number  of  investigators.  Perhaps  the  most 
detailed  data  were  obtained  by  Yu^  with  a  non¬ 
lifting  symmetrical  airfoil.  Measurements  with 
lifting  airfoils  have  been  reported  by  Hoad  et 
a  P,  Johnson  and  Spaid",  and  Hah  and 
Lakshminarayana7  under  unseparated  conditions. 
Separated  flows  were  measured  by  Coles  and 
Wadcock8  and  Young  et  al8.  Some  simulated 
trailing-edge  flows  were  studied  by  Salignac'8 
and  Viswanath  et  alJ'.  These  experimental  data 
have  increased  the  understanding  of  the  turbulent 
flow  near  the  trailing  edge  of  a  streamlined  body 
but  by  no  means  are  they  adequate.  The  sets  of 
data  that  contain  details  near  the  trailing  edge 
are  only  in  the  simpler  symmetric  cases.  The  mea¬ 
surements  of  asymmetric  airfoil  flow  with  or  with¬ 
out  separation  are  either  sketchy  or  incomplete  in 
terms  of  quantities  measured.  Detailed  measure¬ 
ments  of  turbulence  quantities  are  important  since 


simpler  turbulence  models  are  not  expected  to  be 
able  to  predict  the  complex  rlow  accurately,  and 
development  of  more  advanced  turbulence  models 
require  detailed  data. 

The  present  results  contain  extensive  mean-flow 
and  turbulence  data  including  all  one-point  veloc¬ 
ity  correlations  up  to  the  third-order  and  the 
frequency  spectra  (from  which  the  rate  of  energy 
dissipation  was  reduced)  in  the  regions  near  the 
trailing  edge,  in  the  upstream  boundary  layers  and 
the  downstream  wake  of  two  practical  airfoil 
models.  One  of  the  models  is  designated  by  Model 
A  and  is  a  conventional  airfoil  and  the  measure¬ 
ments  with  this  model  were  made  at  zero  incidence. 
The  second  model  is  a  supercritical  airfoil  Model 
B.  Measurements  with  this  model  were  made  at  two 
angles  of  attack.  The  first  one  is  at  4  degs 
which  represents  a  highly  asymmetric  case  but 
without  any  flow  separation  and  the  second  one  is 
at  12  degs  which  includes  a  small  trailing-edge 
separation.  Since  the  volume  of  data  is  very 
extensive,  samples  will  be  presented  to  illustrate 
important  results  that  are  discussed. 

II.  Experimental  Arrangements  and 
Techniques 

2.1  Wind  Tunnel 

The  experiments  were  conducted  at  the  38  x  54  x 
120-inch  low-speed  wind  tunnel  at  DAC  Long  Beach 
facilities.  For  the  present  experiments  it  was 
operated  at  a  fixed  speed  of  30m/ s  with  a  honeycomb 
and  six  screens  to  keep  the  freestream  turbulence 
level  smaller  than  0.05  percent.  Over  the  portion 
of  the  test  section  (2m)  used  for  the  present 
experiments  the  total  streamwise  pressure  variation 
was  only  one-percent  of  the  dynamic  pressure.  Over 
most  of  the  cross-section  the  cross-stream  nonuni¬ 
formity  was  less  than  0.1  percent  per  inch. 

All  pressure  data  were  measured  relative  to 
ref,  the  tunnel  piezometer  pressure,  which  can 
e  regarded  as  the  freestream  pressure.  All  vel¬ 
ocity  data  were  normalized  by 


where  p  ,  is  the  pressure  in  the  settling  chamber 
and  o  is°the  air  density. 

Ho  flow  control  was  used  to  maintain  the  two- 
dimensionality  of  the  flow  even  in  the  separated- 
flow  measurements.  However,  since  the  separated 
region  is  small,  relatively  good  two-dimensionality 
over  the  center-st  -,i  region  was  confirmed  by  mea¬ 
surements  of  spanwise  variations  of  surface  pres¬ 
sure,  skin  friction,  mean  velocity  and  Reynolds 
stresses. 

2.2  Models 

The  two  airfoil  models  used  for  the  measurements 
were  Model  A  and  Model  B.  The  former  is  a 
10-percent-thick  conventional  airfoil  and  the 
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latter  Is  a  14-percent-thlck  supercritical  airfoil 
with  a  large  camber  near  the  trailing  edge.  The 
Included  angles  of  the  two  surfaces  meeting  at  the 
trailing  edge  of  the  two  airfoil  models  are  nearly 
the  same  and  about  10  degrees.  For  the  present 
tests,  two-foot  chord,  54-in.  span  models  of  the 
airfoils  were  used.  They  were  equipped  with  a 
total  of  72  pressure  orifices,  most  of  them 
arranged  along  the  midspan  and  some  were  arranged 
In  four  spanwlse  arrays.  A  flat  shaped  orifice 
was  Installed  at  the  trailing  edge  where  the 
thickness  of  Model  A  was  0.6mm  and  that  of  Model  B 
was  0.18mm:  these  backward  facing  pressure  holes 
dictate  the  "base  pressure."  The  traillng-edge 
thickness  of  Model  A  Is  comparable  to  the  viscous 
sublayer  thickness  at  the  trailing  edge.  Circular 
wires  of  diameters  0.5mm  and  1.3mm,  respectively, 
were  placed  at  5-percent  chord  on  the  lower 
surface  and  16-percent  chord  on  the  upper  surface 
to  Insure  the  transition. 

The  blockage  effects  due  to  the  tunnel  walls 
were  not  negligible  in  the  sense  that  the  minimum 
surface  static  pressure  Is  lowered  by  about  10 
percent  of  the  dynamic  pressure  and  the  wake  tra¬ 
jectory  was  found  to  be  slightly  upwards  at  down¬ 
stream  positions.  Other  than  the  fact  that  these 
effects  can  Influence  the  way  the  viscous  and 
inviscld  parts  of  the  flow  Interact,  the  direct 
effects  of  walls  on  quantities  such  as  turbulence 
can  be  regarded  as  negligible. 


Measurements  of  Unseparated  Region 


In  all  flow  configurations,  pitot  and  static 
tubes  were  traversed  throughout  the  flow  field  to 
obtain  the  distributions  of  total  and  static  pres¬ 
sure  separately.  The  pitot  tube  used  was  either  a 
flattened  tube  of  thickness  0.76mm  or  a  round  one 
of  outside  diameter  1.6mm.  The  static  pressure 
data  were  obtained  with  a  standard  NPL-type  tube 
with  side  holes  and  with  a  wedge-shaped  tube. 

Turbulence  measurements  In  the  unseparated 
regions  were  made  with  two  TSI  1050  hot-wire  ane¬ 
mometers  operated  In  the  constant  temperature  mode 
and  3.8um  tungsten  wire  sensors  in  a  cross  array. 
At  most  measurement  stations,  the  probe  was  placed 
in  the  flow  such  that  the  plane  of  sensors  was 
parallel  to  the  x,y-plane.  At  a  few  selected  sta¬ 
tions  the  probe  was  placed  parallel  to  the 
x,z-plane  to  measure  the  spanwlse  fluctuation  w2. 

The  anemometer  outputs  were  analyzed  with  on¬ 
site  analog  averaging  methods  and  off-site  digital 
averaging  techniques.  For  the  digital  averaging, 
the  signals  were  first  recorded  on  magnetic  tapes 
and  reproduced  later  at  a  slower  speed  for  sampl¬ 
ing,  digitizing  and  averaging.  Analog  Hnearlzers 
were  not  used  but  the  calibration  curve  was 
approximated  by  a  parabola  locally  fitting  the 
King's  law  for  the  on-site  analog  averaging  and 
the  digital  analysis  Included  the  Inversion  of  the 
nonlinear  calibration  relation.  The  mean  veloci¬ 
ties  and  Reynolds  stresses  obtained  by  the  analog 
and  digital  methods  agreed  well  with  maximum  dis¬ 
crepancies  less  than  5  percent,  and  the  Reynolds 
stress  results  reported  here  are  the  anaiv*- 
averaged  results  but  the  averages  of  triple  pro¬ 
ducts  and  the  frequency  spectra  used  to  obtain  the 
rate  of  dissipation  of  the  turbulent  kinetic 
energy,  are  the  digitally-averaged  results. 


All  the  probe  data  were  obtained  by  traversing 
the  probes  normal  to  the  airfoil  surface  in  the 
boundary  layers  and  in  the  vertical  direction  in 
the  wake.  Figure  1  shows  the  coordinates  used. 
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Fig.  1.  Definition  of  coordinates. 


2.4  Laser  Pop 
Separated 


iler  Ve loci me ter  Measurements  in  the 
and  Near-wake  Region 


Measurements  of  mean  and  fluctuating  velocity 
components  In  the  region  where  the  flow  can  reverse 
its  direction  (upper-surface  boundary  layer  near 
the  trailing  edge  and  the  near  wake  of  DSMA  671 
model  at  a  *  12  degs)  were  made  using  a  direc¬ 
tionally  sensitive  two-component  laser-doppler 
velocimeter.  The  veloclmeter  consisted  of  an 
argon-ion  laser  of  maximum  power  4  watt,  a  TSI 
series  900  two-color  dual-beam  backscatter  optics 
equipped  with  two  Bragg-cell  frequency  shifters 
modified  for  an  off-axis  (about  10  degs)  forward- 
scatter  operation  and  TSI  1990  two-channel  counter¬ 
processor  system. 


Fig.  2.  Laser  anemometer  optical  system  and 
traverse  mechanism. 

Figure  2  depicts  the  optical  system  and  the 
traverse  mechanism.  All  optical  components,  both 
transmitting  and  receiving,  were  attached  to  a 
large  U-shaped  frame  and  to  a  milling  table  which 
allowed  translation  In  the  three  orthogonal  direc¬ 
tions.  The  laser,  a  color-separating  prism,  beam 
splitters,  frequency  shifters  and  a  beam  expander 
were  mounted  under  the  wind  tunnel  test  section. 
The  beams  coming  out  of  the  beam  expander  were 
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deflected  upwards  to  the  level  of  the  measurement 
position  and  then  into  the  test  area  by  eight  mir¬ 
rors.  The  green  beams  (514. 5nm  line)  were  aligned 
to  form  a  vertical  set  of  fringes,  which  moved 
downstream  with  a  velocity  greater  than  the  maxi¬ 
mum  flow  speed  to  measure  the  horizontal  component 
of  the  velocity  while  the  blue  beams  (488nm  line) 
were  arranged  to  form  a  horizontal  set  of  fringes 
moving  upwards. 

To  make  measurements  close  to  the  airfoil  sur¬ 
face,  the  axis  of  the  incident  beams  was  inclined 
approximately  5  degrees  towards  upstream  so  that 
the  velocity  component  uh  measured  by  the 
vertical  fringes  of  the  blue  beams  corresponds  to 

Uh  =  (U  +  u)  cos4>h  -  w  slrvbh  (D 

where  (fhf*  5°)  is  the  angle  of  inclination 
of  the  fringes  in  the  horizontal  plane. 

In  the  measurements  of  the  upper-surface  bound¬ 
ary  layer,  the  beam  axis  was  inclined  downwards, 
by  $v  (-  5°),  so  that  the  velocity  compon¬ 
ent  uv  measured  by  the  blue  beams  was 

uv  =  [(V  +  v)  cos<t>s  -  (U  +  u)  sin<t>s]  C0S4V 

-  w  s  1n<t>v  (2) 

where  $s  is  the  angle  between  the  vertically- 
upward  direction  and  the  direction  normal  to  the 
surface.  In  the  data  analyses,  however,  the  con¬ 
tribution  from  w  was  ignored  since  the  mean  span- 
wise  velocity  and  correlations  involving  w  are 
small  in  the  flow  very  close  to  two  dimensional 
and  sincj>v  is  small.  Table  1  suwnarizes  the 
characteristics  of  the  optical  and  geometrical 
configurations. 

Table  1.  Laser  Anemometer  Optical  and 
Geometrical  Data 

Laser  Operating  Power  1-2W 


Focal  Length 


1219nm  (theoretical) 


Beam  Crossing  Angle  6.26°  (theoretical) 


Measuring  Volume, 
length 
diameter 

Fringe  Spacing, 
green  (514. 5nm) 
blue  (488nm) 


2.8mm  (based  on  e-2) 
0.15mm 


4.71um  (theoretical) 
4.47ym 


'**■  '  i  i 

»TC  f  ■«  1  _ 

L.  A  "l  <1(1 

V-T^r- 


Number  of  Fringes  32  (based  on  e-2) 

The  signal  processing  and  data  acquisition  sys¬ 
tem  is  shown  In  Figure  3.  The  signals  from  the 
photomultiplier  systems  were  high-pass  filtered  to 
remove  the  pedestals  and  downmixed  with  30  MHz 
signals  before  being  processed  by  the  counters. 
The  relation  between  the  velocity  components  and 
the  frequencies  of  the  <..  •<  mixed  signals  fj’) 
and  fi2>,  considering  the  frequency  shift,  can  be 
expressed  by 

f0  (1>  =  (fs  -  uh/df  (D)  -  fm  (3) 

f0  (2)  *  (fs  +  Vdf  (2))  -  fm  (4) 

where  fs  is  the  shift  frequency  fixed  at  40  MHz, 


Fig.  3.  Signal  processing  and  data  acquisition 
system. 

fm  is  the  mixing-sianal  frequency  fixed  at  30  MHz 
and  df  n)  and  df  '‘1  are  the  spacings  of  the  green 
and  blue  fringes,  respectively. 

The  expected  ranges  of  the  velocity  components 
are 

-5m/s  <_  uf,  <_  35m/s 
-lOm/s  <  uv  <_  lOm/s 

and  the  corresponding  ranges  of  f£D  and  f£2)  are 
2.5MHz  <  f&D  <  11  MHz 
-8  MHz  <  f&2>  <  12  MHz 

since  both  df1)  and  df(2)  are  ab0ut  5ym  (see 
Table  1).  The  estimated  minimum  number  of  doppler 
cycles  per  burst  is  at  least  8  if  the  signals  are 
produced  by  particles  traversing  near  the  center 
of  the  measuring  volume  at  any  speed  within  the 
expected  range.  On  these  assumptions,  the  down- 
mixed  signals  were  band-pass  filtered  between  1  MHz 
and  20  MHz  for  the  green  channel  and  between  5  MHz 
and  20  MHz  for  the  blue  channel  and  the  counters 
were  operated  in  a  fixed  8-cycle  mode. 

The  data  sampled  by  the  two  counters  were  passed 
to  the  data  acquisition  system  only  if  the  time 
delay  between  the  two  channels  was  less  than  20 
usee  which  is  smaller  than  to  the  smallest  turb¬ 
ulent  time  scale.  The  data  acquired  by  the  mini¬ 
computer  were  first  written  on  a  1/2  in.  magnetic 
tape  by  a  single-buffering  method  and  later  trans¬ 
ferred  to  a  Tektronix  graphic  system  for  averaging. 

The  data  were  averaged  by  weighting  the  individ¬ 
ual  sample  by 

*1/2 

“<Vuv)  =  (uh  +  uv  +  {b/*)2  (5) 

where  b/a  is  the  ratio  of  the  length  and  the  diam¬ 
eter  of  the  measuring  volume,  and  w2  is  the 
spanwise  squared  turbulent  intensity  which  was 
estimated  from  the  first  100  samples  by 


i  + 


The  usual  "two  dimensional"  bias  correction  (ref. 
12)  is  a  particular  case  of  Eq.  (5)  with  b/a  =  0. 
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In  the  present  measurements  where  the  instantaneous 
velocity  can  reverse,  this  two-dimensional  weight 
which  assumes  infinitely  long  measuring  volume,  is 
unrealistic  since  u^  =  0  and  uv  =  0  can  be 
realized  with  a  finite  probability.  The  above 
weighting  is  based  on  the  fact  that  the  sampling 
probability  is  proportional  to  the  product  of  the 
total  velocity  and  the  projected  area  of  the  mea¬ 
suring  volume  in  the  direction  of  the  velocity 
vector  (see  Refs.  12  or  13)  and  that  the  instan¬ 
taneous  w^  in  the  derivation  may  be  approximated 
by  the  average  w2.  This  weight  does  not  take 
into  account  the  fact  that  a  single  particle  may 
produce  more  than  one  sample.  Since  this  multiple 
sampling  is  likely  to  occur  only  when  uti  =  uv  =  0 
and  the  effect  can  be  partly  reflected  by  using 
the  value  of  b/a  larger  than  the  actual  value, 
b/a  =  8  was  used  for  all  the  data  shown.  The 
difference  between  the  two-dimensional  bias  cor¬ 
rection  method  and  the  present  one  is  very  small 
unless  uf,  and  uv  can  become  very  small  simul¬ 
taneously,  and  practically  no  difference  was  found 
when  the  instantaneous  velocity  does  not  reverse 
directions. 


The  mean  values  and  correlations  up  to  the  third 
order  involving  u^  and  uv  were  obtained  by  the 
averaging  and  then  the  mean  velocities  U  and  V  and 
correlations  up  to  the  third  order  involving  u  and 
v,  the  fluctuating  velocity  components  parallel  and 
perpendicular  to  the  local  surface,  were  reduced 
by  coordinate  transformation.  A  nominal  total  of 
about  4000  samples  were  used  (2400  in  the  low  - 
turbulent  -  intensity  region  but  4800  in  the  high 
intensity  region)  for  each  average  with  an  average 
data  rate  which  was  100  per  second  at  the  best. 

Results  of  hot-wire  measurements  and  the  laser 
measurements  are  presented  in  Figures  4(a,b),  for 
unseparated  and  separated  cases,  respectively,  and 
indicate  maximum  discrepancies  in  U  and  V  for  the 
unseparated  case  are  of  less  than  about  5%  and 
about  10X  in  the  turbulent  intensities  excluding 
near  the  edges  of  the  wake.  The  hot-wire  cannot 
respond  to  flow  reversals  and  the  averages  are 
erroneous  in  the  region  -0.05  <  y/C  <  0.15. 
It  is  noted  that  in  the  rest  of  the  flow,  where 
the  velocity  is  likely  to  be  in  the  downstream 
direction  all  the  time,  the  agreement  is  good. 


O  HOT  WIRE 


Fig.  4.  Comparison  between  hot-wire  and  laser  anemometer  data,  (a)  Unseparated  flow  at  X/C  =  1.05  in 
the  wake  of  Model  8,  a  *  4°,  (b)  Separated  flow  at  X/C  *  1.05  in  the  wake  of  Model  B,  i  =  12° 


III.  Results 


3.1  Overall  Flow  Fields 

Two  dimensionality  and  stationarity  of  the  flow 
was  very  good  in  the  unseparated  cases.  Even  in 
the  separated  case,  the  entire  flow  was  found  to 
be  free  from  quasi-periodic  low-frequency  unstead¬ 
iness  and  the  flow  near  the  center  span  was  found 
to  be  fairly  uniform  in  spite  of  the  fact  that  the 
lower-surface  boundary  layer  undergoes  a  natural 
transition  at  about  X/C  =  0.75. 

The  spanwise  nonuniformity  of  the  flow  in  the 
separated  case  was  investigated  extensively.  The 
surface  static  pressure  variation  was  no  more  than 
3  percent  of  the  freestream  dynamic  pressure  over 
the  mid-6  inches  of  the  span.  The  spanwise  vari¬ 
ation  of  the  skin-friction  coefficient  just 
upstream  of  the  separation  was  within  0.00015  over 
the  same  range.  The  spanwise  distributions  of 
mean  velocity  and  the  shear  stress  in  the  boundary 
layer  near  separation  were  also  measured.  Over 
about  two-boundary- layer  thicknesses  near  the 
center  span,  velocity  changed  only  about  5*  and 
the  shear  stress  about  10*  which  are  about  the 
ranges  of  expected  errors. 

Figures  5(a,b,c)  through  7(a,b,c)  show  the 
overall  flow  fields  of  the  three  cases  investi¬ 
gated.  These  plots  (a),  (b)  and  (c)  in  each  fig¬ 
ure  correspond  to  the  near-symmetric  flow  about 
the  conventional  airfoil  at  a  =  0,  the  strongly 
asymmetric  attached  flow  about  the  supercritical 
airfoil  at  a  =  4  degs,  and  the  separated  flow 
about  Model  B  at  a  *  12  degs,  respectively.  The 
isobar  contours  shown  in  Figure  6  were  generated 
from  the  static-tube  data.  The  actual  data  points 
are  shown  in  the  accompanying  cross-sectional 
plots  at  a  few  stations  and  com-  pared  with  the 
integration  of  the  y-momentum  equa-  tion  including 
all  significant  terms.  The  agree-  ment  is 
generally  good  in  spite  of  uncertainties  in  the 
static-tube  data.  The  mean  velocity  vectors 
are  plotted  in  Figure  7  together  with  the  displace¬ 
ment  thickness  added  to  the  airfoil  contours.  The 
mean  velocities  shown  in  Figure  7(c)  for  the  sepa¬ 
rated  case  are  the  laser  data  except  for  the  first 
and  the  last  stations  and  the  lower-surface  sta¬ 
tion.  The  positions  of  the  shear  layer  edges  were 
taken  to  be  the  points  where  the  total-pressure 
defect  is  one  percent  of  the  maximum  defect  across 
the  layer.  The  edge  velocities  shown  in  Figure  5 
were  calculated  from  the  measured  total  and  the 
static  pressures  at  the  edges.  Strictly  speaking, 
they .represent  the  total  velocity  rather  than  the 
x-dlrection  component. 

In  Figure  8,  the  distributions  of  the  skin- 
friction  coefficient  Cf  and  the  momentum  thick¬ 
ness  9  are  shown.  Except  for  the  separated  and 
the  laminar  region,  Cf  was  determined  by  fitting 
the  log-linear  portion  of  the  mean  velocity  pro¬ 
file  by 

u  V 

jf-  *  5.6  log  -y  +  5.2  (7) 

In  the  separated  region,  the  measured  total  shear 
stress  (-ouv  +  u3U/3y)  was  extrapolated  to  the  sur¬ 
face.  Figure  12  represents  the  closeness  to  the 
separation  in  the  form  of  the  Sandborn  correla¬ 
tion14  between  the  shape  parameter  H  «  <5*/©  and 
«*/«. 
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Fig.  5.  Surface  pressure  and  edge  velocity  distri¬ 
butions.  (a)  Conventional  airfoil  Model  A 
at  a  =  0°,  (b)  Supercritical  airfoil 

Model  B  at  a  »  4°,  (c)  Separated  flow 

about  Model  B  at  a  =  12°. 

In  the  case  of  the  conventional  airfoil,  the 
pressure  rises  on  both  surfaces  towards  the 
trailing  edge.  Figure  5(a)  indicates  that  the 
pressure  is  highest  at  the  trailing  edge  and  it 
decreases  in  all  directions.  The  boundary-layer 
experiences  positive  pressure  gradient  and  the 
wake  is  accelerated.  These  pressure  gradients  are 
mild  and  the  streamlines  curve  mildly.  The 
boundary- layer  and  wake  developments  are  expected 
to  be  only  a  small  perturbation  of  flat-plate 
flows  and  similar  to  the  trailing-edge  flows  of 
symmetric  airfoils  with  wedae-shaped  trailing 
edges  like  those  measured  by  Yu4. 
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Mean  velocity  distribution  In  the  tralllng-edge  region.  (a)  Conventional  airfoil  Model  A 

at  a  ■  0°,  (b)  Supercritical  airfoil  Model  B  at  a  *  4°,  (c)  Separated  flow  about  Model  B 
at  a  ■  12°. 
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Fig.  8.  Skin-friction  coefficient  and  momentum  thickness  in  boundary  layers,  (a)  Conventional  airfoil 
Model  A  at  a  =  0°,  (b)  Supercritical  airfoil  Model  B  at  a  =  4°,  (c)  Separated  flow  about 

Model  Bata  »  12°. 


Fig.  9.  Sandborn-Kline  separation  correlation. 

In  the  case  of  the  supercritical  airfoil  at 
a  =  4  degs,  the  highest  pressure  point  moves  up¬ 
stream  about  10-percent  chord  on  the  lower  surface 
and  the  pressure  within  the  flow  decreases  in  the 
counter-clockwise  direction  around  the  trailing 
edge.  The  pressure  difference  between  the  upper 
and  lower  edges  of  the  wake  is  sufficient  to  cause 
nearly  6%  difference  in  the  edge  velocities.  The 
boundary-layers  experience  opposite  and  strong 
pressure  gradients  and  the  upper-surface  boundary 
layer  is  about  2.5  times  thicker.  The  upper  half 
of  the  initial  part  of  the  wake  up  to  about  X/C  = 
1.07  is  still  decelerated  while  the  lower  half  is 
accelerated.  The  streamlines  near  the  trai ling- 
edge  curve  very  accurately.  The  lower  half  of  the 


flow  which  has  the  larger  momentum,  deflects  the 
streamline  upwards  just  downstream  of  the  trailing 
edge.  In  the  thicker  boundary  layer  on  the  suction 
side,  the  curvature  and  even  the  sign  of  the 
streamlines  change. 

At  a  =  12  deg,  the  mean  flow  is  in  the  up¬ 
stream  directTon  in  the  region  0  <  y/C  <  0.03 
between  X/C  =  0.93  and  1.07.  The  baclcflow  if  small 
and  at  no  place  was  the  instantaneous  velocity 
backward  all  the  time,  as  is  seen  in  figure  9 
which  shows  the  maximum  fraction  of  time,  yp. 
the  flow  is  backwards.  The  values  of  yp  were 
reduced  from  the  laser-anemometer  data  which  were 
taken  downstream  of  X/C  *  0.918  where  yp  is 
already  0.35.  Following  Simpson's15  terminology, 
the  Incipient  detachment  is  the  position  where 
yp  =  0.01  and  it  appears,  by  extrapolating  back¬ 
wards,  to  be  in  the  region  X/C  =  0.85  ±0.02. 
The  intermittent  transitory  detachment  where  yp 
=  0.2  occurs  around  X/C  =  0.90  with  transitory 
detachment  at  X/C  *  0.93  where  yp  =  0.5.  The 
position  where  xw  =  0,  from  Figure  8,  is  also 
at  X/C  =  0.93  which  is  very  close  to  the  point 
where  the  mean  flow  starts  reversing.  Figure  10 
shows  that  Sandborn  separation  correlation  agrees 
well  with  the  present  data. 

Figure  6(c)  shows  that  the  pressure  on  the  suc¬ 
tion  side  further  reduces  to  Cp  =  -0.2  and  is 
very  uniform  over  the  recirculating  region.  On  the 
lower  side,  however,  the  pressure  changes  very 
rapidly  and  mainly  in  the  vertical  direction.  The 
edge  velocity  distribution  implies  deceleration  on 
both  sides  as  far  downstream  as  X/C  *  1.25  and  may 
be  compared  with  the  case  of  tl.e  conventional  air¬ 
foil  where  the  entire  wake  is  accelerated  and  with 
the  case  of  the  supercritical  airfoil  with  a  =  4deg 
where  only  the  upper  half  of  the  initial  wake  is 
decelerated.  Both  upper  and  lower  side  edge  vel¬ 
ocities  in  this  case  approach  asymptotic  value 
which  is  slightly  higher  than  the  freestream  vel¬ 
ocity,  due  to  the  Increased  displacement  thickness 
of  the  wake. 
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Fiq.  10.  Maximum  fraction  of  time  flow  is  back¬ 
ward  near  the  trailing  edge  of  super¬ 
critical  airfoil  Model  B  at  a  =  12°. 


3.2  Mean  Velocity  and  Reynolds  Stress  Data 


The  mean  velocity  profiles  in  the  upper-surface 
boundary  layers,  X/C  <  1.0  are  plotted  in  semi- 
log  coordinates  in  Figures  11{a,b).  The  mean  vel¬ 
ocity  distributions  in  the  trailing-edge  region  are 
already  well  represented  by  the  vector  plots  in 
Figure  9. 


The  development  of  the  wake  minimum  velocity  is 
shown  in  Figure  12  together  with  flat-plate  data1'3 
and  the  symmetric  airfoil  data  of  Yu*.  Although 
there  is  a  considerable  range  where  the  mir/num 
velocity  increases  logarithmically,  the  slope  can 
depend  very  much  on  the  degree  of  asymmetry.  The 
asymmetric  case  of  Andreopoulos  and  Bradshaw' 
which  is  obtained  by  roughening  one  surface  of  the 
flat  plate  is  somewhat  different  from  the  present 
asymmetric  wake  flows.  Although  the  ratio  of  the 
thicknesses  of  boundary  layers  at  the  trailing  edge 
is  large,  the  ratio  of  the  time  scale  5/u-r  is 
nearly  one.  In  the  case  of  asymmetric  trailing- 
edge  flow,  however,  the  ratio  of  the  time  scale 
6/ut  is  very  large  since  the  suction-side  boundary 
layer  is  decelerated  with  smaller  and  larger  6 
but  the  pressure-side  Is  less  decelerated  or 
accelerated  with  larger  uT  and  smaller  6. 


In  the  case  of  the  conventional  airfoil  at 
a  =  0,  the  velocity  profiles  retain  the  loga¬ 
rithmic  similarity  up  to  the  trailing  edge. 
Although  not  very  clear  from  the  present  set  of 
data,  there  is  an  extension  of  this  inner  layer 
into  the  wake  with  changing  velocity  scale  uT 
and  the  origin  of  the  distance  y.  The  Reynolds 
stress  distributions  in  the  boundary  layers  were 
found  to  be  consistent  with  known  characteristics 
in  mild  adverse  pressure  gradients.  In  the  near 
wake,  the  effects  of  these  adverse  pressure  grad¬ 
ients  in  the  upstream  boundary  layers  make  the 
distributions  closer  to  and  approach  faster  to 
those  in  the  far  wake  than  in  the  wake  behind  a 
flat  plate. 


In  the  case  of  unseparated  flow  about  the  super¬ 
critical  airfoil,  the  pressure  gradients  are  so 
large  that  at  the  trailing  edge  there  is  hardly  any 
semi-log  portion  left  in  the  velocity  profiles. 
In  the  near  wake,  there  is  only  one  sharp  velocity 
gradient,  as  opposed  to  two  opposite  sharp  gradi¬ 
ents  in  the  synmetrlc  or  near  symmetric  case. 
Since  this  single  sharp  gradient  that  occurs  just 
below  the  wake  centerline  Is  so  strong  that  the 
initial  part  of  the  wake  presents  locally  mixing- 
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Fig.  11.  Semi-logarithmic  plot  of  upper-surface 
boundary- layer  velocity  profiles,  (a) 
Conventional  airfoil  at  a  *  0°,  (b)  Super¬ 
critical  airfoil  at  a  *  4°. 
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Fig.  12.  Growth  of  wake  minimum  velocity. 

layer  like  characteristics  and  large  Reynolds 
stresses  are  generated  (see  Figure  4(b)). 


is  constant  across  the  layer  and  equal  to  the  edge 
pressure  pe  and  does  not  consider  the  turbulent 
normal  stress,  is  integrated  to 


\  (Q  +  AQ)2  + 


p 


rS  3  (T  +  fix 

oJ  P 


)ds 


(9) 


where  AQ  and  At  are  the  deviations  from  the 
“true"  velocity  and  the  shear  stress  or  the 
"errors"  due  to  the  neglect  of  the  normal  pressure 
gradient  and  the  turbulent  normal  stress.  If,  for 
the  purpose  of  the  present  discussion,  the  shear 
stresses  in  Eq.  (9)  are  correct  (at  *  0)  and  if 
the  differences  in  the  paths  of  the  Integrations 
In  Eq.  (8)  and  (9)  are  small,  the  error  Aq  In 
the  solution  of  the  boundary- layer  equation  Is,  to 
the  first  order. 


(10) 


If  the  local  flow  direction  deviates  mildly  from 
the  x-direction,  Q  may  be  set  equal  to  U  and  Eq. 
(10)  may  be  converted  to 


At  the  angle  of  attack  of  12  deg.  the  upper- 
surface  boundary  layer  separated  at  about  X/C  = 
0.93  and  the  lower-surface  boundary  layer  remains 
laminar  up  to  about  X/C  *  0.75.  The  turbulent 
intensities  and  the  shear  stress  In  the  upper 
boundary  layer  are  now  very  large.  The  boundary- 
layer  thickness  on  the  separated  side  Is  as  much 
as  8  times  thicker  than  the  pressure-surface  one. 
The  Initial  part  of  the  wake  is  dominated  by  the 
mixing  between  almost  stagnant  upper  half  and  the 
high  velocity  flow  In  the  lower  side  where  the 
existence  of  the  thin  upstream  boundary  layer  is 
almost  insignificant.  Consequently,  the  stress 
distributions  have  only  two  peaks,  one  is  a  broad 
one  in  the  upper  half  the  other  other  is  a  very 
sharp  peak  In  the  mixing-layer  region. 

IV.  Discussion 


(ID 


Eqs.  (10)  and  (11)  may  be  used  to  evaluate 
whether  or  not  the  presently  observed  normal 
pressure  gradient  and  the  normal  stress  are 
significant.  _ In  the  case  of  the  conventional 
airfoil  at  zero  Incidence  Ue/U  never  exceeds  3 
outside  the  viscous  sublayer.  The  pressure 
variation  across  the  upper-surface  boundary  layer 
is  at  most  (p  -  Pel/pUe  ?  *  0.015  (Figure  6(a)). 
The  normal  stress  u2/Ue  2  was  found  only  0.005  at 
its  maximum.  Even  if  all  these  occur  at  the  same 
point,  the  error  AU  is  6  percent  of  Up.  Since 
the  largest  values  of  (p  -  pe)/pU?  2,  u2/Ue  2  and 
Ue/U  do  not  occur  at  the  same  point,  the  actual 
error  would  be  smaller. 


Effects  of  Normal  Pressure  Gradient  and 
Normal  Stresses 


It  was  seen  in  the  pressure-field  plots  of  Fig¬ 
ure  6  that  there  are  some  normal  pressure  varia¬ 
tions  across  the  boundary  layer  and  the  wake  near 
the  trailing  edge.  The  Importance  of  this  varia¬ 
tion  in  connection  with  the  vlscous-lnvlscld 
Interaction  is  discussed  here.  The  question  is 
whether  or  not  the  boundary- layer  equations  are 
sufficient  to  describe  and  to  be  used  to  calculate 
the  flows  near  the  trailing  edge. 


If  similar  analysis  is  made  with  the  data  In  the 
upper-surface  boundary  layer  of  the  supercritical 
airfoil  at  a  =  4  deg,  it  was  found  that  AU/Ue  can 
be  as  large  as  15  percent,  the  region  where  the 
estimated  error  exceeds  5  percent  extends  over 
0.95  <  X/C  <  1.0.  In  the  lower-surface  boundary 
layer,  although  the  pressure  variation  (p  -  pe)/ 
pUe  2  can  be  much  larger  than  in  the  upper- 
surface  boundary  layer,  Ue/U  is  very  small  due 
to  strong  acceleration  and  the  signs  of  p  -  pe 
and  "u2  are  opposite  tending  to  cancel  each  other 
so  that  the  Implied  error  Is  small. 


The  momentum  equation,  if  written  In  the  stream¬ 
line  coordinates  (s,n),  may  be  Integrated  to  give 


where  Q  Is  the  total  velocity,  the  subscript  o 
indicates  the  quantity  at  the  upstream  station  and 
u2  Is  tht  turbulent  normal  stress  In  the  stream¬ 
line  direction.  The  turbulent  stress  terms  asso¬ 
ciated  with  the  streamline  curvature  Is  Ignored 
being  of  smaller  magnitude.  Similarly,  If  the 
boundary- layer  equation,  which  assumes  the  pressure 


In  the  separated  case,  it  Is  obvious,  because 
mean  velocity  can  become  zero,  that  the  normal 
pressure  gradient  and  normal  stresses  are  very 
Important. 

Comparing  the  three  cases  measured,  it  is 
Interesting  to  note  that  the  pressure  variation 
across  the  layer  becomes  less  near  separation  or 
In  the  separated  flow,  but  its  Importance  in  the 
calculation  Is  greater.  It  may  be  said  that  the 
normal  pressure  gradient  and  the  normal  stress 
terms  are  unimportant  In  the  pressure-surface 
boundary  layer  where  the  boundary  layer  is  accel¬ 
erated  or  decelerated  very  mildly.  In  the  case  of 
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the  near  syimetric  case  of  the  conventional  air¬ 
foil,  these  effects  are  small  on  both  surfaces. 
In  the  suction-surface  boundary  layers  of  more 
asymmetric  flows  about  the  supercritical  airfoil, 
the  normal  pressure  gradient  and  the  normal 
stresses  do  play  an  important  role. 

In  the  near  wake  in  any  case  the  difference  of 
the  upper-  and  lower-edge  velocities  can  only  be 
accounted  by  the  variation  of  the  static  pressure 
across  the  wake,  which  is  also  Important  in  the 
prediction  of  the  curving  of  the  wake. 

The  contributions  to  the  normal  pressure  varia¬ 
tions  from  different  terms  In  the  y-component 
momentum  equation  were  examined  when  the  results 
of  its  integration  shown  in  Figure  6  were  obtained. 
Although  the  detailed  results  are  not  shown,  the 
conclusion  agrees  partially  with  the  conclusion  of 
Simpson  et  al.'5,  namely  that:  the  convective 
acceleration  terms  are  unimportant  where  the  vel¬ 
ocity  is  small  in  the  region  near  and  inside  sepa¬ 
ration  and  the  turbulence  term  3v2/3y  Is  more 
important.  Outside  the  separated  region  and  in  the 
near  wake,  convective  terms  are  significant.  In 
the  Intense  mixing  regions  found  just  downstream 
of  the  trailing  edge  in  the  highly  asymmetric 
cases,  the  streamwise  gradient  of  the  shear  stress 
was  found  to  be  non-negllgible,  but  this  region  is 
confined  in  a  relatively  small  region.  It  may  be 
concluded  that  the  boundary- layer  approximation 
used  in  an  interactive  approach  may  be  sufficient 
for  calculating  near  symmetric  flow  about  the  con¬ 
ventional  airfoil  but  an  extension  allowing  the 
normal  pressure  variation  and  the  normal  stress 
would  be  required  for  an  accurate  prediction  of 
more  asymmetric  flows  about  the  supercritical 
airfoil. 

4.2  On  the  Turbulence  Modeling  Near  the  Trailing 
Ejjje 

In  this  section,  implications  of  the  present 
data  on  the  modeling  of  turbulence  is  discussed. 
Detailed  analyses  of  the  data  of  the  separated 
case  are  still  in  progress  and  discussion  In  this 
case  is  made  only  briefly. 

In  Figures  13(a,b,c)  the  distributions  of  the 
eddy-viscosity  coefficient  in  the  upper  surface 
boundary  layer  are  shown.  In  the  boundary  layer 
of  the  conventional  airfoil,  the  level  and  the 


shape  of  the  distributions  change  very  little.  In 
the  case  of  the  supercritical  airfoil  at  a  *  4°, 
the  level  normalized  by  UeS*  decreases  markedly  to 
only  0.003  at  X/C  =  0.99,  which  is  considerably 
smaller  than  the  value  0.0168  used  in  the  exten¬ 
sively-tested  (in  variety  of  situations)  model  of 
Cebeci  and  Smith'®.  It  is  remarkable  that  the 
eddy  viscosity  reduces  further  and  becomes  negative 
in  the  separated  case.  The  region  where  the  eddy 
viscosity  is  negative  extends  much  further  away 
from  the  surface  than  the  minimum  velocity  point. 
The  negative  eddy  viscosity  in  this  region,  how¬ 
ever,  does  not  imply  the  reversal  of  the  energy 
from  turbulence  to  mean  flow  since  there  is  a  sig¬ 
nificant  production  by  the  normal  stresses.  The 
distributions  of  the  mixing  length  are  similar 
(not  shown)  to  those  of  the  eddy  viscosity.  Mod¬ 
ifications,  if  eddy  viscosity  model  is  to  be  used 
in  the  empirical  constants  may  be  required  for  an 
accurate  prediction. 

The  distributions  of  the  eddy  viscosity  and  the 
mixing  length  in  the  near  wake  are  complicated. 
They  have  minima  at  the  locations  of  maximum  vel¬ 
ocity  gradient  and  not  at  the  minimum-velocity 
points  where  the  mixing  length  quickly  becomes 
Infinity.  The  eddy  viscosity  assumes  local  minima 
at  these  points  and  at  maximum  mean  velocity  grad¬ 
ient  points.  The  maximum  value  of  the  mixing 
length  was  found  to  grow  linearly  with  streamwise 
distance  in  the  region  where  the  minimum  velocity 
Increased  logarithmically. 

In  Figure  14,  various  length  scales  of  turbu¬ 
lence  and  combination  of  mean  and  turbulence  are 
shown  at  X/C  '«  1.05  of  the  supercritical  airfoil 
model  at  a  «-4°.  The  Integral  scale  of  the  cor¬ 
relation  of  the  fluctuating  streamwise  velocity  Lu 
and  the  dissipation  length,  both  of  which  are  the 
scales  of  the  large  eddies,  are  nearly  propor¬ 
tional.  However,  the  mixing  length  and  Prandtl- 
Kolmogoroff  length  scale  are  not  proportional  to 
the  former  two  length  scales:  they  have  dips  near 
the  point  where  the  mean  velocity  gradient  takes 
maximum  value. 


V.  Conclusions 

From  the  three  sets  of  data  obtained  with  the 
two  airfoils,  the  following  conclusion  may  be 
extracted. 
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Fig.  13.  Eddy-viscosity  distributions  in  the  upper-surface  boundary  layer.  (a)  Conventional  airfoil 
Model  A  at  a  *  0°,  (b)  Supercritical  airfoil  Model  B  at  a  =  4°,  (c)  Separated  flow  about 

Model  B  at  a  *  12°. 
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pressure  gradient  across  the  trai ling-edge  region 
is  not  very  important  and  the  viscous-inviscid 
interaction  is  weak.  The  turbulent  stresses  in 
the  boundary  layers  are  not  very  much  different 
from  those  in  mild  pressure  gradients  and  the  same 
turbulence  models  may  be  used. 
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separation,  small  normal  pressure  gradient  and 
increased  normal  stress  in  the  suction-surface 
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kinetic  energy  and  the  eddy-viscosity  coefficient 
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stream  of  the  trailing  edge,  the  mixing  of  the  two 
merging  boundary  layers  control  the  turbulence 
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stresses  and  their  transport  are  crucial  in  stress 
or  kinetic  energy  modeling. 
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NUMERICAL  SIMULATION  OF  TURBULENT 
TRAILING  EDGE  FLOWS 
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Numerical  simulations  of  the  time-dependent, 
Reynolds-averaged,  Navier-Stokes  equations,  employ¬ 
ing  a  two-equation  turbulence  model,  are  presented 
and  compared  with  measurements  from  a  series  of 
trailing  edge  experiments  at  transonic  Mach  numbers. 
The  test  flows  include  an  asymmetric  flow  with  no 
separation,  an  asymmetric  flot^fith  a/small  region 
of  separation  and  a  symmetric  flow  with  a  large  , 
shock-wave  induced  separated  zone.  Comparisons'' ire 
made  for  mean  surface  quantities  as  well  as  for 
mean  and  fluctuating  flow-field  quantities.  For  the 
trailing-edge  flows  with  little  or  no  separation, 
the  solutions  correctly  predict  all  the  major  fea¬ 
tures  of  the  flow  field.  Treatment  of  the  viscous- 
inviscid  interaction  was  found  to  be  important  for 
predicting  these  test  cases. _Jhro-equation  eddy- 
viscosity  turbulence  models  were  found  to  be  ade¬ 
quate  for  these  flows.  Hower/ek,  for  the  shock-wave 
induced  separation  case,  these  turbulence  models 
were  inadequate  to  predict  this  flow  field.  Modifi¬ 
cations  of  the  turbulence  model  toXcorrect  these 
deficiencies  are  discussed.  X 


=  turbulence  energy  dissipation 
=  boundary- layer  momentum  thickness 
=  molecular  viscosity 
=  density 


shear  stress 


turbulent  dissipation  rate 


Subscripts 


RET  =  reattachment  point 

SEP  =  separation  point 


=  turbulent 


w  «  wall  conditions 


"  «  free  stream  conditions 


Nomenclature 


Superscripts 


airfoil  chord 

skin-friction  coefficient  based  on  boundary- 
layer  edge  conditions 


(  )'  «  fluctuating  quantity 

<(  )>  ■  rms  value 


0^  »  pressure  coefficient 

k  *  turbulent  kinetic  energy 

p  *  pressure 

t  *  time 

u  -  velocity  in  x  direction 

uq  «  sonic  (reference)  velocity 

v  »  velocity  in  y  direction 

w  »  velocity  normal  to  u  and  v 

x  «  streamwlse  coordinate  parallel  to  model 

centerline  measured  from  model  trailing 
edge  for  test  cases  I  and  II  and  from  air¬ 
foil  leading  edge  for  test  case  III 

y  »  vertical  coordinate  normal  to  model  center- 
line  measured  from  model  surface  and  in  the 
wake  from  the  extension  of  the  model  trail¬ 
ing  edge 

5*  ■  boundary-layer  displacement  thickness 
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Introduction 

In  the  past  several  years,  considerable 
advances  have  been  made  in  the  prediction  of  tran¬ 
sonic  trailing-edge  flows.  For  modern  supercritical 
airfoils  the  trailing  edge  region  is  dominated  by 
vlscous-inviscid  interaction.  In  the  near  wake  the 
flow  field  is  complicated  by  streamline  curvature 
and  due  to  the  interaction  of  the  merging  of  two 
significantly  different  shear  layers.  Integral 
boundary-layer  methods  coupled  with  an  inviscid 
flow-field  solution  have  been  successfully  applied 
to  both  symmetric  and  asymmetric  trailing-edge 
flows  provided  there  is  no  boundary  layer  separa¬ 
tion.1-3  These  methods  are  not  satisfactory  for 
flows  with  strong  adverse  pressure  gradients  leading 
to  significant  separated  regions.  ‘  >*  Differential 
methods  employing  either  a  boundary-layer  code 
coupled  with  an  inviscid  solution  or  the  mass- 
averaged  Navier-Stokes  equations  throughout  the  flow 
field  have  also  been  successful  provided  separation 
was  not  present.3*5  Recently  an  asymmetric  trailing- 
edge  flow  with  a  small  separated  zone  was  success¬ 
fully  predicted  using  the  Navier-Stokes  equations. p 
The  ability  to  calculate  trailing-edge  flows  with 
large  separated  zones  remains  to  be  tested. 

For  flows  with  no  trailing-edge  separation  and 
moderate  pressure  gradients,  the  viscous-inviscid 
interaction  effects  are  dominant  and  turbulence 
modeling  may  play  a  secondary  role.3>~  For  flow 
fields  where  separated  regions  are  present. 
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turbulence  modeling  becomes  important. 1 >°  Further 
progress  in  calculating  separated  trailing-edge 
flows  relies  heavily  on  extracting  information 
relevant  to  turbulence  modeling  from  well  planned 
experiments  involving  turbulence  measurements. 
Several  recent  experimental  investigations  per¬ 
formed  at  NASA  Ames  Research  Center 7-8  have  pro¬ 
vided  excellent  test  cases  for  symmetric  and 
asymmetric  trailing-edge  flows  ranging  from 
attached  flows  to  flows  with  large  shock-wave- 
induced  separated  zones.  The  measurements  included 
both  mean  and  fluctuating  flow-field  quantities  in 
sufficient  detail  to  allow  a  proper  assessment  of 
the  turbulence  modeling  employed  in  the  calculation 
method. 

This  paper  presents  a  detailed  comparison 
becween  numerical  calculations  and  experimental 
results  for  the  trailing-edge  flows  described  above. 
The  computed  results  are  solutions  of  the  time- 
dependent,  Reynolds  averaged,  Navier-Stokes 
equations  using  variations  of  a  two-equation  eddy- 
viscosity  turbulence  model.  By  employing  the 
Navier-Stokes  equations  throughout  the  flow  field, 
the  near-wake  merging  process  is  properly  calcu¬ 
lated  and  the  effects  of  normal  pressure  gradient, 
viscous-inviscid  interactions  and  ellipticity  of 
the  flow  are  automatically  included.  The  emphasis 
of  this  paper  is  to  access  the  ability  of  a  two- 
equation  eddy-viscosity  turbulence  model  with  no 
special  corrections  for  trailing-edge  egions  to 
predict  these  complex  flows. 


measurements  included  surface  pressure,  skin  fric¬ 
tion,  mean  flow-field  pressure  and  velocity  dis¬ 
tributions,  and  fluctuating  velocity  and  shear 
stress  data  throughout  the  flow  field  in  trailing- 
edge  and  near-wake  regions  of  each  test  model. 

A  two-color  laser  Doppler  velocimeter  was  used  to 
measure  both  the  mean  and  fluctuating  flow  field. 
Further  details  of  the  experimental  techniques, 
accuracy  of  the  measurements,  and  results  are  con¬ 
tained  in  Refs.  5,  7-9. 


Solutions  to  the  Navier-Stokes  Equations 

The  partial  differential  equations  used  to 
describe  the  mean  flow  field  are  the  time-dependent 
Reynolds  averaged  Navier-Stokes  equations  for  two- 
dimensional  flow  of  a  compressible  fluid.  Restric¬ 
tions  on  the  equations  include  the  perfect  gas 
assumption,  constant  specific  heats,  the  Sutherland 
viscosity  law,  and  zero  bulk  viscosity.  For  the 
turbulence  closure,  the  k-e  eddy-viscoisty  model10 
was  used. 
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The  turbulent  eddy  viscosity  is  given  by 
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Description  of  Experiments 
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The  experiments  were  performed  in  the  Ames 
High  Reynolds  Number  Facility  (38.1-by  25.4-cm). 

A  sketch  of  the  flow  geometries  is  shown  in  Fig.  1. 
For  models  1  and  XI,  the  test  configurations  con¬ 
sisted  of  forebody  spanning  the  test  section  with 
two  trailing-edge  geometries.  For  model  I  the 
cross  section  of  the  trailing-edge  region  Is  a 
12.5°  wedge  with  the  lower  surface  alined  with  the 
forebody.  Data  were  obtained  at  a  nominal  Mach 
number  of  0.4  and  a  free-stream  unit-Reynolds  num¬ 
ber  of  2.5  »  107/m.5  The  resulting  flow  field 
remained  attached  for  this  case.  For  model  il  the 
cross  section  of  the  trailing-edge  region  is  the 
upper  rear  quadrant  of  an  18%  thick,  circular-arc 
airfoil;  the  arc  has  a  radius  of  40.4  cm  and  the 
trailing-edge  angle  of  the  flap  is  20.4s.  Data 
were  obtained  at  a  nominal  Mach  number  of  0.7  and  a 
free-stream  unit  Reynolds  number  of  4.0  *  107/m.7 
A  small  separated  zone  was  obtained  over  the  final 
2  cm  of  the  upper  surface.  For  both  cases  the  test 
section  walls  were  straight. 

Model  III  is  an  18%  thick,  circular-arc  air¬ 
foil  at  zero  incidence  spanning  the  test  section. 
The  data  used  for  comparison  in  this  paper  were 
obtained  at  a  free-stream  Mach  number  of  0.785  and 
a  Reynolds  number,  based  on  model  chord,  of 
11  x  106.8’9  The  flow  field  includes  an  extensive 
shock-induced  separation  extending  from  x/c  ■  0.65 
to  1.26.  For  this  case  the  test  section  walls  were 
contoured  to  minimize  wall  interference  effects. 

For  the  three  test  flows,  two-dimensionality 
was  verified  with  surface  oil-flow  patterns  and 
spanwlse-surface  pressure  measurements.  Additional 
verification  was  obtained  for  models  I  and  II  with 
spanwise  flow-field  measuranents  and  momentum 
integral  balances  using  the  measured  data.  The 


represents  the  production  term  for  the  kinetic 
energy  of  turbulence  and  q,^,  qfc  ,  q  ,  and  q 
are  the  flux  vectors  associated  with  the  turbulence 
field  variables.  Modifications  to  these  equations 
proposed  by  Chein1 1  to  model  the  low  Reynolds  num¬ 
ber  near  wall  terms  are  also  employed  to  permit 
integration  to  the  wall.  The  constants  employed 
are  Cj  ■  1.35,  Cj  -  1.8  and  Cy  »  0.09.  The  com¬ 
plete  equations  are  described  in  Refs.  11  and  12. 
Additional  computations  are  performed  which  show 
that  the  solutions  for  the  experimental  test  flows 
investigated  here  are  essentially  independent  of 
the  choice  of  near-wall  treatment  of  the  low 
Reynolds  number  terms  and  of  the  inclusion  of  cor¬ 
rections  for  streamline  curvature. 

The  numerical  procedure  used  here  is  the  basic 
explicit  second-order,  predictor-corrector,  finite 
difference,  time-splitting  method  of  MacCormack, 
modified  by  an  efficient  implicit  algorithm.18 

The  computational  domain  extended  in  the 
streamwise  direction  from  x  «  -50  to  65  cm  for 
cases  I  and  II  and  from  x/c  *  -5  to  3  for  case  III. 
A  mesh  was  developed  that  allowed  a  variable  point 
spacing  in  each  coordinate  direction.  One  set  of 
grid  lines  was  placed  normal  to  the  free-stream 
direction  and  the  other  parallel  to  the  model  sur¬ 
face  and  wake  centerline.  Total  mesh  sizes  were 
79  points  In  the  streamwise  direction  and  82  points 
normal  to  the  model  surface  (41  points  on  each 
side)  for  cases  I  and  II  and  134  «  48  for  case  III 
(centerline  symmetry  was  assumed).  In  the  stream- 
wise  direction  mesh  spacing  varied  from  0.08  cm 
near  the  trailing  edge  to  12.5  cm  at  the  downstream 
boundary  for  cases  I  and  II  and  from  x/c  -  0.005 

near  the  shock  wave  to  x/c  *  1  at  the  upstream 
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boundary  for  case  III.  In  Che  direction  normal  to 
the  surface,  first  an  exponentially  stretched 
spacing  was  used  near  the  wall  after  which  a  uni¬ 
form  spacing  was  used.  The  distance  of  the  first 
y  mesh  point  from  the  model  wall  was  selected 
small  enough  such  that  the  solutions  are  indepen¬ 
dent  of  spacing  (typically  within 
Fmin  5  y^V^w  <  1-0). 5’6 

The  upstream  boundary  conditions  were  pre¬ 
scribed  by  uniform  freestream  conditions  and  for 
cases  I  and  II  combined  with  the  result  of  a 
boundary- layer  computation  along  the  model  surface. 
For  cases  I  and  II  the  downstream  boundary  was 
positioned  far  enough  aft  so  that  all  of  the  gra¬ 
dients  in  the  streamwise  direction  could  be  set  to 
zero.  This  boundary  condition  was  verified  by  the 
lack  of  any  substantial  change  in  Che  numerical 
results  when  the  location  of  the  down-stream  bound¬ 
ary  was  changed.  For  case  III  a  constant  static 
pressure  condition  was  used  at  the  downstream 
boundary  (x/c  •  3)  which  matched  the  experimental 
data  at  that  location.  At  the  model  surface,  no¬ 
slip  boundary  conditions  were  applied  along  with  a 
constant  wall  temperature.  The  turbulent  kinetic 
energy  k  and  dissipation  rate  e  were  set  equal 
to  zero  at  the  wall.  At  the  upper  and  lower  bound¬ 
aries  (the  wind  tunnel  walls),  inviscid  solid-wall 
boundary  conditions  were  used. 


Results  and  Discussion 

Solutions  have  been  obtained  for  the  three  flow 
fields  described  above.  These  solutions,  which 
used  the  k-c  turbulence  model10  with  Chien's  low 
Reynolds  number  terms,11  will  be  compared  in  detail 
with  the  experimental  results.  Additional  solu¬ 
tions  were  obtained  using  the  Jones -La under  low 
Reynolds  number  terms,10  a  correction  to  Cu  for 
streamline  curvature  and  the  k-w2  eddy-viscosity 
turbulence  model.14  Only  minor  differences  were 
discovered  between  these  additional  solutions  and 
the  ones  presented.  In  addition  to  the  Navier- 
Stokes  solutions,  results  obtained  using  boundary- 
layer  codes14  and  viscid-inviscid  interaction 
codes15  will  be  compared  with  the  present  calcu¬ 
lations  and  the  data.  Finally  a  solution  using  an 
ad  hoc  modification  to  k-c  model  will  be  pre¬ 
sented  for  the  massive  separation  case  (test  model 
III)  to  demonstrate  the  influence  of  turbulence 
modeling  on  large  separated  flows. 

The  computed  and  experimental  wall  pressure 
distributions  for  the  attached  trailing-edge  flow 
(test  model  I)  are  compared  in  Fig.  2.  The  agree¬ 
ment  is  very  good.  Figures  3,  4  and  5  compare  the 
mean  velocity,  turbulent  shear  stress  and  turbulent 
kinetic  energy  profiles  in  the  trailing-edge  and 
near-wake  regions.  To  compare  the  kinetic  energy 
profiles  it  is  necessary  to  convert  the  measured 
values  <u'2  +  v'2>  to  the  computed  value  k  or 
vice  versa.  For  the  three  test  cases  presented 
here,  it  was  assumed  that  <w'2>  -  1/2  <u'2  +  v'2>. 
Good  agreement  is  observed  between  the  computed  and 
measured  mean  velocity  profiles  (Fig.  3).  Also 
good  qualitative  agreement  is  seen  for  the  turbu¬ 
lent  shear-stress  (Fig.  4)  and  kinetic-energy  (Fig. 
5)  comparisons.  The  largest  differences  are  noted 
in  the  wake  at  x  ■  14  cm. 

For  the  airfoil  designer  who  uses  interactive 
procedures,  the  displacement  thickness  on  the  air¬ 
foil  Is  the  most  critical  viscous  parameter  to 


correctly  predict.  This  displacement  thickness  is 
necessary  to  predict  the  pressure  distribution  and 
thus  predict  the  lift  and  drag.  Comparisons  of  the 
present  computations  with  experimental  values  of 
displacement  thickness  are  shown  in  Fig.  6.  The 
boundary-layer  edge  is  defined  at  the  first  grid 
point  where  the  computed  total  pressure  was  99%  of 
the  free-stream  value.  Also  shown  are  the  computed 
displacement  thicknesses  from  a  boundary- layer 
code.14  The  Navier-Stokes  computations  are  in  good 
agreement  with  the  data  while  the  boundary-layer 
results  substantially  underpredict  the  data. 

Reasons  for  these  differences  will  be  discussed 
later . 

The  computed  and  experimental  wall-pressure 
distributions  for  the  trailing-edge  flow  with  a 
small  separated  zone  (test  model  II)  are  compared  in 
Fig.  7.  The  agreement  is  very  good.  Note  that  the 
computed  pressure  is  slightly  higher  than  the  mea¬ 
sured  pressure  on  the  upper  surface  ahead  of  the 
hinge  line.  When  computing  this  flow  field  it  was 
found  that  the  upper  surface  free-stream  Mach  number 
had  to  be  lowered  to  0.85  from  the  quoted  experi¬ 
mental  value  of  0.87  to  prevent  a  shock  wave  forming 
on  the  flap.  The  maximum  Mach  number  in  the  flow 
field  is  1.00  for  the  solution  shown,  which  occurs 
near  the  hinge  line.  The  experimenters7  found  that 
a  0.02  increase  of  the  free-stream  Mach  number  also 
produced  a  shock  wave  on  the  flap. 

Figures  8,  9,  and  10  compare  the  mean  velocity, 
turbulent  shear  stress  and  turbulent  kinetic-energy 
profiles  in  the  trailing-edge  and  near -wake  regions. 
An  excellent  agreement  is  observed  between  the  com¬ 
puted  and  measured  mean-velocity  profiles  (Fig.  8). 
Also,  good  qualitative  agreement  is  seen  for  the 
turbulent  shear-stress  (Fig.  9)  and  kinetic  energy 
(Fig.  10)  comparisons.  For  the  wake  at  x  -  5.08 
and  12.07  cm  the  magnitude  of  the  computed  shear- 
stress  and  kinetic-energy  profiles  are  slightly  less 
than  and  do  not  fill  out  as  fast  as  the  measured 
values.  Although  the  present  results  do  not  extend 
into  the  far  wake,  the  trends  shown  here  suggest 
that  the  turbulence  model  employed  will  not  predict 
the  correct  asymptotic  growth  rate  of  the  far  wake. 

Comparisons  of  the  present  computations  with 
experimental  values  of  displacement  and  momentum 
thickness  for  the  upper  model  surface  are  shown  in 
Fig.  11.  These  comparisons  show  good  agreement. 

Also  shown  are  results  from  a  boundary- layer  code14 
using  the  measured  pressure  distribution  and  a 
viscous-inviscid  interaction  method  coupling  the 
Euler  and  momentum  and  mean-flow  kinetic-energy 
inverse-integral  turbulent  boundary-layer  equations 
described  by  Whitfield.15  The  viscous-inviscid 
interaction  results  are  in  good  agreement  with  the 
data  as  opposed  to  the  separate  boundary-layer 
results  which  underpredict  the  data  by  60%  at  the 
trailing  edge. 

Previous  Navier-Stokes  solutions6  for  this  flow 
field  have  shown  that  the  present  results  are  inde¬ 
pendent  of  the  choice  of  the  low  Reynolds  number 
near-wall  terms,  the  inclusion  of  various  stream- 
wise  curvature  corrections,  and  the  choice  of  the 
two-equation  turbulence  model  itself.  However,  when 
an  algebraic  eddy-viscosity  model  with  special  near- 
wake  treatment  was  used,  the  solutions  were  not  as 
good  as  those  employing  the  two-equation  models. 

For  example,  the  computed  algebraic  model  results 
underpredict  the  experimental  displacement  thick¬ 
ness  by  30%  at  the  trailing  edge.  In  addition. 


several  boundary- laye r  solutions  have  been 
obtained®*7  for  this  flow  field.  Both  algebraic 
and  two-equation  turbulence  models  with  and  without 
curvature  corrections  were  used.  Also,  solutions 
were  obtained  using  both  the  measured  wall  and 
boundary- layer  edge  pressure  distributions.  None 
of  these  solutions  differed  significantly  from  the 
boundary-layer  solution  shown. 

It  was  suggested0  that  the  failure  of  the 
boundary-layer  code  to  predict  the  measured  data 
was  eicher  the  result  of  the  boundary- layer  assump¬ 
tion  (neglecting  normal-pressure  and  streamwise- 
turbulent-normal  stress  gradients)  or  the  strong 
viscous-inviscid  interaction  process  and  ellipticity 
of  the  flow  field.  The  present  results  show  the 
latter  to  be  valid.  Evidently  for  a  strong  inter¬ 
action  flow  such  as  the  present  trailing-edge  flow 
field  the  boundary- layer  solution  is  extremely 
sensitive  to  the  streamwise  flow  gradients  and  hence 
both  the  viscous  and  inviscid  portions  of  the  flow 
field  must  be  solved  interactively.  The  turbulence 
model  used  in  the  integral  boundary-layer  equa¬ 
tions15  is  based  on  correlations  of  experimental 
data  and  would  be  expected  to  correctly  model  flow 
fields  where  these  correlations  are  valid.  The 
present  case  with  a  small  separated  zone  is  such  a 
flow  field.  However,  the  extension  of  this  method 
to  flow  fields  with  large  separated  zones  will 
require  additional  data  correlations  not  yet  avail¬ 
able.15 

The  computed  skin-friction  distribution  on  the 
test  model  is  compared  with  the  experimental  values 
in  Fig.  12.  The  scatter  bars  on  the  experimental 
data  points  represent  experimental  uncertainty.  The 
computed  Navier-Stokes  values  are  in  fair  agreement 
with  the  data.  The  measured  separated  zone  extended 
from  -2  cm  on  the  flap  to  0.4  cm  in  the  wake.  The 
computed  separation  extended  from  -0.25  to  0.1  cm. 
The  results  from  the  Interactive  solution  described 
above  did  not  predict  separation  but  elsewhere  the 
results  were  In  close  agreement  with  the  present 
computations. 

The  computed  and  experimental  wall-pressure 
coefficient  distributions  for  the  circular  arc  air¬ 
foil  with  a  large  shock  induced  separation  (test 
model  III)  are  compared  in  Fig.  13.  The  predicted 
shock  location  (x/c  *  0.73)  is  significantly  down¬ 
stream  from  the  measured  location  (x/c  =  0.64). 

Also  the  calculated  size  of  the  separation 
(x/c  »  0.73  to  1.15)  is  much  smaller  than  the 
experimental  size  (x/c  »  0.65  to  1.26).  As  a  test 
to  determine  the  relative  importance  of  turbulence 
modeling  for  this  test  flow,  a  small  modification 
was  made  to  the  turbulence  model  to  increase  the 
size  of  the  separation.  Thi3  modification  lowered 
the  constant  C2  in  Eq.  (2)  by  15%  for  all  values 
of  y  at  the  computed  separation  point  and  with  a 
linear  variation  in  x  to  the  original  value  of 
C2  at  the  computed  reattachment  point. 

C2  -  C2 [1  -  0.15(xr£T  -  x)/(xR£T  -  xSEp)] 

This  Increased  the  dissipation  rate  e  in  and  above 
the  separated  zone  thus  lowering  the  eddy-viscosity 
and  Increasing  the  3ize  of  the  separated  zone.  The 
correction  was  applied  interactively  such  that 
XSEP  and  XR£T  were  determined  from  the  computed 
solution  at  each  time  3tep.  The  results  from  this 
modified  solution  show  Improved  agreement  with  the 
data  (Fig.  13) .  The  computed  shock  location  moved 
forward  to  x/c  »  0.66  and  the  separated  zone 


increased  to  x/c  »  0.67  to  1.25.  When  changes  to 
c2  larger  than  15%  were  tried,  the  solution  became 
unsteady. 

Coakley16  has  also  solved  the  above  circular- 
arc  airfoil  flow  field  employing  the  Navier-Stokes 
equations  with  the  Wilcox-Rubesin  two-equation 
turbulence  model.14  Although  a  splitter  plate  was 
used  in  the  near  wake  it  was  also  found  that  sig¬ 
nificant  modifications  had  to  be  made  to  the 
turbulence-model  constants  to  predict  the  experi¬ 
mental  shock-wave  location. 

Figures  14,  15  and  16  compare  the  mean  velocity, 
curbulent  shear  stress  and  turbulent  kinetic-energy 
profiles  over  the  aft  portion  of  the  airfoil  and  in 
che  near  wake.  While  the  unmodified  computation  is 
in  fair  agreement  with  the  measured  mean  velocity 
profiles  (Fig.  14),  the  computed  results  with  the 
modified  turbulence  model  show  a  marked  improvement. 
Neither  computation  shows  much  agreement  with  the 
measured  shear  stress  (Fig.  15)  or  turbulent 
kinetic-energy  profiles  (Fig.  16).  In  fact,  the 
modified  results  are  not  as  good  as  the  original 
computations  for  x/c  *  0.8  and  0.9.  The  measured 
high  levels  of  shear  stress  and  kinetic  energy  in 
the  shear  layer  were  not  computed.  One  possibility 
for  this  disagreement  is  that  the  shock  wave 
unsteadiness  on  the  airfoil  produces  these  high 
energy  levels  which  the  computations  do  not  cap¬ 
ture.17  A  detailed  experimental  investigation  of 
shock-wave  unsteadiness  and  its  effects  on  the  flow 
field  would  be  required  to  resolve  this  issue.  The 
present  computations  did  not  indicate  any  signifi¬ 
cant  shock-wave  unsteadiness. 

The  predicted  displacement  thickness  distribu¬ 
tions  are  compared  with  the  data  on  Fig.  17.  As 
expected  from  the  mean-velocity  profile  comparisons, 
the  computation  using  the  modified  model  is  in  good 
agreement  with  the  data. 

Computed  Mach  contours  are  shown  in  Fig.  18 
for  both  solutions.  For  the  computation  using  the 
original  turbulence  model,  the  shock  wave  extends 
far  into  the  flow  field  and  the  sonic  line  inter¬ 
sects  the  wind-tunnel  wall  (near  y/c  •  1) .  When 
the  modified  model  was  used  both  the  extent  of  the 
shock  wave  and  sonic  zone  are  significantly  reduced. 
Experimental  data  showed  that  the  flow  near  the 
wind-tunnel  wall  remained  subsonic.  These  results 
indicate  the  important  role  that  the  turbulence 
model  plays  for  flows  with  large  separated  zones. 

Conclusions 

Three  transonic  trailing-edge  flow  fields  have 
been  calculated  and  compared  with  detailed  experi¬ 
mental  results.  The  three  test  cases  included  an 
asymmetric  attached  flow,  an  asymmetric  flow  with  a 
small  separated  zone,  and  a  symmetric  flow  field 
with  a  massive  shock-wave  induced  separation.  When 
employing  the  mass-averaged  Navier-Stokes  equations 
with  a  two-equation  turbulence  model  we  found  that 
the  solutions  correctly  modeled  all  the  major 
features  of  the  flow  field  for  the  two  asymmetric 
test  cases.  Present  turbulence-modeling  concepts 
seem  to  be  adequate  for  trailing  edge  flows  with 
little  or  no  separation.  (Previous  work5*5  has 
shown  that  algebraic  eddy-viscosity  models  are  not 
adequate  for  these  flow  fields.)  However,  for  the 
flow  field  with  a  large  separated  zone,  the  com¬ 
puted  results  did  not  predict  the  proper  size  of  the 
separation  or  the  location  of  the  shock  wave. 


By  modifying  the  turbulence  model  in  an  ad  hoc 
fashion,  the  improved  agreement  was  obtained.  This 
shows  the  importance  of  turbulence  modeling  for  the 
computation  of  flow  fields  with  large  separation. 
Improved  turbulence  models  are  necessary  before  we 
can  compute  these  flow  fields. 

Large  differences  were  obtained  between  the 
Navier-S tokes  solutions  and  for  boundary-layer  pre¬ 
dictions  for  the  flow  fields  with  little  or  no 
separation.  These  differences  were  not  due  to  the 
boundary-layer  assumptions  or  turbulence  modeling, 
but  due  to  the  strong  viscous-inviscid  interaction 
process  and  ellipticity  present  in  trailing-edge 
flows. 
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Fig.  1  Flow  Geometries 
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Fig.  2  Surface  pressure  distributions  in  the 
trailing-edge  region,  Cest  model  I. 
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Fig.  3  Mean  velocity  profiles  in  the  trailing-edge 
and  near-wake  regions,  test  model  I. 
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Fig.  4  Turbulent  shear-stress  profiles  in  the 
trailing-edge  and  near-wake  regions,  test  model  I. 
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Fig.  5  Turbulent  kinetic  energy  profiles  in  the 
trailing-edge  and  near-wake  regions,  test  model  I. 
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Fig.  6  Displacement  thickness  distributions  in  the 
trailing-edge  and  near-wake  regions,  test  model  I. 
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Fig.  11  Displacement  and  momentum  thickness  dis¬ 
tributions  in  the  trailing-edge  regions,  test 
model  II. 
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Fig.  13  Surface  pressure  coefficient  distribution 
over  the  airfoil,  test  model  III. 


O  EXPERIMENT 

- COMPUTATION 

- COMPUTATION  (MODIFIED  MODEL) 


x/c  ■  0.8  0.9  1.0  1.1 


0  0  0  0  .5  1.0  1.5 

u/u„ 


Fig.  12  Skin-friction  distribution  in  the  trailing- 
edge  region,  test  model  II 


Fig.  14  Mean  velocity  profiles  in  the  trailing- 
edge  and  near-wake  regions,  test  model  III. 
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,  Abstract 

"The  purpose  of  the  paper  is  to  discuss 
^^%/arious  trends  in  the  design  of  tactical 
missiles  which  influence  the  future  direc- 

Otionjs  of  missile  aerodynamics .  Some  of  the 
subjects  discussed  include  airframe-inlet 
interference,  high  angle  of  attack  problems, 
waver iders ,  efficient  hypersonic  missiles, 
’computational  fluid  dynamics  applied  to 
^■.Xmissile  aerodynamics,  aerothermal  design 
and  supersonic  stores.  A  number  of 
specific  areas  where  increased  emphasis  is 
needed  in  missile  aerodynamics  are 
suggested. 

f  X 

1.  Introduction 

The  purpose  of  this  paper  is  the 
review  of  aerodynamic  problems  involved  in 
the  design  of  tactical  missiles,  both 
present  and  future.  Many  of  the  subsystems 
of  missiles  interact  with  the  complete 
missile  aerodynamic  characteristics  in  ways 
which  determine  the  important  trends  in  the 
evolution  of  missile  aerodynamics.  One 
important  subsystem  is  propulsion  wherein 
the  type  of  propulsion,  airbreathing  or 
non-airbreathing,  is  the  significant 
parameter.  The  warhead  size  necessary  to 
effect  kill  based  on  the  CEP  from  the 
guidance  and  control  sets  the  basic  diam¬ 
eter  of  the  missile.  The  guidance  sensor 
characteristics  such  as  frequency  band¬ 
width,  tolerable  boresight  error  slope,  and 
needed  aperture  influence  the  size  and 
shape  of  the  seeker  dome.  The  launching 
platform  usually  imposes  certain  con¬ 
straints  on  missile  dimensions  such  as  wing 
span.  Nonlinearities  in  lateral-directional 
control  and  control  cross-coupling  interact 
strongly  with  the  autopilot  performance,  or 
alternatively  constrain  the  configuration 
or  its  responsiveness.  Also,  the  structure 
and  its  vibration  are  strongly  influenced 
by  aerodynamics  as  a  source  of  steady  and 
unsteady  loads  as  well  as  coupling  between 
bending,  vibration,  and  loads. 

Some  specific  subjects  of  present  and 
future  interest  are  of  particular 
importance  in  future  missile  designs. 

Since  airbreathers  are  now  receiving 
increased  attention  in  the  quest  for 
tattle  space  and  for  intercepting  standoff 
targets,  problems  of  interference  between 
ir.iet  and  airframe  arise.  Hypersonic 
missiles  are  of  great  interest  as  a  means 
of  quickly  neutralizing  standoff  targets, 
and  achieving  high  L/D  at  high  speeds 
through  such  devices  as  waveriders  is 
receiving  renewed  emphasis.  The  carriage 
ar.d  delivery  of  stores  at  supersonic  speed 
is  of  increased  importance  for  penetration. 


High  angle  of  attack  aerodynamics  has 
received  much  attention  over  the  past 
several  years,  particularly  as  applied  to 
enhance  maneuverability  of  missiles,  and 
many  problems  impacting  aerodynamic  design 
need  more  attention  in  this  area.  Improved 
accuracy  of  prediction  methods  for  angles 
of  attack  greater  than  20°  is  needed. 

One  discipline  which  can  be  brought  to 
bear  more  heavily  on  missile  design 
problems  is  computational  fluid  dynamics. 

It  seems  that  missiles  have  not  received 
the  attention  they  deserve  in  this  area, 
but  there  are  signs  of  increased  activity 
in  this  field.  Applications  of  CFD  to 
subregions  of  the  missile  flow  field  are 
frequently  made  at  the  present  time,  but 
applications  to  the  complete  missile  flow 
fields  are  lagging. 

There  is  a  changing  role  of  the 
missile  aerodynamicist  in  missile  design. 

In  the  past  it  has  frequently  been  the 
practice  to  test  the  final  design  over  the 
entire  operating  range  in  wind  tunnels.  It 
is  now  possible  to  do  conceptual  and  trade¬ 
off  studies  up  to  angles  of  attack  of  about 
20°  using  existing  predictive  methodology 
since  more  confidence  is  now  placed  in 
these  methods  than  formerly.  However, 
wind-tunnel  tests  for  angle  of  attack  above 
20°  are  still  required.  As  predictive 
methodology  and  CFD  continues  to  improve, 
hopefully  the  amount  of  expensive  wind- 
tunnel  testing  will  be  reduced  although 
this  can  be  argued.  However,  it  is  certain 
that  missile  aerodynamicists  are  making 
more  extensive  use  of  analytical  tools. 

In  the  following  sections  we  will  dis¬ 
cuss  in  greater  detail  some  of  the  subjects 
mentioned  above.  The  treatment  will 
necessarily  be  in  breadth  rather  than 
depth. 

A  number  of  investigators  have 
reviewed  missile  aerodynamics  or  special 
areas  of  it  in  References  1  to  7 ,  and 
their  work  has  been  very  helpful  in  pre¬ 
paring  the  present  paper. 


2.  Problems  in  Airbreathing 
Missile  Design 

2.1  Introductory  Remarks 

Solid  fuel  rockets  are  the  principal 
propulsion  means  of  existing  tactical 
missiles,  and  it  is  well  known  that  the 
range  of  such  missiles  is  limited  by  the 
fact  that  they  must  carry  their  own 
oxidizers.  Increased  missile  range  is 
needed  to  enlarge  the  battle  space  ar.d  c: 


engage  the  enemy  further  out.  It  is  also 
needed  to  counter  stand-off  jammers  and  to 
deny  close-in  airspace  to  reconnaissance 
aircraft.  In  addition  there  is  a  need  to 
get  out  to  the  limits  of  the  battle  space 
quickly.  These  requirements  lead  to  the 
future  importance  of  the  hypersonic  air- 
breathing  missile.  Existing  and 
developmental  supersonic  airbreathing 
missiles  appear  to  operate  with  critical 
or  supercritical  flow  in  the  inlet  for 
simplicity.  By-passing  the  extra  airflow 
to  avoid  spillage  or  varying  compression 
ramp  angle  to  avoid  subcritical  operation 
is  avoided  for  the  most  part.  The  basic 
problems  of  importance  are  the  effects  of 
airframe  on  the  inlet,  the  installed 
inlet  forces,  and  the  effects  of  the  inlet 
on  the  airframe  which  includes  flow  changes 
at  downstream  lifting  surfaces.  Operation 
over  wide  ranges  of  angle  of  attack,  angle 
of  bank  and  Mach  number  will  provide  many 
aerodynamic  problems  for  future  airbreath¬ 
ing  missiles. 

2.2  Mutual  Interference  Between  Inlet 

and  Airframe 

Consider  first  the  interference  effect 
of  the  airframe  on  the  inlet.  Inlets  are 
often  tested  alone  with  uniform  onset  flow, 
but  when  they  are  mounted  on  a  body  the 
onset  flow  is  not  uniform.  The  onset  flow 
can  vary  in  Mach  number,  flow  direction 
and  magnitude,  and  it  may  possess  vorticity 
and  total  pressure  losses.  A  basic  problem 
is  to  locate  the  inlet  in  a  region  of  high 
mass  flow  rate  per  unit  area  and  high  total 
pressure  to  keep  the  inlet  small.  Inlet 
placement  from  the  viewpoint  of  stealth 
is  also  important  but  at  odds  with  inlet 
performance  considerations. 

The  effect  of  the  inlet  on  the  air¬ 
frame  is  complicated  and  important  and  it 
depends  very  much  on  the  quantity  of  air 
flowing  through  the  inlet.  Data  Illustrat¬ 
ing  this  effect  are  available  from  Refer¬ 
ence  8  on  the  drag  of  the  F-15  airplane 
with  two-dimensional  inlets  forward  of  the 
wings.  The  inlets  have  three  ramp  angles. 
Tests  were  performed  of  the  inlet  installed 
•on  the  airplane  but  mounted  on  a  balance 
independent  of  the  airplane.  Airplane  and 
inlet  forces  and  moments  were  individually 
measured  as  a  function  of  angle  of  attack 
and  mass  flow  through  the  inlet.  The  inlet 
mass  flow  was  controlled  by  choking  the 
flow  in  a  tube  into  which  the  flow  exhausts 
at  the  rear  of  the  aircraft.  Figure  1 
shows  how  the  airplane  drag  varies  with 
capture  area  ratio  (mass  flow  ratio)  at 
various  angles  of  attack.  The  quantity  Ac 
is  the  streamtube  capture  area  for  a  =  0 
with  the  shock  at  the  throat  of  the  inlet. 
Data  were  not  obtained  to  A/A  =  1  because 
of  choking  in  the  tube.  Significant 
increase  in  drag  occurs  in  the  low  angle  of 
attack  range  as  a  result  of  the  reduced 
mass  flow  ratio. 

Figure  2  shows  how  the  inlet  drag  and 
lift  coefficients  vary  with  angle  of  attack 


and  mass  flow  ratio  for  the  same  case  as 
Figure  1.  The  reference  area  is  now  the 
capture  area  Ac .  Note  that  reduction  of 
capture  area  ratio  at  constant  angle  of 
attack  increase  the  inlet  lift  and  drag 
substantially.  The  drag  of  two  inlets  at 
a  =  0°  varies  from  29%  of  the  total  air¬ 
plane  drag  at  A/Ac  =  0.4  to  15%  at 
A/Ac  =  0.7,  illustrating  increase  in  drag 
due  to  off-design  operation  of  the  inlet. 

We  have  used  this  airplane  case  since 
comparable  data  for  a  missile  are  not 
available . 

The  variable  mass  flow  into  an  inlet 
has  an  influence  on  the  stability  and  con¬ 
trol  of  the  airframe.  In  subcritical 
operation,  more  flow  will  go  around  the 
inlet  (spill)  and  the  pressures  on  the 
fuselage  and  tail  will  be  influenced.  Not 
only  is  the  trim  of  the  airframe  influenced 
by  spillage,  but  so  also  is  tail  control 
effectiveness.  There  does  not  seem  to  be 
a  good  data  base  on  this  subject,  nor  do 
any  reliable  prediction  methods  for 
missiles  appear  to  exist. 

2.3  State  of  Prediction  Methodology 

for  Flow  Fields 

Let  us  consider  the  role  of  finite- 
difference  methods,  panel  methods,  and 
hybrid  methods  in  treating  inlet-airframe 
flow  fields  including  flow  at  the  tail. 

With  regard  to  Euler  codes,  it  is  possible 
at  this  time  to  solve  a  two-dimensional 
or  axisymmetric  problem  for  interaction 
between  an  internal  and  external  flow9 . 

In  such  solutions  both  the  internal  and 
external  flows  must  be  covered  by  the  mesh 
and  the  solution  developed  in  time  from 
some  assumed  initial  conditions.  The  mass 
flow  ratio  for  the  inlet  is  controlled  by 
the  downstream  boundary  condition  of  the 
internal  flow  and  is  generally  not  directly 
controllable.  The  type  of  downstream 
boundary  condition  to  use  is  not  clear .  An 
achievable  back  pressure  may  be  specified 
with  a  uniform  flow  as  an  approximate 
boundary  condition.  A  large  number  of  time 
steps  are  required  before  the  wave  system 
stabilizes  so  the  calculation  is  lengthy. 
The  subcritical  case  takes  longer  than  the 
supercritical  case.  For  the  supercritical 
case  the  external  flow  up  to  the  normal 
shock  can  be  carried  out  by  time  marching 
in  the  streamwise  direction.  However,  for 
the  subcritical  case  the  three-dimensional 
calculation  appears  beyond  the  state  of  the 
art.  Euler  codes  should  be  good  for 
matching  internal  and  external  flows  and 
thus  getting  the  external  aerodynamics 
well.  However,  the  internal  aerodynamics 
may  be  inaccurate  if  viscous  effects  are 
large . 

The  application  of  supersonic  panel 
methods  to  predicting  loads  on  complete 
configurations  without  inlets  is  an 
accomplished  fact^'H.  An  approximate 
panel  method  accounting  for  flow_  into  t.-.e 
inlet  has  been  used  by  Dillemus'-*  m  a 
supersonic  external  store  separation 
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program.  In  this  approach  panels  which 
permit  variable  nonzero  normal  velocity 
are  placed  across  the  streamtube  entering 
the  inlet.  In  this  fashion  the  effect  of 
mass  flow  ratio  on  the  external  flow  is 
accounted  for.  The  method  appears  to  have 
the  potential  for  accounting  for  subcriti- 
cal  flow  as  well  as  supercritical  flow. 

It  is  also  possible  to  control  the  mass 
flow  ratio  as  a  parameter  in  the  panel 
method. 

A  third  approach  to  flow-field 
analysis  is  to  use  approximate  equations  in 
the  regions  where  they  are  valid  and  to 
patch  the  solution  tegether  in  an  attempt 
to  reduce  computer  time.  As  an  example, 
a  marching  code  might  be  used  up  to  the 
inlet  normal  shock,  a  Navier-Stokes  code 
in  the  region  of  the  shock,  and  some  code 
such  as  a  parabolic  NS  code  in  the 
diffuser . 

A  handbook  of  experimental  data  for 
the  effects  of  inlets  on  airbreathing 
missile  external  aerodynamics  is  embodied 
in  Reference  13. 


Vertically  Launched  Missile  With 
Transonic  Turn-Over 


There  is  a  need  for  a  vertically 
launched  missile  that  can  turn  over  hori¬ 
zontally  at  low  altitude  very  quickly  after 
launch.  Such  a  need  arise  for  defense 
from  low-flying  threats  such  as  missiles, 
RPV's,  helicopters,  and  airplanes.  Also, 
such  a  missile  and  launcher  are  required 
to  eliminate  the  need  for  trainable  missile 
launchers  that  are  frequently  pointed  ir. 
the  wrong  direction.  Vertical  launch  is 
required  because  the  threat  may  come  from 
any  direction  for  combat  at  the  forward 
edge  of  the  battle  area. 


The  requirements  for  vertical  launch 
are  very  severe.  The  missile  must  get 
aloft  and  turn  over  as  quickly  as  possible. 
This  means  that  it  will  be  subject  to  large 
normal  accelerations  and  must  have  a  short 
time  constant  in  pitch.  An  example  of  the 
variation  with  time  of  the  predicted  flight 
parameters  is  shown  in  Figure  3  as  taken 
from  Reference  14  for  a  range  of  nine 
nautical  miles.  Angles  of  attack  of  up  to 
30°  are  experienced  with  corresponding  high 
normal  accelerations.  For  shorter  ranges, 
higher  angles  of  attack  will  be  met. 


A  number  of  interesting  problems 
arise  in  connection  with  the  design  of 
such  a  missile,  a  partial  list  of  which 
follows . 


1.  Over  the  transonic/supersonic 
range  of  high  angle  of  attack  operation 
how  can  we  achieve  a  high  turn  rate;  that 
is,  powerful  pitch  control. 

2.  To  what  extent  should  aerodynamic 
or  thrust  vector  control  be  used? 


3.  What  type  of  aerodynamic  control 
is  best? 

4.  Will  asymmetric  vortices  compli¬ 
cate  the  design  of  the  control  system? 

If  wings  are  used  to  obtain  the  high 
normal  accelerations,  planforms  which  have 
small  shift  in  axial  center-of-pressure 
location  with  Mach  number  and  angle  of 
attack  such  as  delta  wings  should  be  used. 

A  body-alone  might  be  used  together  with 
thrust-vector  control. 

In  a  study  of  the  type  of  control 
systems  for  a  vertically  launched  missile, 
the  authors  of  Reference  14  arrived  at  a 
combined  system  utilizing  a  body-tail 
configuration  plus  an  ejectable  jet-vane 
control.  The  jet-vane  control  is 
particularly  useful  during  the  low  dynamic 
pressure  part  of  the  trajectory.  The 
combination  of  controls  increases  the 
available  maneuverability. 

With  regard  to  aerodynamic  controls, 
one  might  consider  canard  controls,  wing 
controls,  or  tail  controls  of  the  all¬ 
movable  kind.  Canard  and  wing  controls  are 
known  to  stall  at  lower  angles  of  attack 
than  tail  controls  since  their  control 
deflections  are  additive  to  angle  of  attack. 
Canard  and  wing  controls  however  show  poor 
roll  control  because  of  interference 
effects  on  the  tail  (the  exceptional  case 
occurs  when  the  wing  control  fin  span  is 
much  greater  than  the  tail  fin  span) .  Con¬ 
trol  by  a  tail  alone  has  the  well-known 
disadvantage  that  it  puts  the  trimming 
force  in  the  opposite  direction  to  the  de¬ 
sired  maneuver  and  thereby  increases  the 
missile  time  constant.  It's  hinge  moments 
are  influenced  by  body  vortices  and  are 
nonlinear.  In  selecting  the  fin  planform 
and  airfoil  section  special  attention 
should  be  paid  to  the  transonic  regime 
where  control  effectiveness  can  be  very 
low  and  hinge-moments  high  due  to  transonic 
nonlinearities.  Figure  4  from  Reference  15 
illustrates  the  effectiveness  of  pitch 
control  at  high  angles  of  attack  at  two 
transonic  Mach  numbers.  The  factor  kw  is 
basically  the  ratio  of  the  normal  force 
developed  by  the  all-movable  control  panel 
to  half  of  that  developed  by  the  wing  alone 
at  an  angle  of  attack  equal  to  i  +  6. 

These  data  are  for  canard  fins  with  an 
aspect  ratio  of  3.53,  a  taper  ratio  of 
0.06,  and  ratio  of  body  radius  to  fin  semi¬ 
span  of  0.4.  The  problem  of  good  all¬ 
movable  controls  for  large  a  +  ;  at 
transonic  speeds  is  an  unsolved  one. 

Control  effectiveness  and  hinge  moment  are 
strongly  influenced  by  both  planform  and 
airfoil  sections.  Neither  a  good  data  base 
nor  a  good  predictive  method  exist  for 
selecting  the  control. 

The  well-known  subject  of  "induced 
yaw,"  the  appearance  of  large  side  forces 
and  yawing  moments  on  a  body  of  revolution 
at  large  angles  of  attack,  could  be  a 
limitation  on  the  amount  of  controllable 
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normal  acceleration  available  ti_  a  tran¬ 
sonic  missile.  The  onset  of  such 
asymmetric  forces  is  determined  by  body 
fineness  ratio  and  r.ese  bluntness  for 
bodies  of  revolution.  For  a  fineness 
ratio  of  about  10,  an  ancle  of  attack  of 
about  253  to  30°  marks  the  onset  of 
asymmetry.  Asymmetry  starts  to  disappear 
when  shock  waves  form  on  the  sides  of  the 
body  for  crossflow  Mach  numbers  above  the 
critical  speed  which  is  about  0.4  for  a 
circular  cylinder.  From  Mc  =  0.4  to  0.8 
the  magnitude  of  the  side  force  as  a 
fraction  of  the  lift  or  normal  forces 
cescreases  until  it  essentially  disappears 
at  M  =  0.8.  Figure  5,  from  an  article  by 
Waralaw  and  Morrison-'-6 ,  exhibits  data 
showing  this  trend.  If  these  limits  for 
the  transition  of  asymmetric  vortices  to 
symmetric  vortex  regions  are  adopted, 
and  if  i  =  25°  is  taken  as  the  boundary 
between  concentrated  symmetric  and  asym¬ 
metric  vortices,  then  the  diagram  shown 
in  Figure  6  results.  By  plotting  the  same 
data  of  Figure  5  against  free-stream  Mach 
number,  Wardlaw  and  Morrison16  show  that 
the  induced  yaw  is  greatly  reduced  at 
supersonic  speeds  and  disappears  for  Mach 
numbers  greater  than  1.3  except  in  a  few 
instances . 

There  are  several  other  ways  of 
alleviating  the  asymmetric  vortex  switching 
problem  besides  avoiding  the  region 
:i  >  25°  and  M„  <  1.3.  The  use  of  vortex 
generators  on  the  nose  has  been  shown  by 
Clark,  Peoples,  and  Briggs17  to  eliminate 
induced  yaw.  An  approach  to  harnessing 
induced  yaw  is  fixing  the  asymmetry  with 
a  r.ose  strip  or  proturbance  and  simultane¬ 
ously  controlling  the  roll  attitude  of  the 
missile.  If  this  is  done,  it  is  possible 
to  fly  at  an  increased  maneuvering  load 

equal  tc  /c2  +  c.2  .  In  this  case  one  would 

want  to  maximize  the  square  root  for  maxi¬ 
mum  maneuverability.  Innovative  ideas  for 
controlling  induced  yaw  are  still  needed. 


4.  The  Search  for  High  L/D  at  High 
Speeds;  Waver iders 

4.1  Introductory  Remarks 

The  need  for  ground- launched  or  air- 
launched  missiles  which  fly  out  far  and 
f-‘3t  and  intercept  launch  platforms  beyond 
the  range  of  their  attacking  missiles  has 
lead  to  the  studies  of  the  hypersonic 
airbreathinc  missile.  A  number  of  feasi¬ 
bility  studies  have  been  made  to  determine 
aerodynamical ly  efficient  missile  shapes 
which  meet  this  mission.  Hunt,  et  al.1® 
have  croDOsed  a  mid-inlet  conept; 

Kneger1^  has  proposed  a  noncircular  body 
concept  and  a  lifting  body  concept; 
Rasmussen20  and  Schir.del21  have  adapted 
the  wavericer  airplane  concept  to  hyper¬ 
sonic  missiles.  We  will  briefly  describe 
these  concepts  and  then  discuss  waver iders 
m  greater  detail. 


4.2  Genesis  of  High  Speed  Configurations 

Current  rocket-powered  missiles 
developed  in  the  USA  employing  cruciform 
fins  mounted  on  bodies  of  revolution  have 
been  designed  principally  for  maneuver¬ 
ability  or  other  characteristics,  not  for 
high  lift/drag  ratio  or  long  range. 
Accordingly,  it  is  not  surprising  that 
their  lift/drag  ratios  at  Mach  numbers 
greater  than  3  are  low  and  become  lower 
with  increasing  Mach  number. 

The  mid-inlet  concept  of  Hunt , 
et  al.1^  for  a  hypersonic  missile  is  shown 
in  Figure  7.  This  is  a  sketch  of  the 
proposed  design  of  a  missile  to  fit  a 
U.S.  Navy  vertical  launching  system  (VSL) , 
to  be  boosted  to  Mx  =  4  by  a  booster,  and 
to  cruise  at  M.^  =  6.0.  One  of  the  aero¬ 
dynamic  considerations  in  the  design  is  to 
make  use  of  the  high  air  density  on  the 
windward  side  of  the  missile  to  give  suf¬ 
ficient  thrust  to  maneuver  at  angle  of 
attack.  Another  point  is  that  the  boundary 
layer  is  sufficiently  thin  on  the  windward 
meridian  that  boundary-layer  diverters  may 
not  be  required  for  the  inlet.  (The 
question  of  the  shock  layer  still  remains.) 
By  specially  tailoring  the  nose  and  fore¬ 
body  to  make  it  flatter  in  front  of  the 
inlet,  the  inlet  flow  can  be  improved  and 
its  lateral  divergence  lessened. 

The  Air  Force  Flight  Dynamics 
Laboratory  over  the  past  years  has  pursued 
a  line  of  investigation  to  exploit  the 
aerodynamic  potential  of  supersonic 
missiles  to  achieve  significant  improve¬ 
ments  in  performance  for  tactical  long- 
range  air-to-air  missions.  The  concepts 
which  have  emerged  are  termed  "aerodynamic 
configured  missile"  (ACM) .  Once  concept 
taken  from  Krieger19  is  a  "noncircular 
body  cruiser"  as  shown  in  Figure  8.  One 
novel  aerodynamic  feature  of  this  design 
is  the  spatu’ a  nose  and  flat  bottom  which 
produce  high  L/D  ratio  and  neutral 
stability  to  a  =  20°.  The  high  wing  and 
twin  vertical  tails  provide  good  lateral- 
directional  stability  characteristics.  An 
L/D  ratio  of  5  to  8  at  M  =  4.0  is  auoted. 
Because  of  the  large  range  of  operating 
conditions ,  a  two-dimensional  inlet  with 
variable  internal  contraction  ratio  is 
needed  to  maintain  high  pressure  recovery 
during  cruise  and  climb.  A  two-dimensional 
variable  geometry  nozzle  provides  the 
capture  area  necessary  for  cruise  and 
climb.  In  seeking  the  highest  L/D 

configuration,  it  was  found  that  Cn  was 

unun 

a  controlling  parameter.  Since  for  a 
symmetric  parabolic  drag  curve  (C^  vs.  , 
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rol  or  both  minimum  drag  and  drag-rise 


Another  efficient  aerodynamical ly 
configured  missile  emerging  from  the  study 
is  the  lifting  body  missile  shown  in 
Figure  9.  This  configuration  used  a  tri¬ 
angular  body  with  wing  tips  and  an  inlet  on 
the  lower  surface.  It  is  noted  that  both 
of  these  missiles  tend  to  look  like  air¬ 
planes.  The  lack  of  radomes  in  the  design 
is  noteworthy. 

Another  type  of  hypersonic  missile  de¬ 
sign  which  is  receiving  current  considera¬ 
tion  is  the  waverider.  The  most  elementary 
form  of  waverider  is  due  to  N'onweiler22  and 
has  the  form  shown  in  Figure  10.  It  is 
also  termed  the  caret  wing  because  of  its 
similarity  to  the  proofreader's  mark.  At 
the  design  condition  the  upper  surface  of 
the  wing  is  streamwise  and  has  no  pressure 
drag.  A  planar  shock  stretches  across  the 
lower  surface  between  the  wing  leading 
edges,  producing  a  uniform  pressure  between 
them.  The  wing  thus  rides  the  wave  and 
hence  the  term  waverider.  At  off-design 
conditions  the  leading  edges  can  be  sub¬ 
sonic  or  supersonic. 

The  waverider  concept  has  been  exten¬ 
sively  studied  in  Great  Britain  for  its 
potential  application  to  hypersonic  air¬ 
craft.  The  late  Dietrich  Kiichemann  in  his 
delightful  book  "The  Aerodynamic  Design  of 
Aircraft"22  has  an  extensive  discussion  of 
waverider  technology.  In  this  country, 
Rasmussen20  and  Schindel22-  have  started  to 
exploit  this  technology  by  applying  it  to 
the  hypersonic  missile. 

A  large  number  of  waverider  concepts 
are  available.  A  simple  way  to  obtain  the 
on-design  shape  of  a  waverider  is  to  con¬ 
sider,  for  example,  a  conical  flow  as  over 
a  circular  cone  or  elliptical  cone  at  angle 
of  attack.  Many  streamsur faces  exist  be¬ 
tween  the  cone  surface  and  the  shock  wave. 
The  cross-section  of  a  conical  waverider 
is  then  formed  by  the  body,  the  shock  wave, 
and  two  such  streamtube  surfaces.  This  is 
possible  since  the  flow  above  and  below  the 
streamtube  surfaces  cannot  communicate 
pressure  effects  except  possibly  through 
the  boundary  layer.  Examples  of  waveriders 
derived  from  cones  by  Rasmussen20  are  given 
ir.  Figures  11  and  12.  The  wave  rider 
shapes  studied  by  Schindel2-*-  are  of  the 
followina  cross-sectional  shape.  At 
M ,  =  5.9' 


Schmdel  gets  an  L,  D  of  4.  Higher  values 
are  predicted  for  caret  wings! 3 . 

'.•.‘her.  a  waverider  with  ccnical  flow  on 
design  gees  off  desian,  either  bv  chances 


in  angle  of  attack  or  Mach  number,  the 
aerodynamic  surface  pressures  shew  smooth 
variations  with  these  variables.  It  is 
possible  to  derive  efficient  waveriders 
using  nonconical  flew  at  the  design  point. 
The  primary  problem  in  conical  or  r.cnccni- 
cal  design  is  to  get  goed  volume  into  the 
waverider  with  high  L/D  ratio.  One  inter¬ 
esting  question  concerns  the  general  lack 
of  axisymmetric  noses  or  leadma-ed ue  blunt¬ 
ness  with  waveriders.  Axisymmetric  noses 
are  desireable  to  minimize  radome  bore- 
sight  error  and  bluntness  is  needed  for 
aerodynamic  heating  reasons.  It  appears 
that  such  waveriders  can  be  constructed 
using  Euler  codes  coupled  with  blunt  nose 
starting  solutions.  The  penalties  for 
bluntness  need  assessing. 

There  are  a  number  of  problems  that 
need  attention  for  waveriders.  First,  the 
questions  of  integrating  the  airframe  with 
the  engine  needs  attention.  Some  ideas 
for  incorporating  inlets  have  been 
advanced  by  Rassmussen24 .  Good  ideas  for 
incorporating  controls  are  needed.  Base 
drag  is  a  problem  for  waveriders,  and  the 
use  of  boattail  to  lessen  base  drag  is 
feasible22 . 

There  are  a  number  of  viscous  problems 
concerning  waveriders  of  which  friction 
drag  is  one.  All  present  methods  of 
deriving  waveriders  shapes  ignore  separa¬ 
tion,  yet  probably  most  waveriders  will 
experience  separated  flow  at  the  sharp 
leading  edges  for  some  Mach  numbers.  At 
high  Mach  numbers  transition  is  delayed  to 
high  Reynolds  number,  and  a  large  part  of 
a  waverider  might  encounter  laminar  flow. 

At  reattachment  lines  the  heat  transfer 
rates  can  be  high  even  if  the  location  is 
on  the  leeward  side  of  the  missile.  The 
art  of  estimating  heat  transfer  rates  is 
well  developed  and  can  be  applied  to  wave¬ 
riders.  However,  there  are  still  problems 
of  heat  transfer  as  influenced  by  separa¬ 
tion,  reattachment,  and  shock-wave 
intersections . 

One  problem  that  has  arisen  with 
respect  to  waveriders  is  how  to  calculate 
their  characteristics  at  off-design  condi¬ 
tions.  It  appears  that  Euler  codes  car.  be 
applied  fruitfully  to  this  problem  although 
they  have  not  been  so  far. 


5.  High  Angle  of  Attack 
Aerodynamics 

i.l  Introductory  Remarks 

The  aerodynamic  problems  of  missiles 
it  high  angles  of  attack  have  received 
-uch  attention  ir.  the  last  few  years,  but 
:he  problems  are  only  partially  sel"ed. 

’he  importance  of  hiuh  ancles  of  attack 
irises  primarily  from  the  reel  f:r  : reaver 
:aneuve rabi  1  i tv  to  mere  i  -  •  •  :r  •  • 
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vorticitv  effects  or  compressibility 
effects  or  both.  A  recent  survey  of  high 
;  nonlinearities  and  means  for  calculating 
them  is  given  in  Reference  25.  There  are 
fundamental  differences  between  some  of  the 
nonlinear  phenomena  at  transonic  speeds  and 
these  at  supersonic  speeds  that  are  a  con¬ 
sequence  of  stall  and  vortex  behavior. 

5.2  Transonic  Versus  Supersonic  Problem 

Areas 

One  of  the  high  a  nonlinearities, 
which  occurs  at  transonic  speed  but  not  at 
supersonic  speed,  is  wing  stall.  An 
example  of  effects  of  wing  stall  on  normal- 
force  coefficient  and  axial  center-of- 
pressure  position  are  shown  in  Figures  13 
and  14,  respectively.  Results  are  shown 
for  two  wings  of  AR  =  2.0  and  \  =  0.5  for 
Mt  =  0.8.  Wing  P3  has  a  thickness  ratio  of 
8.85  percent  at  the  root  chord  and  is  a 
wing  of  uniform  thickness  except  for  30° 
wedge  angles  normal  to  all  edges.  Wing  T^ ^ 
on  the  other  hand  has  a  root  chord  thick¬ 
ness  ratio  of  4.9  percent  increasing  to 
9.7  percent  at  the  tip.  The  sections  are 
double  wedges  in  the  tip  region  and  modi¬ 
fied  double  wedges  inboard.  These  data 
are  taken  from  Reference  26  wherein  their 
original  sources  are  quoted.  Note  the 
stall  of  the  thicker  wing  in  Figure  13  and 
the  larger  center-of-pressure  travel  of  the 
thinner  wing  in  Figure  14.  There  is  no 
stall  at  Mm  =  1.2  and  the  curves  coincide 
up  to  20°  but  differ  as  much  as  0.2  in  C., 
at  higher  angles  of  attack. 

The  point  I  want  to  make  is  that  air¬ 
foil  section  effects  are  important  on 
transonic  wing  normal  force  and  center  of 
pressure  at  high  angle  of  attack  due  to 
stall,  and  this  effect  xs  absent  at 
Mx  =  1.2  and  above.  This  makes  a  predic¬ 
tion  method  for  transonic  wing-body  or 
wing-body-tail  combination  difficult  for 
high  ancle  of  attack  since  it  must  account 
for  the  effects  of  airfoil  section  on 
stall.  Present  predictive  methods  are 
data-base  methods27,28  and  apply  strictly 
only  to  the  airfoil  sections  used  in  the 
tests.  While  this  difficulty  is  present, 
it  is  usually  ignored  in  preliminary  de¬ 
sign.  Areas  where  it  cannot  be  ignored  is 
in  control  effectiveness  (fig.  4),  hinge 
moments,  and  control  cross-coupling.  Pre¬ 
dictive  methodology  is  largely  lacking  in 
these  important  areas. 

Returning  now  to  the  important  tran¬ 
sonic  problem  of  induced  yaw,  Brian  Hunt 
has  summarized  the  present  state  of  knowl¬ 
edge  in  Reference  29.  It  is  known  from 
vortex-cloud  theory  that  the  separation 
points  on  bodies  of  revolution  at  transonic 
speed  can  be  estimated  by  the  Stratford 
criterion  based  on  adverse  pressure  gradi¬ 
ents.  However,  for  supercritical  crossflow 
the  asymmetric  vortex  effects  are  achieved 
cr  eliminated  with  the  appearance  of  strong 
shock  waves  in  the  crossflow.  What  is. 
interesting  in  this  case  is  that  separation 
occurs  at  nearly  uniform  pressure  for  some 


reason,  possibly  due  tc  forward  influence 
cf  the  shock  wave. 

5.3  Some  Supersonic/Hyperscnic  High 
1  Problems 

5.3.1  High  1  wing  theory 

While  a  large  body  of  theory  exists 
for  the  design  of  subsonic  and  supersonic 
wings  at  low  angles  of  attack,  there  is  no 
general  method  for  wings  at  high  angles  of 
attack.  This  fact  probably  results  from 
the  complexity  of  the  viscous  phenomena 
including  separation  at  high  angles  of 
attack.  Examples  of  the  various  types  of 
leeward  flow  over  a  thick  delta  wing  are 
shown  in  Figure  15  as  taken  from  Refer¬ 
ence  30.  In  this  figure  the  Mach  number 
in  a  plane  normal  to  the  leading  edge  is 
the  abscissa  and  the  angle  of  attack  in 
that  plane  is  the  ordinate.  Without  de¬ 
scribing  the  various  flows  in  detail,  it  is 
sufficient  to  say  that  six  different  cases 
are  differentiated.  Four  of  these  cases 
involve  leading-edge  separation  which  can 
be  handled  by  a  Kutta  condition.  This 
lends  some  promise  to  the  hope  that  the 
Euler  equations  can  be  used  to  develop  a 
general  theory  of  supersonic  wings  at  high 
angles  of  attack28.  Eventually,  the 
Navier-Stokes  equations  will  prevail. 

5.3.2  Wing -body  interference  at  high  a 

Most  airplanes  and  missiles  encounter 
favorable  wing-body  interference  at  low 
angles  of  attack  through  most  of  the  speed 
range  as  a  result  of  increased  wing  lift 
due  to  body  induced  upwash.  However,  at 
high  angles  of  attack  and  high  speeds  the 
strong  nose  shocks  significantly  reduce  the 
dynamic  pressure  at  a  wing  position.  In 
fact,  the  interference  can  turn  from  highly 
favorable  to  highly  unfavorable.  This  re¬ 
sult  is  for  conventional  fins  mounted  on  a 
body  of  revolution.  A  number  of  ways  of 
improving  high  M  and  a  wing-body  interfer¬ 
ence  include  wing  blending,  and  unconven¬ 
tional  configurations  (waveriders) .  Other 
concepts  are  needed. 

Fin  problems  at  high  angles  of  attack, 
in  addition  to  adverse  wing-body  interfer¬ 
ence,  include  loss  of  control  effectiveness , 
control  cross-coupling,  and  induced  rolling 
moments.  A  simple  example  will  illustrate 
all  three  problems.  Consider  a  cruciform 
wing-body  at  high  angles  of  attack  such 
that  the  density  on  the  leeward  side  of  the 
body  is  very  low,  approaching  a  vacuum. 

With  the  configuration  in  the  +  position, 
call  for  a  yaw  command  by  equally  deflect¬ 
ing  the  upper  and  lower  fins.  The  normal 
force  on  the  upper  fin  is  far  less  than 
that  on  the  lower  fin  so  that  a  large 
rolling  moment  is  induced  as  a  result  of 
yaw  control.  If  the  missile  rolls  so  that 
the  upper  fin  is  in  the  body  vortex,  a 
further  rolling  moment  is  induced.  These 
severe  nonlinearities  greatly  complicate 
the  stability  and  control  of  cruciform  con¬ 
figurations  at  high  angle  of  attack.  The 
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nonlinearities  can  be  greatly  reduced  by 
utilizing  a  monoplane  bank-to-turn  config¬ 
uration.  One  wonders  to  what  limits 
cruciform  missiles  can  be  operated  before 
reaching  their  ultimate  capability. 

5.3.3  Wing-body-tail  interference 

For  wing-body-tail  configurations, 
wing-tail  interference  is  an  important 
cause  of  nonlinearities  in  the  range  up  to 
about  20°  angle  of  attack.  Both  roll  angle 
and  wing  deflection  contribute  to  the 
nonlinearities.  These  nonlinearities  in¬ 
clude  loss  of  longitudinal  stability,  large 
induced  rolling  moments,  and  loss  of  fin 
normal  force.  At  higher  angles  of  attack, 
depending  on  the  distance  between  the  wing 
trailing  edges  and  the  empennage,  the  wing 
and  forebody  vortices  pass  well  above  the 
tail,  and  cause  much  diminished  nonlinear¬ 
ities.  However,  now  the  afterbody  section 
between  wing  and  tail  sheds  its  own  vorti¬ 
ces  which  impinge  on  the  tail.  These 
afterbody  vortices  are  not  necessarily 
symmetric  since  the  missile  may  be  rolled 
or  the  wings  deflected  to  cause  asymmetric 
flow  over  the  afterbody.  A  powerful  new 
series  of  nonlinearities  thus  come  into 
play  for  angles  much  above  20°.  One  scheme 
for  handling  these  nonlinearities  does  a 
fair  job  of  predicting  longitudinal  char- 
acteristics^ '  but  needs  improvement  in 
calculating  lateral/directional  character¬ 
istics.  The  problem  area  is  a  difficult 
one  which  needs  more  attention. 

5.3.4  Vorticity  effects;  noncircular 
bodies 

There  are  a  number  of  reasons  that 
missiles  will  use  noncircular  bodies  to  a 
greater  degree  in  the  future.  Airbreathing 
missiles  will  have  noncircular  bodies  be¬ 
cause  of  inlets  and  ducts;  bank-to-turn 
missiles  do  not  require  round  bodies. 

Also,  the  use  of  square  bodies  to  enhance 
internal  packaging  and  submunition  deploy¬ 
ment  is  under  active  developmental.  They 
may  also  be  of  importance  becuase  of  radar 
crosssection.  It  is  not  possible  to  pre¬ 
dict  the  high  angle-of-attack  aerodynamics 
of  these  noncircular  bodies  in  supercriti¬ 
cal  crossflow  using  any  theory  but  that  of 
Navier-Stokes  because  of  flow  separation. 
For  subcritical  crossflow,  where  separation 
is  still  controlled  by  adverse  pressure 
gradients,  it  is  possible  to  apply  vortex- 
cloud  theory  with  some  success.  An  example 
of  such  a  calculation  is  shown  in  Figure  16 
following  Mendenhall 32 . 

5.3.5  Status  of  engineering  prediction 
methods 

A  number  of  engineering  prediction 
methods  exist  for  defining  the  forces  and 
moments  acting  on  wing-body  and  wing-body- 
tail  combinations  from  subsonic  to  hyper¬ 
sonic  speeds.  Ten  of  these  methods  are 
reviewed  by  Williams  in  Reference  33.  All 
apply  to  cruciform  configurations,  about 
half  to  lifting  bodies,  and  several  to 


airbreathers .  While  most  have  angle  of 
attack  capabilities  to  =  40°,  the  accu¬ 
racies  of  the  methods  are  net  good  to  such 
high  angles,  particularly  for  lateral/ 
directional  characteristics  which  about 
half  do  not  treat.  Most  do  not  have  all¬ 
movable  control  capability,  and  none 
handles  control  characteristics  accurately 
through  the  entire  range  of  applicability. 
There  is  a  need  for  better  design  tools 
for  high  angles  of  attack,  both  for  conven¬ 
tional  cruciform  missiles  and  other 
advanced  configurations,  including  lifting 
body  types  and  airbreathers.  Reliable 
prediction  methods  for  lateral/directional 
stability  and  control  parameters  for  angles 
or  attack  greather  than  20°  remain  to  be 
accomplished . 


6.  Some  Observations  on  the  Application 
of  CFD  To  Missile  Aerodynamics 

6.1  Methods  Other  Than  Navier-Stokes 

In  Reference  34,  Klopfer  and  Nielsen 
survey  the  application  of  CFD  to  missile 
aerodynamics.  Some  of  the  applications 
noted  in  that  paper  are  listed  in  Fig¬ 
ure  17(a)  for  methods  other  than  the 
Navier-Stokes  methods  and  in  Figure  17 (b) 
for  the  Navier-Stokes  methods.  Refer¬ 
ences  35-59  are  covered  in  the  figure. 
Figure  17(a)  shows  that  the  inviscid 
methods  of  transonic  small  disturbance 
theory  and  of  full  potential  theory  have 
been  applied  by  several  investigators  to 
bodies  and  fins  with  no  flow  separation. 

In  addition,  three  cases  of  application  of 
the  Euler  equations  are  considered.  The 
first  case  is  that  of  the  straight  Euler 
equations  with  no  boundary  layer  and  the 
second  case  is  with  boundary  layer  dis¬ 
placement  thickness  included.  The  third 
case  is  the  case  of  the  Euler  equations  in 
which  the  separation  lines  are  specified 
as  input  data  and  a  Kutta-like  condition 
is  introduced  at  the  separation  lines. 

This  latter  approach  yields  good  results 
for  those  cases  where  convection  of  vorti¬ 
city  overshadows  any  effects  of  diffusion 
of  vorticity. 

A  few  words  on  the  Kutta  condition  are 
in  order.  It  was  found  in  Reference  44 
that  at  the  sharp  subsonic  leading  edges 
of  missile  fins  five  boundary  conditions 
can  be  specified  without  over-determining 
the  problem,  and  the  choice  of  these  con¬ 
ditions  involves  some  arbitrariness.  Seme 
of  these  arbitrary  boundary  conditions  have 
only  a  small  effect  which  is  confined 
locally  to  the  neighborhood  of  the  edge. 

The  dominant  boundary  condition  that  deter¬ 
mines  the  vorticity  shedding  rate  at  the 
edge  is  the  requirement  that  the  flow 
leaves  the  edge  in  a  plane  tangent  to  the 
extended  chord  plane,  a  Kutta-like  condi¬ 
tion.  A  set  of  boundary  conditions  can 
also  be  specified  for  a  separation  line  on 
a  body  of  revolution  which  properly  pre¬ 
dicted  the  vortex  shedding  rate  :rc"  the 
body  as  shown  in  Figure  IS.  Fair  agree~er.f 


between  the  flow  field  as  predicted  and  as 
measured  was  obtained  except  near  the  top 
of  the  body  where  secondary  separation  was 
ignored . 

This  experience  appears  to  be  contra¬ 
dictory  to  that  of  Schmidt,  Jameson,  and 
Whitfield5 ^  who  found  that  they  did  not 
have  to  impose  a  Kutta  condition  when 
applying  the  Euler  equation  to  an  airfoil 
with  a  sharp  trailing  edge.  Also,  Eriksson 
and  Rizzi^O  has  a  similar  experience  when 
applying  the  Euler  equations  to  airfoils 
and  a  delta  wing  with  sharp  subsonic  lead¬ 
ing  edges. 

A  simple  explanation  can  resolve  these 
differences.  We  must  differentiate  between 
distinguished  separation  locations  like 
sharp  trailing  edges  the  location  of  which 
are  known  a  priori  and  other  separation 
locations  like  the  separation  line  on  a 
body  of  revolution  which  are  not  known  a 
priori  and  which  are  Reynolds  number,  Mach 
number,  and  angle  of  attack  dependent.  It 
is  known  that  the  action  of  viscosity  is 
to  make  a  sharp  trailing  edge  a  separation 
location.  However  the  potential  equations 
cannot  handle  the  trailing  vortex  sheet 
explicitly  because  it  is  rotational.  The 
Euler  equation,  which  can  support  a  rota¬ 
tional  flow,  might  be  expected  to  recognize 
a  Kutta  condition  if  viscous  effects  could 
be  introduced  into  them.  It  is  probable 
that  the  artificial  viscosity  introduced 
by  the  algorithm  provides  the  necessary 
mechanism  for  the  Euler  equations  to  do 
this,  and  separation  will  appear  at  the 
distinguished  location  since  its  position 
is  not  Reynolds-number  dependent. 

The  Euler  equations  are  also  known  to 
produce  separation  on  cones  and  other 
bodies  of  revolution44.  However,  the  sepa¬ 
ration  does  not  appear  at  the  correct 
position  since  the  effective  Reynolds  num¬ 
ber  due  to  artificial  viscosity  is  usually 
incorrect  and  it  is  also  grid-dependent. 
A.zcordingly  it  is  necessary  to  introduce  a 
separation  line  based  on  experiment  and 
Kutta-like  boundary  conditions  to  get  good 
results  for  separated  flow  on  bodies  which 
dc  not  have  distinguished  separation 
locations . 

6.2  Xavier-Stokes  Methods 

In  figure  18(b)  three  different  ver¬ 
sions  of  the  Xavier-Stokes  equations  are 
listed  for  both  laminar  and  turbulent  flow. 
The  thin-layer  Xavier-Stokes  equations  are 
obtained  by  neglecting  viscous  terms  in 
oo. e  streamwise  and/or  spanwise  direction. 
This  is  justified  on  the  grounds  that 
gradients  in  the  boundary  layer  normal  to 
the  wall  are  much  greater  than  in  the  other 
o.rections.  Xo  wing-body  combinations  have 
been  attempted  using  these  to  the  best  of 
our  knowledge. 

The  parabolized  Xavier-Stokes  equa¬ 
tions  are  a  simplification  of  the  full 
Reyr o Ids-averaced  Xavier-Stokes  equation 


by  neglecting  the  unsteady  terms  and  by 
modifying  the  streamwise  convective  flux 
vector.  This  makes  the  equations 
hyperbolic/parabolic  in  the  streamwise  di¬ 
rection.  For  steady  supersonic  flow,  this 
permits  marching  in  the  streamwise  direc¬ 
tion.  It  is  possible  to  get  solutions  for 
many  cases  of  interest  within  present  com¬ 
puter  resources.  The  method  is  stable  if 
the  subsonic  part  of  the  flow  (boundary 
layer)  is  small.  Large-scale  separation 
generally  cannot  be  handled  by  the  PXS 
equations,  not  only  because  of  stability, 
but  because  of  the  lack  of  a  good  turbu¬ 
lence  model . 

The  full  Navier-Stokes  equations  are 
applicable  to  missiles  at  any  speed  or 
angle  of  attack.  However,  their  general 
application  is  limited  by  computer  re¬ 
sources  and  turbulence  modeling.  The  only 
application  to  a  wing-body  combination  was 
made  by  Shana^4 ,  for  zero  angle  of  attack, 
but  no  angle-of -attack  cases  seem  to  have 
been  run  to  date. 

6.3  Future  Directions 

It  is  of  interest  to  speculate  on  the 
application  of  CFD  to  complete  missile 
configurations  in  the  future.  It  is  prob¬ 
able  that  panel  methods  and  Euler  equations 
will  be  the  principal  tools  for  complete 
configurations  for  some  time  to  come.  The 
Euler  equations  are  just  emerging  in  this 
connection,  and  a  great  deal  of  work  is 
needed  in  all  areas  from  mesh  generation  to 
finding  better  ways  of  treating  separation. 
The  limits  of  applicability  and  the 
accuracy  of  the  Euler  equations  in  various 
cases  need  to  be  determined.  It  will  be  a 
long  time  before  Navier-Stokes  equations 
will  be  used  routinely  in  conceptual 
design.  While  the  size  of  existing  compu¬ 
ters  is  a  limiting  factor,  it  may  not  be  so 
limiting  as  the  lack  of  understanding  of 
turbulent  modeling  for  separated  compres¬ 
sible  flow. 

Some  specific  advancements  which  could 
aid  future  applications  of  CFD  aerodynamics 
include  both  calculative  and  experimental 
efforts.  These  include: 

1.  Special  data  to  help  formulate  the 
Euler  equation  boundary  conditions  for 
separated  flow  near  sharp  edges. 

2.  Experimental  separation-line  data 
on  noncircular  bodies. 

3.  Starting  solutions  for  the  Euler 
equations  for  spatula  noses. 

4.  Starting  solutions  for  blunt  n..n.- 
spherical  noses  with  detached  shocks. 

5.  Prediction  of  vortex  burstir.a  at 
high  Mach  numbers. 

6.  Method  of  predicting  vertex  for¬ 
mation  in  wing-body  junctures. 
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other  Areas  Impacting  Future  the  emphasis  is  upon  bodies  with  multiple 

Missile  Desian  differing  diffraction  paths,  leading  to 

noncircular  crcss-sections ,  rounded  bases, 

A  number  of  other  areas  influencing  and  non-cruci form  fins  tc  avoid  corner 

future  missile  design  will  be  mentioned  reflectors, 

but  will  not  be  discussed  in  any  detail  for 
lack  of  time.  The  areas  are  supersonic 

carriage  and  separation  of  stores,  aero-  8.  Concluding  Remarks 

thermal  design,  and  radar  cross-section. 

A  number  of  trends  in  future  missile 

It  is  well-known  that  an  airplane  with  design  have  been  discussed  with  respect  to 
a  load  of  external  stores  mounted  on  pylons  the  ways  in  which  they  influence  aerody- 
has  too  much  drag  to  fly  at  supersonic  namic  design.  Among  the  subjects  discussed 

speed.  This  has  led  to  a  multitude  of  are: 

concepts  for  other  methods  of  carrying  and 

launching  "external"  stores,  including  the  a.  Airframe-inlet  interference  in 

following  ones:  airbreathing  missiles. 


1.  Conformal 

2.  Semi-submerged 

3.  Cavities  and  open  bays 

4.  Internal  carriage 

5.  Topside  carriage 

6.  In  pod  with  salvo  launch 

Work  needs  to  be  done  to  determine  which  of 
these  concepts  or  other  ones  are  the  most 
promising,  and  then  research  needs  to  be 
concentrated  on  the  promising  ones.  The 
impact  on  missile  design  comes  about  from 
constraints  for  carrying  the  stores  and  for 
providing  safe  launch. 


b.  Transonic  aerodynamic  problems  for 
vertically  launched  missiles  with  quick 
turn-over . 

c.  Obtaining  high  L/D  at  hypersonic 
speeds . 

d.  Waveriders;  aerodynamically  con¬ 
figured  missiles. 

e.  High  angle-of -attack  problems. 

f.  Status  of  CFD  applied  to  missile 
aerodynamics . 

g.  Supersonic  carriage  and  launch  of 
stores . 


With  regard  to  aerothermal  design,  the 
general  problem  areas  are  well  known  for 
ICBM  and  space  shuttle  technology.  Also 
the  methods  for  predicting  heat  transfer 
are  fairly  well  developed.  Special  prob¬ 
lems  exist  for  missiles  w'ith  regard  to  fin- 
body  junctures  on  windward  sides,  and  with 
hot  spots  near  separation  and  reattachment 
regions  and  in  the  neighborhood  of  shock 
impingement.  In  addition,  IR  seekers  are 
limited  by  self  noise  as  well  as  thermal 
shock  of  their  brittle  ceramic  materials. 
When  boundary  layer  transition  occurs  on 
the  seeker  dome,  the  resulting  increase  in 
heating  at  the  dome  base  leads  to  hoop 
stresses  that  may  cause  failure  of  the 
material.  There  are  similar  thermal  prob¬ 
lems  with  radomes  and  leading  edges  which 
may  require  large  radii  at  tne  expense  of 
crag . 

Since  the  total  temperature  at  Mach  6, 
100,000  ft.  altitude  is  about  3400°  R, 
airtreathing  engine  and  air  inlet  compo¬ 
nents  must  be  fabricated  from  refractory 
metals  and  insulated  with  nonablative 
materials  such  as  Zirconia.  in  such  de¬ 
sign,  thermal  control  via  radiation  losses 
becomes  an  important  factor. 

In  applications  where  radar  cross- 
section  must  be  minimized,  there  could  be 
a  definite  impact  both  on  the  design  of  the 
missile  and  on  its  carriage  position  on 
the  aircraft.  Providing  minimum  radar 
cross-section  with  hiah  aerodynamic  effi¬ 
ciency  will  be  a  definite  problem  in 
certain  applications.  In  RCS  minimization, 


h.  Aerothermal  design. 

i.  Radar  cross-section. 

A  number  of  specific  suggestions  have 
been  made  where  more  work  is  required  in 
the  above  areas  including  the  following 
ones  . 

1.  Methods  for  determining  the 
effects  of  airframe-inlet  interference  on 
drag  and  stability  and  control  are  inade¬ 
quate.  Panel  methods  may  be  helpful  in 
this  area. 

2.  For  missiles  which  must  operate 
at  high  angles  of  attack  in  the  transonic 
range,  special  nonlinearities  need  atten¬ 
tion.  These  include  better  control  systems 
and  control  prediction  methodology,  elimi¬ 
nation  or  harnessing  of  induced  yaw,  and 
higher  normal  accelerations. 

3.  Better  aerodynamic  efficiency  at 
hypersonic  speeds  (high  L/D)  is  needed. 

4 .  While  waveriders  are  promising  in 
connection  with  3,  much  more  work  is  needed 
to  provide  radomes  and  inlets  for  wave¬ 
riders.  Also  methods  for  predictinc  their 
aerodynamic  characteristics  at  cff-design 
are  generally  lacking. 

5.  Methods  for  predictma  cent r 
effectiveness,  hinge  moments,  nr.u  ccr.tr:  . 
cross-ccuplina  for  large  ancles  c:  attack 
and  control  deflection,  are  r.eecei  :tr  a'_- 
movable  controls  ir.d  other  ccn.tr-)  types. 
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6.  Ideas  for  producing  favorable  hy¬ 
personic  wing-body  interference  with  high 
lift-drag  ratio  configurations  are  needed. 

7.  Methods  for  predicting  vortex 
behavior  for  noncircular  bodies  are  needed 
for  supercritical  crossflow. 

8.  Missile  engineering  prediction 
method  for  lateral/directional  character¬ 
istics  for  u  >  20°  need  improvement. 

9.  The  application  of  the  Euler  equa¬ 
tions  to  complete  missile  configurations 
needs  to  be  extended  especially  witn  re¬ 
spect  to  flow  separation  phenomena. 

10.  CFD  application  to  missile  aero¬ 
dynamics  needs  more  attention. 

11.  Supersonic  carriage  and  launch, 
radar  cross-section,  and  aerothermal  design 
need  increased  emphasis. 
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FIGURE  1.-  EFFECT  ON  AIRPLANE  ERAf 
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FIGURE  2.-  INLET  LIFT  AND  DRAG  COEFFICIENTS 
AS  AFFECTED  BY  ANGLE  OF  ATTACK  AND  HASS 
FLOW  RATIO  (A0/Ac),  F- 15  INLET  AT 
H  =  1,5,  ON-DESIGN,  ZERO  COWL  DROOP. 
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FIGURE  4.-  EFFECT  OF  ANGLES  OF  ATTACK  AND 
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FIGURE  5.-  EFFECT  OF  CROSSFLOW  MACH  NUMBER 
ON  VORTEX- INDUCED  SIDE  FORCE, 


FIGURE  6.-  APPROXIMATE  REGIONS  FOR  VARIOUS 
TYPES  OF  BODY  VORTICES. 
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FIGURE  8.-  NONCIRCULAR  BODY  CRUISER  USING 
ADVANCED  TECHNOLOGIES. 


FIGURE  9.-  LIFTING  BODY  MISSILE. 


FIGURE  7.-  MID-INLET  CONCEPT. 


FIGURE  10.-  CARET  WING  SUPPORTING  AND 
CONTAINING  A  PLANE  SHOCKWAVE. 
AFTER  NONWEILER  (1963). 
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FIGURE  11.-  INCLINED  CIRCULAR-CONE  V.'AVE- 
RIDERS  WITH  FREESTREAH  UPPER  SURFACES. 
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FIGURE  12.-  INCLINED  ELLIPTICAL-CONE 
WAVERIDERS  WITH  FREEST  REAM. 
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FIGURE  13.-  EXPERIMENTAL  NORMAL-FORCE 
CURVES  FOR  TWO  WINGS  OF  ASPECT  RATIO 
2  AND  TAPER  RATIO  0,5  DIFFERING  IN 
AIRFOIL  SECTIONS. 


FIGURE  15.  -  LEE  SIDE  FLOW  REGIMES  OVER 
THICK  DELTA  WINGS  AT  SUPERSONIC  SPEEDS. 
(SZODRUCH,  1978), 
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FIGURE  14.-  EXPERIMENTAL  CEIITER-CF- 
PRESSURE  POSITIONS  FOR  TWO  WINGS  OF 
ASPECT  RATIO  2  AND  TAPER  RATIO 
0.5  DIFFERING  IN  AIRFOIL  SECTIONS. 


(3,  DEGREES 

FIGURE  16.-  PREDICTED  PRESSURE  DISTRIBUTION 
AND  VORTEX  WAKE  ON  A  SQUARE  CROSS  SECTION 
BODY/  M  =1.5/  c  =  20  . 
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FIGURE  18.-  COMPARISON  OF  CIRCULATION 
FOR  EULER/KUTTA  CODE,  VORTEX  CLOUD 
THEORY,  AND  EXPERIMENTAL  DATA. 
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THEORETICAL  ARP  EXPERIMENTAL  DYNAMIC  STALL  INVESTIGATIONS  Ov  A  RO'OR  GLACE  *IP. 

H.  Ceissler 

DF'/LR ,  'lest  Gernany/NASA  Anes  Research  Center,  VS A 


Sunnary 

^“"Theoretical  and  experinental  investigations  have 
been  carried  out  on  oscillating  blade  tips  at  nod¬ 
erate  and  high  steady  nean  incidences  and  oscilla¬ 
tion  anplitudes. 

Sone  selected  data  of  these  tests  are  conpared 
with  a  previously  develooed  prediction  nethod  based 
on  potential  theory  to  investigate  the  nain  effects 
of  viscosity  in  different  donains  of  dynanic  stall. 

A  sinple  correction  procedure  is  described  to  take 
into  account  the  nain  effects  of  viscosity  on  the 
unsteady  airloads.  To  get  a  nore  detailed  insight 
into  the  beginning  of  unsteady  seoaration  on  oscil¬ 
lating  profiles  a  finite-difference  procedure  has 
been  develooed  to  calculate  the  unsteady  boundary- 
layer  equations.  This  nethod  has  been  applied  to 
the  oscillating  flat  plate  problen  as  a  first  step. 
The  application  to  problems  of  more  practical 
interest  like  profiles  under  pitching  notion  is 
straightforward.  ^ 

I.  Introduction 

The  flow  about  a  retreating  helicopter  rotor 
blade  is  highly  affected  by  viscous  plenomena  like 
dynanic  stall  and  unsteady  tip  vortex  and  wake 
interactions.  These  complicated  unsteady  flows  are 
still  far  from  satisfactory  analytical  solutions. 
Details  of  unsteady  flow  separation,  transition  from 
laminar  to  turbulent  flow  and  turbulence  itself  are 
still  not  understood  well  enough  such  that  numerical 
methods  can  take  these  complicated  problems  suffic¬ 
iently  into  account. 

For  the  investigation  of  viscous  phenomena  on 
oscillating  helicopter  rotor  blade  tips,  measure¬ 
ments  of  steady  and  unsteady  (first  harmonic  com¬ 
ponents)  pressure  distributions  have  been  carried 
out  in  the  low  speed  3-m  wind  tunnel  of  the  DFYLR 
in  Gottingen,  West  Germany.  These  experiments  were 
done  within  the  scope  of  a  cooperative  agreement 
between  NASA,  Langley  Research  Center  and  the  DFVLR, 
Institute  of  Aeroelasticity  in  Gottingen.  The 
measurements  included  variations  of  frequency 
(f  =  0/4/8/12  Hz),  steady  mean  incidences: 
0°  <  a0  <  20°  and  oscillation  amplitudes: 
1°  <  a  <_  S55-. 

In  addition  to  the  experinental  investigations, 
a  panel-type  nethod  to  calculate  the  inviscid  steady 
and  unsteady  pressure  distributions  about  three- 
dimensional  wing  configurations  undergoing  plung¬ 
ing,  pitching  or  control-surface  oscillations  has 
been  developed1. 

The  following  discussion  will  concentrate  on  a 
comparison  of  measured  and  calculated  pressure  dis¬ 
tributions  for  a  rectangular  blade  tip  at  various 
incidences  and  oscillation  amplitudes.  The  results 
are  given  in  a  similar  manner  as  has  been  proposed 
In  ref.  2.  The  discussions  will  show  the  effects 
of  viscosity  at  the  beginning  of  separation  as  well 
as  In  the  deep  dynamic  stall  region.  It  will  be 
shov/n  that  a  simple  correction  procedure  for  the 
calculated  inviscid  results  within  the  separated 


region  leads  to  remarkable  improvement  compo--;  j 

the  experinental  data. 

It  is  assumed  that  the  information  needed  Ccr 
such  a  phenomenological  correction  orocedure  can  be 
oh  rained  by  a  detailed  unsteady  boundary-'ayer 
investigation  before  flow  separation.  The  unsteady 
behavior  of  the  boundary-layer  characteristics  and 
the  mechanism  of  unsteady  separation  itself  are 
necessary  problems  for  investigation. 

Therefore  a  numerical  nethod  to  calculate  two- 
dimensional  unsteady  boundary  layers  has  beer 
developed  and  first  of  all  apolied  to  the  oscillat¬ 
ing  flat-Dlate  oroblen.  'his  finite-difference 
procedure,  working  in  the  tine-comain,  will  then  be 
applied  to  oscillating  profiles  taking  into  account 
the  unsteady  boundary  conditions  obtained  by  the 
panel  method  described  in  ref.  1. 


II.  Experimental  Investigations 

Figure  la  shows  the  rectangular  blade  tip  model 
in  the  open  test  section  of  the  3-m  low-speed  wind 
tunnel  of  the  DFVLR  in  Gottingen.  The  model  with  a 
NACA  0012  airfoil  section  was  nounted  vertically  on 
a  ground  plate  and  allowed  to  oscillate  about  its 
quarter-chord  axis.  The  chord  reference  length  was 
c  =  400mm  and  the  span  s  =  2c  =  80Cmm  (A  =  •'•). 
The  model  was  equipped  with  a  tubing  system  con¬ 
necting  about  150  pressure  orifices  within  8  span- 
wise  sections  over  four  scanning  valves  with  a 
pressure  transducer  below  the  ground  plate.  The 
experiments  have  been  performed  at  a  tunnel  soeed 
of  50  m/s  leading  to  a  Reynolds  number  of  Re  =  1.2 
x  105  based  on  c.  Further  details  of  the  model 
and  measuring  technique  as  well  as  the  experimental 
results  are  given  in  ref.  3. 

III.  Calculation  Procedures  (Panel  ’’ethod) 

The  potential  theoretical  method  applied  for 
calculating  the  steady  and  unsteady  pressures  on 
the  real  surface  of  an  oscillating  3-P-wing  config¬ 
uration  has  been  given  in  ref.  1.  Figure  lb  shows 
the  arbitrary  wing  geometry  with  the  corresponding 
panel  arrangement,  control  point  locations  and 
wake  surface  divided  into  wake  strips.  Each  panel 
is  represented  by  a  source/sink  and  doublet  distri¬ 
bution,  each  of  constant  strength.  The  wake  is 
represented  by  doublets  alone,  ’he  wake  geometry 
is  prescribed  and  not  cranged  during  the 
calculation. 

The  panel  method  has  been  applied  to  a  variety 
of  problems  including  three-dimensional  swept  wings 
and  wings  with  oscillating  control  surfaces.  Com¬ 
parisons  with  other  nethods  and,  in  particular  with 
experinental  data,  show  quite  satisfactory  corres¬ 
pondence  in  cases  where  viscous  effects  are  small. 
Influences  of  steady  boundary  layers  on  the  steady 
as  well  as  unsteady  pressure  distributions  have  also 
been  taken  into  account'  and  give  an  improvement 
of  the  steady  and  real-oart  unsteady  pressures. 
The  imaginary  parts,  however,  are  not  influences 
properly  by  this  simple  correction  procedure. 
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MCA  0012  Profile 


Fig.  1  (a)  Photo  of  the  rectangular  blade  tip  in  the 
test  section  of  the  3m-low  speed  wind 
tunnel  of  the  DFVLR/Gottingen. 

(b)  Panel -method:  wing  geometry,  panel 
arrangement. 


IV.  Results 


In  the  following  series  of  figures  (figures 
2-4),  some  selected  steady  and  unsteady  pressure 
distributions  are  given  for  small  (5  =  1°)  as 
well  as  for  higher  (5  =  8°)  oscillation  ampli¬ 
tudes  about  a0  =  8°  and  16°  steady  mean  inci¬ 
dence.  The  plots  always  give  calculated  and  mea¬ 
sured  steady  as  well  as  real  and  imaginary  parts  of 
the  unsteady  pressures  and,  in  addition,  amplitude 
and  phase  angle  distributions  for  complete  informa¬ 
tion.  The  pressure  data  are  plotted  versus  /xTc 
instead  of  x/c  in  order  to  expand  the  leading  edge 
region  of  the  profile.  Several  additional  results 
are  discussed  in  ref.  5. 


4.1  Stall  Onset 


Figure  2a  shows  steady  as  well  as  real  and 
imaginary  part  of  the  unsteady  pressure  distribution 
at  the  Inboard  station  (n  a  y/c  *  1.5  with  y  «  0 
at  the  wing  tip).  The  steady  mean  incidence  is 
<*o  «  8°  and  the  experimental  results  are 
obtained  for  o  *  1.05°  and  7.37°  oscillation 
amplitude.  The  unsteady  pressures  Cp  and 
Cp  are  referred  to  the  amplitude.  The  measured 
steady  and  real  part  unsteady  pressures  show  only  a 
small  reduction  compared  to  theory  which  must  be 
referred  to  boundary- layer  displacement  effects. 
Figure  2b  shows  the  amplitude  and  phase  angle  dis¬ 
tributions  for  the  same  case.  Only  the  phase  angles 
on  the  upper  surface  of  the  wing  show  a  remarkable 
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Fig.  2  MACA  0012:  a  =  8°  +  l°/7.37°  Sin  wt, 

inner  section  (n  =  1.5). 

(a)  Steady,  real  and  imaginary  pressures. 

(b)  Amplitude  and  phase. 

reduction  close  to  the  trailing  edge.  This  effect 
must  be  attributed  to  the  beginning  of  a  trailing- 
edge  separation,  because  these  effects  on  the  phase 
angle  distribution  are  similar  to  cases  of  higher 
incidence  where  separation  is  obviously  apparent, 
as  will  be  discussed  in  the  next  section. 

4.2  Deep  Dynamic  Stall 

Figure  3  displays  results  for  the  high  incidence 
case  of  a0  =  16°  with  a  =  1°  and  8.14°  oscil¬ 
lation  amplitude  (Inboard  station,  n  =  1.5).  In 
the  small  amplitude  case  there  is  still  a  good  cor¬ 
respondence  between  inviscid  theory  and  experiment. 
Again  the  phase  angles  in  Fig.  3b  show  larger  devi¬ 
ations  from  the  calculated  results  which  must  be 
referred  to  the  beg  inn  in'  of  a  turbulent  trai ling- 
edge  separation.  The  :  ituation  changes,  however, 
completely  for  the  high  amplitude  case:  On  the 
section  side  the  leading  edge  pressure  peak  of 
Cn  (Fig.  3a)  is  now  considerably  reduced.  At 
the  same  location  a  strong  peak  is  built  up  in  the 
imaginary  pressures.  Further  on  the  Cp-values 
remain  on  a  nearly  constant  level  compared  to  theory 
over  large  parts  of  the  upper  wing  surface.  The 
phase  angles  in  Fig.  3b  show  a  quite  contrary 
behavior  on  the  wing  suction  side.  These  phase 
differences  between  theory  and  experiment  are 
responsible  for  the  strong  shift  of  the  unsteady 
real-part  pressure  peak  into  the  imaginary  part. 
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Fig.  3  T1ACA  0012:  a  =  16°  +  1°/8.140  sin  wt, 
inner  section  (n  =  1.5). 

(a)  Steady,  real  and  imaginary  pressures. 

(b)  Amplitude  and  phase. 

In  this  high  amplitude  case  the  flow  obviously 
separates  from  the  leading  edge  over  a  part  of  the 
cycle.  Due  to  this  leading-edge  separation,  large 
vortex-like  disturbances  are  created  which  propagate 
downstream  over  the  upper  side  of  the  wing.  The 
separation  mainly  affects  the  phase  angle  of  the 
unsteady  pressures  whereas  the  amplitudes  remain 
nearly  constant  within  the  separated  region. 

4.3  Effects  on  Outboard  Sections 

For  the  very  tip  region  of  the  wing,  the  situa¬ 
tion  is  completely  changed.  Figure  4  shows  the 
corresponding  results  at  n  *  0.1  (y/c  *  0.1  mea¬ 
sured  from  the  wing  tip).  Now  the  leading-edge 
region  is  only  affected  slightly  by  viscous  effects 
even  in  the  high  amplitude  case.  On  the  other  hand, 
characteristic  effects  of  the  tip-vortex  near  the 
trailing  edge  can  be  observed  in  the  steady  and  real 
part  pressures.  The  imaginary  pressures,  however, 
remain  nearly  unchanged. 

4.4  Unsteady  Separation  on  a  Profile  Section  with 
osci i lating  Control 


Fig.  4  HACA  0012:  a  =  16°  +  1°/8.14°  sin  wt, 

outer  section  (n  »  0.1). 

(a)  Steady,  real  and  imaginary  pressures. 

(b)  Amplitude  and  phase. 

The  results  shown  in  Figures  2-4  are  a  few  typ¬ 
ical  examples  of  the  flow  situation  on  oscillating 
wings  under  separated  flow  conditions.  Further 
examples  are  discussed  in  ref.  5.  To  show  that  the 
separation  effects  on  the  unsteady  pressures  are 
not  a  feature  of  the  special  wing  configuration. 
Figure  5  shows  results  of  a  supercritical  wing- 
section  [Va-2  supercritical  airfoil)  with  oscillat¬ 
ing  trai ling-edge  control.  The  steady  mean  flap 
deflection  in  this  case  is  6  =  10°  ana  the  oscil¬ 
lation  amplitude  a  =  1°  (frequency  f  =  9  Hz). 
The  results  in  Fig.  5a  show  again  steady,  real  and 
imaginary  parts  of  the  unsteady  pressures  and  Fig. 
5b  displays  amplitude  and  phase  angle  distributions. 
The  invlscld  theoretical  results  are  corrected  by  a 
simple  procedure  taking  into  account  the  displace¬ 
ment  effect  of  the  steady  boundary  layer.  This 
correction  improves  the  steady  and  real  part 
unsteady  pressures  but  does  not  have  the  right 
influence  on  the  Imaginary  parts.  Strong  deviations 
between  theory  and  experiment  can  again  be  observed 
on  the  suction  side  of  the  oscillating  flap  which 
must  be  referred  to  turbulent  separation.  The  real 
part  pressure  peak  at  the  control  leading  edge  is 
now  considerably  reduced  and  shifted  into  the 
imaginary  part.  This  is  again  due  to  the  contrary 
oehavior  of  the  phase  angle  inside  the  separated 
region  (Fig.  5b).  In  the  following  section  it  is 
shown  how  a  simple  correction  procedure  is  able  to 
take  care  of  these  viscous  effects. 
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Fig.  5  Va2  supercritical  airfoil  section  with  oscil¬ 
lating  control:  <5  =  10°  +  1°  sin  ut 

(a)  Steady,  real  and  imaginary  pressures. 

(b)  Amplitude  and  phase. 

A. 5  Viscous  Correction  Procedure 

In  Fig.  3b,  for  the  wing  case,  as  well  as  in 
Fig.  5b,  for  the  profile  with  oscillating  control, 
the  phase  distribution  in  the  separated  region  can 
simply  be  corrected  by 

<Dcor  = 

where  ®n  is  given  in  the  corresponding  fig¬ 
ures.  Comparing  inviscid  theoretical  with  experi¬ 
mental  phase-angle  distributions  inside  the  sepa¬ 
rated  regions,  <?n  serves  as  an  "image  line." 

The  effects  of  the  corrected  theoretical 
^-distributions  on  the  real  ana  imaginary  pres¬ 
sures  are  given  in  Figs.  3a  and  5a.  The  shift  of 
the  pressure  peak  from  the  real  part  into  the  imag¬ 
inary  part  is  in  surprisingly  good  agreement  with 
the  experimental  data.  Deviations  in  the  real  parts 
of  Fig.  5a  must  be  referred  to  amplitude  differences 
which  have  not  been  taken  into  account. 


Viscous  correction  procedures  of  this  type  have, 
of  course,  the  disadvantage  that  the  correction 
factor,  in  this  case  the  image  value  ?n,  can 
only  be  found  by  comparison  between  theory  and 
experiment.  To  change  this  unsatisfactory  situa¬ 
tion,  calculation  procedures  must  be  developed  to 
take  into  account  unsteady  viscous  effects  wnicn  at 
least  give  more  insight  into  the  phase  and  amplitude 
behaviors  at  separation  or  inside  the  separated 
regions . 


V.  Unsteady  Boundary-Layer  Calculations  - 


One  possibility  to  obtain  some  detailed  infor¬ 
mation  of  unsteady  viscous  flows  before  and  close 
to  separation  can  be  achieved  by  the  investigation 
of  unsteady  boundary  layers.  As  a  first  step 
towards  this  goal,  a  finite-difference  procedure  has 
been  developed  to  calculate  the  unsteady  laminar 
boundary  layer  by  a  time-marching  procedure.  This 
method,  which  is  described  in  detail  in  Ref.  5,  has 
first  of  all  successfully  been  applied  to  the  well- 
known  problem  of  a  flat  plate  oscillating  in  its  own 
plane.  The  flat-plate  problem  is  on  one  hand  very 
suitable  to  check  a  nurerical  procedure  against 
various  results  existing  already  in  the  literature 
and  make  comparisons  with  low  and  high  frequency 
solutions  which  can  be  found  in  Ref.  7.  On  the 
other  hand  some  characteristic  features  of  unsteady 
boundary  layers,  which  differ  considerably  from 
their  two-dimensional  steady  counterparts,  can 
already  be  studied. 

The  most  remarkable  feature,  which  can  be  found 
in  Figs.  6a-c,  is  the  appearance  of  reversed  flow 
regions  over  a  part  of  the  oscillation  cycle.  The 
implicit  numerical  calculation  procedure  of  a 
Crank-Nicolson  type,  which  has  been  applied  here, 
does  not  show  any  difficulties  in  marching  through 
these  reversed  flow  regions.  This  is,  of  course, 
only  possible  as  long  as  the  numerical  stability 
condition  limited  by  the  zone  of  influence  of  the 
flow  characteristics  is  not  violated.  In  Figs. 
6a-c  the  results  of  a  high  frequency  solution 
obtained  from  a  simple  system  of  ordinary  differ¬ 
ential  equations'  are  used  for  comparison.  The 
results  fit  extremely  well  with  the  numerical  data 
giving  a  lot  of  confidence  in  the  validity  of  the 
numerical  procedure. 

Two  other  important  features  of  the  unsteady 
boundary  layers  can  also  be  studied  in  Figs.  6a-c. 
Figure  6c  shows  the  large  amount  of  unsteadiness 
during  a  cycle  of  oscillation  which  makes  it  diffi¬ 
cult  to  choose  a  suitable  family  of  profiles  for  a 
simpler  integral  procedure.  Figure  6b  finally  dis¬ 
plays  the  behavior  of  the  boundary- layer  displace¬ 
ment  thickness:  6i  shows  an  unsymmetric  behav¬ 
ior  (low  minimum,  larger  maximum)  during  a  cycle 
which  is  mainly  influenced  by  the  oscillation  amp¬ 
litude  c .  xw,  as  well  as  5]  show  considerable  phase 
shifts  with  respect  to  the  movement  of  the  plate. 


With  the  experience  from  the  flat  plate  Droblem, 
the  numerical  calculation  procedure  can  now  be 
apo lied  to  the  more  complicated  problem  of  oscil¬ 
lating  airfoils.  In  this  case,  suitable  initial 
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rig.  6  Unsteady  flat  plate  boundary  layer  U  =  1  +  e  cot,  <o*  =  5,  e  =  0.3. 
fa)  Hall  shear  stress-distribution. 

(b)  Boundary- layer  displacement  thickness. 

(c)  Boundary-layer  profiles. 


and  boundary  conditions  must  be  determined  before 
the  calculation  can  start. 

Results  from  the  unsteady  panel  method  described 
in  Section  3  serve  as  useful  boundary  conditions  at 
the  outer  edge  of  the  boundary  layer.  Initial  con¬ 
ditions  along  the  profile  at  t  =  0  can  be  calculated 
by  the  solution  of  the  steady-state  boundary  layer. 
Initial  conditions  close  to  the  front  stagnation 
point  can  be  determined  by  using  a  stagnation  point 
fixed  frame  of  reference,  i.e.  a  system  v/hich  moves 
harmonically  with  the  stagnation  point.  The  same 
finite-difference  procedure  can  then  be  applied  as 
before,  but  care  must  be  exercised  with  respect  to 
the  numerical  stability  condition.  Due  to  the  very 
high  pressure  gradients,  the  step  sizes  in  the 
x-directlon  must  be  very  small,  leading  to  even 
smaller  tine  steps  to  fulfill  numerical  stability 
requirements. 


VII.  Conclusion 

Theoretical  and  experimental  investigations  have 
been  carried  out  on  a  rotor  blade  tip  oscillating 
in  pitch  about  its  quarter-chord  axis.  Comparisons 
between  an  inviscid,  panel-type  theory  and  experi¬ 
ment  show  the  effects  of  viscosity  on  the  steady 
and,  in  particular,  on  the  unsteady  pressure  dis¬ 
tributions  on  the  wing  surface.  Special  features 
which  seem  to  be  cormon  have  been  found  to  influence 
the  unsteady  airloads  under  seoarated  flow  condi¬ 
tions.  Simple  correction  procedures  are  suitable 
to  take  care  of  these  effects,  but  for  this  type  of 
correction,  experimental  data  are  necessary,  ’’ore 
insight  into  unsteady  viscous  flows  may  be  obtained 
by  the  study  of  unsteady  boundary  layers.  There¬ 
fore,  a  finite-difference  procedure  has  been  devel¬ 
oped  to  solve  the  unsteady  boundary-layer  equations. 
This  method  has  first  of  all  been  applied  to  the 
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EFFECT  OF  ROUGHNESS  ON  THREE-DIMENSIONAL 
TURBULENT  BOUNDARY  LAYERS 
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Abstract 


>'"The  paper  describes  a  three-dimensional 
boundary  layer  experiment  on  a  rough  sur¬ 
face.  The  data  obtained  are  compared  to 
reference  experiment  having  the  same 
geometry  and  flow  conditions  but  with 
a  smooth  surface.  The  boundary  layer 
data  are  compared  using  scaling  criteria 
developed  from  two-dimensional  flows. 

It  is  found  that  the  results,  in  terms  of 
scaled  variables,  agree  well  in  regions 
where  pressure  gradients  are  the  dominant 
cause  of  three-dimensionality.  In  regions 
where  shear  stresses  are  more  important, 
significant  deviations  in  profile  charac¬ 
teristics  appear.  A  possible  interpre¬ 
tation  is  that  the  degree  of  anisotropy 
is  greater  in  three-dimensional  rough 
boundary- layer  flows  than  in  the  corre¬ 
sponding  smooth-wall  case. 


I.  Introduction 


During  the  last  few  decades  a  large 
number  of  boundary  layer  experiments  on 
rough  surfaces  have  been  conducted  in 
two-dimensional  flows  both  with  and  with¬ 
out  pressure  gradients  (ref.  1  to  9). 

This  has  provided  invaluable  information 
to  the  development  of  computational  me¬ 
thods  (ref.  10  to  15)  which  seem  to  be 
able  to  predict  the  2D  rough  boundary 
layer  flows  successfully.  However,  to 
our  knowledge,  no  experimental  infor¬ 
mation  is  available  or  3D,  rough  boun¬ 
dary  layers. 

Recently,  Ryhming  and  Fanneldp16  pu¬ 
blished  a  3D  law-of-the-wall  formulation 
including  surface  roughness  effects. 

The  results  of  their  analysis  show,  that 
in  3D  boundary  layer  flows,  the  effects 
of  roughness  on  the  velocity  profiles 
cannot  fully  be  accounted  for  by  a  down¬ 
ward  shift  iy*  of  the  wall  coordinate. 
Additional  terms, proportional  to  y*  or 
y+log  y+  appear,  which  would  seem  to  be 
of  increasing  importance  away  from  the 
wall.  These  terms  are  related  to  the 
curvature  and  convergence/divergence  of 
the  wall  streamline  and  would  therefore 
not  be  present  in  2D  flows.  The  theory 
presumes  the  existence  of  the  law-of- 
the-wall  and  no  conclusions  can  be  drawn 
concerning  the  flow  outside  the  loga¬ 
rithmic  region. 
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From  a  physical  point  of  view  roughness 
could  affect  the  3D  in  two  different  ways. 
The  increase  in  transverse  friction  would 
tend  to  reduce  the  crossflow.  On  the 
other  hand,  the  increase  in  streamwise 
wall  friction  also  tends  to  slow  down 
the  fluid,  making  it  more  sensitive  to 
the  lateral  pressure  gradient  and  there¬ 
fore  increases  the  production  of  crossflow. 
Which  one  of  these  two  opposing  effects  is 
dominant  is  not  quite  clear  but  in  their 
sample  computation  of  the  infinite  swept 
wing  experiment  documented  in  reference  1*, 
substantial  differences  in  crossflow  was 
noted  when  a  small  amount  of  roughness 
was  specified.  If  this  is  a  physically 
significant  effect  it  should  be  discern- 
able  when  the  same  3D  boundary  layer 
experiment  were  repeated  with  a  rough  and 
a  smooth  test  surface. 

In  this  paper  we  discuss  some  of  the 
results  obtained  by  repeating  a  previously 
documented  boundary  layer  experiment  per¬ 
formed  at  our  institute  (ref.  18)  with 
sand  paper  roughness  added  to  the  test 
surface.  The  data  from  the  smooth  sur¬ 
face  tests  will  be  used  as  a  reference 
in  analyzing  the  data. 


II.  Experimental  setup 
and  instrumentation 


The  experiment  for  the  smooth  surface 
case  is  fully  documented  in  reference  18. 
The  model  consists  of  a  semi-infinite 
blunt  body  mounted  on  a  flat  surface  ex¬ 
tending  3.34  m  upstream  of  the  model.  The 
shape  of  the  blunt  body  is  produced  by 
computing  the  potential  flow  contour  of  a 
line  source  in  a  uniform  flow.  After 
taking  into  account  the  effect  of  the  wind 
tunnel  walls  by  the  method  of  mirror  images 
it  is  shown  in  ref.  18  that  very  good 
agreement  between  the  analytical  and  mea¬ 
sured  pressure  distribution  was  obtained. 
Figure  1  shows  the  model  with  the  coordi¬ 
nate  system,  the  computed  inviscid  stream¬ 
lines  and  the  surface  streamlines  obtained 
for  the  smooth  case  by  means  of  oil  flow 
visualization.  The  measurement  stations 
are  also  indicated.  Unfortunately  no  sur¬ 
face  streamlines  are  obtainable  for  the 
rough  surface  sc  the  exact  position  of 
the  separation  line  could  not  be  estab¬ 
lished  for  this  case. 
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Figure  4  and  5  show  law-of-the-wall 
and  wake  plots  of  the  rough  and  smooth 
surface  boundary  layer  profiles  at  station 
11  for  the  same  Rex  (3.76-106).  G  was 
found  to  be  6.73  in  the  smooth  case  which 
is  somewhat  higher  than  the  values  nor¬ 
mally  specified  for  flat  plate  boundary 
layers,  confirming  the  presence  of  a 
slight  adverse  pressure  gradient.  The 
logarithmic  region  is  seen  to  be  well  de¬ 
veloped  in  both  cases  and  the  wake  com¬ 
ponents  collapse  on  the  same  curve. 


VI.  Experimental  results 

Figure  6  shows  the  wake  profiles  for 
the  measurement  stations  along  the  line  of 
symmetry.  It  is  seen  that  the  data  for 
rough  and  smooth  surfaces  collapse  at 
each  station  supporting  the  assumption  of 
a  constant  G-function.  The  law-of-the- 
wall  plots  in  figure  '  show  an  increasing 
wake  function  as  separation  is  approached. 
For  station  18  the  logarithmic  region  has 
disappeared  in  the  smooth  case  which  most 
likely  is  also  the  case  for  the  rough  sur¬ 
face  flow  making  the  estimate  of  Cf  ques¬ 
tionable.  (The  solid  line  is  the  van 
Driest  formulation  of  the  law-of-the-wall 
for  a  smooth  surface). 

Figure  8  shows  the  wake  profiles  for 
the  second  streamline.  (The  profiles  for 
station  21  have  been  omitted  because  they 
are  practically  identical  to  those  of 
profile  11).  Some  deviations  are  seen  at 
station  28.  Possibly  it  is  the  result  of 
"forcing"  the  data  to  produce  a  larger 
logarithmic  region  than  what  is  physically 
correct  (fig.  9)  with  results  similar  to 
those  illustrated  in  figures  2  and  3. 

As  discussed  previously,  the  method  re¬ 
lies  on  the  existence  of  at  least  a  small 
but  recognizable  logarithmic  region  in 
the  law-of-the-wall  plot. 

Assuming  that  the  proper  length  scale 
for  the  lateral  velocity  component  in  the 
outer  flow  is  the  same  as  that  character¬ 
izing  the  streamwise  velocity  defect,  the 
crossflow  angle  has  been  plotted  against 
yuT/5*Ue  as  shown  in  fig.  10.  It  should 
be  pointed  out  however,  that  it  is  not 
obvious  that  the  shift  of  origin  should  be 
the  same  for  the  streamwise  and  lateral 
velocity  profiles,  as  e  could  depend  on 
the  shear  velocity  in  the  respective  di¬ 
rections.  The  figure  indicates  that  the 
magnitude  of  the  crossflow  angle  close  to 
the  wall  is  not  much  affected  by  the  sur¬ 
face  roughness.  In  this  region  the  flow 
angle  is  primarily  determined  by  a  balance 
of  local  pressure  gradients  and  the  tur¬ 
bulent  shear  stresses.  Further  out  the 
crossflow  for  the  rough  surface  experi¬ 
ment  is  considerably  reduced.  Because 
the  extent  and  shape  of  the  separated 
region  seems  to  be  influenced  very  little 


by  the  addition  of  roughness,  the  height 
of  the  separation  vortex  relative  to  the 
boundary  layer  thickness  of  the  oncoming 
flow  is  much  reduced  in  the  rough  wall 
case.  This  will  reduce  the  effective 
normal  pressure  gradient  which  in  turn 
could  influence  the  crossflow  angle. 

Figure  11  shows  a  polar  plot  of  the  same 
data  which  clearly  shows  the  differences 
in  the  outer  flow  but  agreement  near  the 
wall. 

Figure  12  shows  wake  plots  for  the 
streamline  furthest  out  from  the  line  of 
symmetry.  The  wakes  are  seen  to  collapse 
for  rough  and  smooth  surfaces  at  all 
stations.  The  estimated  skin  friction 
coefficients  along  this  streamline  are 
considered  reliable  as  all  profiles  show- 
extensive  logarithmic  regions  (fig.  13). 

At  station  3’  the  pressure  gradient  is 
favourable  which  results  in  a  wake  part 
that  drops  below  the  logarithmic  line. 

Crossflow  angles  have  been  plotted  in 
figure  14  and  polar  plots  are  shown  in 
figure  15.  The  flow  along  this  line 
differs  from  that  along  the  other  streamline 
because  the  pressure  gradients  are  weak 
and  the  shear  forces  relatively  more 
important.  This  will  influence  the  flow 
most  significantly  in  the  region  outside 
the  viscous  sublayer  extending  to  about 
the  middle  of  the  boundary  layer,  where 
the  shear  forces  have  been  stTongly  re¬ 
duced.  It  is  seen  from  the  crossflow 
plots  that  the  most  significant  differen¬ 
ces  between  the  smooth  and  rough  data  is 
found  up  to  yuT/6*U?  of  about  0.1  cor¬ 
responding  to  y/<$  of  approximately  0.3. 

For  profile  35  the  crossflow  is  increased 
by  almost  50!  in  this  region  compared  to 
the  smooth  case.  It  has  been  shown  in 
numerical  experiments  that  these  effects 
can  occur  if  the  turbulent  shear  stresses 
are  anisotropic  (Fannelpp  and  Humphreys25  ). 
By  reducing  the  eddy  viscosity  in  the 
lateral  direction  substantially  more 
crossflow  can  be  produced.  A  parametric 
study  of  the  3D  law-of-the-wall  by 
Ryhming  and  Fannelpp16  also  supports  this. 
For  the  flow  closest  to  the  wall  the 
differences  are  minor  although  for  profile 
37  the  rough  surface  crossflow  comes  out 
slightly  negative  at  the  wall  whereas  the 
smooth  data  show  a  small  positive  angle. 


VII.  Conclusions 

A  3D  boundary  layer  experiment  is  de¬ 
scribed  where  smooth  and  rough  wall  data 
have  been  obtained  for  the  same  geometry 
and  flow  conditions. 

A  method  for  comparing  rough  and  smooth 
surface  boundary  layer  data  has  been  de¬ 
scribed.  It  is  believed  that  the  method 
gives  reliable  estimates  of  the  wall  skin 
friction  coefficient  as  well  as  of  the 
shift  in  origin,  which  is  required  to  ob¬ 
tain  correct  values  of  the  integral 
length  scales. 
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i  c  this*,  ktf/ii'-ivii  stress  measure- 

mt.-r.ts  would  have  tc  be  performed. 

Because  it  is  impossible  tc  use  common 
surface  flow  visualization  techniques  on 
the  rough  wall,  precise  information  on 
the  wail  flow  direction  is  not  available. 
However,  there  was  little  indication  that 
the  flow  direction  in  the  inner  layer  is 
much  affected  by  the  surface  roughness. 
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Fig.  1  -  Geometry  of  experiment. 


Fig.  2  -  Law-of-the-wal 1  plot  of  pro¬ 

file  16. 
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Abstract 

The  properties  of  a  turbulent  three-dimensional 
wake  behind  a  swept  wing  are  analyzed.  The  sweep 
angle  and  the  incidence  have  been  chosen  to  generate 
very  dissymmetric  initial  conditions  of  the  wake. 

One  of  the  aims  of  the  experiment  is  to  study  the 
relaxation  of  this  initial  dissymmetry.  The  experi¬ 
ment  is  also  aimed  at  providing  a  detailed  set  of 
data  for  testing  calculation  methods  and  turbulence 
schemes.  For  this,  detailed  measurements  of  mean 
velocity  profiles  and  of  Reynolds  stresses  profiles 
have  been  carried  out.  Particular  attention  has  been 
paid  to  Reynolds  stress  measurements.  These  have 
been  carr  .ed  out  by  using  several  types  of  hot  wire 
probes  (45°  slanting  sensor  probe,  X-wire  probe  and 
four-wire  probe)  and  the  various  results  are  com¬ 
pared. 

Two  calculation  methods  have  been  applied.  The 
first  is  an  integral  method  and  the  second  is  a 
field  method  in  which  the  turbulence  scheme  is  a 
transport  equation  model.  The  results  are  presented 
and  discussed  with  special  emphasis  on  the  turbu¬ 
lence  model. 

I.  INTRODUCTION 

The  objective  of  the  present  experimental  study 
of  a  turbulent  three-dimensional  wake  is  manysided. 
First  it  is  aimed  at  providing  a  set  of  data  on  a 
flow  which  has  been  rarely  studied  /Ref.  1,2/.  From 
a  fundamental  point  of  view,  this  flow  is  interesting 
because  it  is  a  relaxed  flow  :  the  initial  conditions 
at  the  trailing  edge,  which  are  very  dissymmetric 
and  three-dimensional,  are  generated  on  the  airfoil 
by  a  rather  strong  adverse  pressure  gradient  which 
becomes  very  small  in  the  wake.  Therefore,  knowledge 
of  turbulence  behaviour  is  valuable  for  comparison 
with  turbulence  modelling.  Another  aspect  of  the 
interest  of  such  data  is  that  more  and  more  calcula¬ 
tion  procedures  of  the  flow  field  around  an  airfoil 
are  taking  into  account  the  wake  and  the  three- 
dimensionality  of  the  flow.  Therefore,  these  data 
should  be  useful  for  validating  the  calculation 
methods.  Finally  such  an  experiment  is  also  a  good 
opportunity  for  testing  measurement  techniques  of 
turbulent  three-dimensional  flow  especially  if  the 
Reynolds  stress  components  are  considered. 

2.  experimental  conditions 

The  wake  is  generated  by  a  swept  wing  mounted 
between  the  lateral  walls  of  a  subsonic  wind  tunnel 
of  the  EIFFEL  type  (Fig.  I ) .  The  wing  section  is  an 
ONERA  D  profile.  The  chord  length  is  constant  and 
equal  to  200  ran.  The  sweep  angle  is  22,5°.  The  angle 


of  attack  is  8°  (normal  incidence).  The  free-stream 
velocity  is  35  m/s  so  that  the  Reynolds  number  based 

on  the  chord  length  is  4,7  10^.  The  free-stream 
turbulence  level  is  Vu'^/U^  *  0,7  Z. 

On  the  suction  side,  the  transition  is  natural 
and  is  caused  by  a  leading  edge  bubble.  On  the 
pressure  side,  the  transition  has  been  tripped  by 
using  a  wire  parallel  to  the  leading  edge. 

The  boundary  layers  developing  on  the  pressure 
side  and  on  the  suction  side  have  been  measured  in 
detail  but  the  results  are  not  given  here.  They  are 
reported  in  /Ref.  3/. 


The  static  pressure  distribution  has  been  mea¬ 
sured  by  using  a  static  pressure  probe.  From  these 
measurements,  an  "inviscid  velocity"  distribution 
has  been  deduced  and  is  given  in  Fig.  I.  This  figure 
shows  that  the  suction  side  boundary  layer  develops 
under  the  effect  of  an  adverse  pressure  gradient 
leading  to  a  boundary  layer  which  is  almost  sepa¬ 
rated  at  the  trailing  edge.  Therefore,  the  three- 
dimensional  effects  are  very  strong  :  at  the  trai¬ 
ling  edge,  the  deviation  between  the  wall  stream¬ 
lines  and  the  boundary  layer  edge  streamlines  is 
about  35°.  On  the  contrary,  the  pressure  side  bound¬ 
ary  layer  develops  in  presence  of  a  favourable  pres¬ 
sure  gradient  so  that  the  three-dimensional  effects 
are  very  small.  Moreover,  the  thicknesses  of  the 
suction  side-  and  pressure  side-boundary  layers  are 
very  different  :  at  the  trailing  edge,  they  are  res¬ 
pectively  about  20  ran  and  5  ran  ;  the  shape  parame¬ 
ters  of  the  streamwise  velocity  profiles  are  also 
very  different  :  respectively  1.75  and  1.5. 


Therefore,  it  follows  that  the  initial  conditions 
of  the  wake  are  strongly  dissymmetric.  One  of  the 
purposes  of  the  experiment  is  precisely  to  analyze 
the  evolution  and  the  relaxation  of  this  dissymmetry. 

For  this,  measurements  of  the  mean  velocity  and 
of  the  Reynolds  stresses  have  been  performed. 

These  measurements  have  been  carried  out  mainly 
in  the  vertical  median  plane  of  the  wind  tunnel  up 
to  a  distance  of  1.24  chord  length  downstream  from 
the  trailing  edge.  However,  due  to  Che  rather  small 
ratio  becween  the  wing  chord  and  the  wing  span,  the 
flow  is  not  exactly  invariant  in  Che  spanwise  direc¬ 
tion.  In  order  to  produce  a  set  of  data  useful  for 
comparison  between  calculation  and  experiment,  wake 
measurements  have  also  been  performed  in  off  median 
plane.  A  total  of  five  planes  has  been  investigated 
(Fig.  2).  The  distance  between  the  two  extreme 
planes  is  100  mm.  All  the  data  are  tabulated  in 
/Ref.  3/.  In  this  paper,  only  characteristic  results 
are  given. 


Fig.  2  -  Measurement  stations 

•  mean  velocity  profiles 
X  Reynolds  stress  profiles 


At  the  trailing  edge,  the  suction  side  and  pres¬ 
sure  side-boundary  layers  lead  to  very  dissymmetric 
profiles  of  the  streamwise  component  and  of  the 
crosswise  component  as  well.  Gradually,  there  is  a 
symmetrization  of  these  profiles  which  results  in 
particular  in  a  transfer  of  three-dimensionality 
from  the  upper  side  to  Che  lower  side.  At  the  same 
time,  a  flattening  of  the  velocity  profiles  is  ob¬ 
served.  It  should  be  noted  that  the  time  scales  of 
symmetrization  and  of  flattening  of  crosswise  and 
streamwise  profiles  have  the  same  order  of  magnitude 


Fig.  3  -  Streamwise  and  crosswise  velocity 
profiles 

These  evolutions  can  also  be  analyzed  in  the 
hodograph  plane  (Fig.  4).  Just  downstream  from  the 
trailing  edge,  the  polar  plot  becomes  a  simple 
closed  loop,  the  pattern  of  which  is  very  different 
from  that  obtained  just  upstream  from  the  trailing 
edge  :  this  is  due  to  the  sudden  removal  of  the  no¬ 
slip  condition. 


3.  MEAN  VELOCITY  MEASUREMENTS 


The  mean  velocity  has  been  measured  by  using  a 
clinometric  three  tube  probe.  The  probe  can  rotate 
about  its  axis  and  the  velocity  direction  is  known 
when  the  two  lateral  tubes  (which  are  symmetrically 
45°-chamfered)  indicate  the  same  pressure.  In  this 
way,  the  probe  is  aligned  with  the  mean  velocity, 
the  magnitude  of  which  is  known  from  the  pressure 
measured  with  the  central  tube. 

The  mean  velocity  is  decomposed  into  streamwise 
and  crosswise  components  (Fig.  1).  The  evolution  of 
these  components  is  given  in  Fig.  3  at  several  sta¬ 
tions  located  along  the  vertical  median  plane  of  the 
wind  tunnel.  In  this  figure,  y  *  0  represents  an 
horizontal  plane  containing  the  trailing  edge. 
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Fig.  4  -  Polar  plots 
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It  is  noted  that  the  points  representing  the  upper 
side  and  the  lower  side  become  closer  and  closer 
because  of  the  symmetrization  of  the  profiles. 
However,  it  is  difficult  to  tell  if  the  syrametri- 
zation  is  achieved  before  or  after  the  limit  form 
is  reached  (the  limit  form  is  defined  by  the  point 


such  that 


1  and  —  *  0).  In  fact,  it  seems 
Ue 


that  all  these  phenomena  develop  with  the  same 
time  scale  - 

The  static  pressure  has  also  been  measured  within 
the  wake  at  several  stations  (Fig.  5).  At  stations 
close  to  the  trailing  edge,  the  static  pressure  has 
a  maximum  near  the  point  of  minimum  velocity  and  a 
normal  pressure  gradient  is  observed.  Outside  the 
wake,  the  static  pressure  is  not  constant  either  ; 
it  should  be  noted  however  that  even  in  inviscid 
flow,  there  would  be  a  static  pressure  variation 
which  is  generated  by  the  airfoil.  Further  down¬ 
stream,  say  half  a  chord  length,  the  normal  static 
pressure  gradient  becomes  negligible. 
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4.  REYNOLDS  STRESS  MEASUREMENTS  - 
EXPERIMENTAL  TECHNIQUES 

The  Reynolds  stresses  have  been  measured  by  using 
constant  temperature  hot  wire  anemometry.  Three  ty¬ 
pes  of  hot  wire  probes  have  been  used  and  compared 
(Fig.  6). 


4.1.  Method  I 


slanting  sensor  probe 


In  this  case,  the  probe  is  placed  in  the  direc¬ 
tion  of  the  mean  velocity  vector  at  each  measure¬ 
ment  point,  this  direction  being  known  from  clino- 
raetric  three  tube  probe  measurements. 

It  is  assumed  that  the  fluctuation  of  voltage 
applied  to  the  wire  is  a  linear  function  of  the 
velocity  fluctuations  /Ref.  4/. 


Method  1 45  slanting  sensor  probefrr.atmg  prcce^ 
and  strait  probe 
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Method  2  :  X-  wire  probe  ( notating  probe ) 


Static  pressure  variations  across  the  wake 
(Pie  :  external  stagnation  pressure  - 


reference 


Method  3 .  four  -wire  probe  :  non  rotating  prcDei 


Fig.  6  -  Hot  wire  probes 


In  this  formula,  Y  is  the  roll  angle  of  the 
probe  ;  u'  is  the  velocity  fluctuation  in  the  probe- 
axis  direction  ;  v'  and  w'  are  velocity  fluctuations 
in  a  plane  orthogonal  to  the  probe-axis  ;  k  is  the 
magnitude  sensitivity  coefficient  and  r  is  a  direc¬ 
tional  sensitivity  coefficient.  These  coefficients 
k  and  r  are  determined  from  calibration. 

To  get  the  Reynolds  stresses,  the  r.m.s.  values 
e ' 2  are  measured.  For  any  value  Y,  the  quantity  i ^ 
is  a  function  of  the  six  components  of  the  Reynolds 
stress  tensor.  Then,  e'4  must  be  measured  for  six 
different  values  of  Y.  However,  this  is  not  suffi¬ 
cient  because  the  system  so  obtained  is  indetermi¬ 
nate  and  it  is  necessary  to  perform  an  extra  mea¬ 
surement.  The  simplest  consists  of  measuring  u' ‘ 
with  a  straight  probe  aligned  with  the  mean  velocity 
vector. 

This  procedure  is  very  time-consuming  since  three 
steps  are  needed  :  the  mean  velocity  is  first  mea¬ 
sured  ;  then,  u'2  is  determined  with  a  straight 
probe  and  finally  the  five  other  components  of  the 
Reynolds  stress  tensor  are  calculated  from  the 
r.m.s.  values  of  e ' ^  measured  for  five  Y  angles.  In 
fact,  to  improve  the  accuracy,  e ' *  has  been  measured 
for  eight  values  of  Y  and  the  Reynolds  stresses  have 
been  calculated  by  using  a  least  square  method. 

4.2.  Method  2  :  X-wire  probe 

The  second  method  which  has  been  tested  uses  a 
X-wire  probe  (Fig.  6).  In  this  case  also  the  probe 
has  been  aligned  with  the  mean  velocity  vector  and 
measurements  are  performed  for  several  values  of  the 
r  angle. 


(I)  e'  -  k(u'  ♦  r(w'  cos  T  +  v'  sin  Y)) 


However,  Chere  is  a  difference  with  Che  method 
described  previously.  In  effect,  for  each  value  of 
Y,  in  addition  to  the  r.m.s.  values  of  the  voltages 
applied  to  each  wire,  an  additional  independent 
piece  of  information  is  available  :  this  is  the 
correlation  between  each  voltage.  Moreover,  this 
method  no  longer  needs  the  independent  measurement 
of  u  2. 


+■  thmwub*  pres* 
•  !our.«*»oroo» 


4.3.  Method  3  ;  four-wire  probe 

The  third  method  uses  a  four-wire  probe  which 
consists  of  a  set  of  two  X-wire  probes  (Fig.  6). 

The  four  wires  are  electrically  independent.  With 
this  probe,  it  is  possible  to  measure  the  six  com¬ 
ponents  of  the  Reynolds  stress  tensor  without  rotat¬ 
ing  the  probe.  To  define  a  quite  efficient  proce¬ 
dure,  it  is  interesting  to  measure  the  mean  veloci¬ 
ty  and  the  Reynolds  stresses  in  the  same  single 
operation.  This  means  that  the  direction  of  the 
probe  with  respect  to  the  mean  velocity  vector  is 
a  priori  unknown.  In  this  case,  it  becomes  neces¬ 
sary  to  use  a  hot  wire  law  containing  two  direc¬ 
tional  sensitivity  coefficients. 

(2)  e2  -  e  2  ♦  B  Ueff1/n 
o 


f. 

7~' 


+■  prow 
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coefficients  determined  from  calibration.  Ueff  is 
an  effective  velocity  defined  as  : 


(3)  Ueff 


,  2  „  2  ,  2  „  2 
k,  ut  ♦  k2  us 


where  Ut  is  the  velocity  component  parallel  to  the 
wire,  U  is  orthogonal  to  the  wire  (in  the  plane  of 
the  wire  and  the  prongs)  and  U  is  orthogonal  to 
Un  and  U£.  kj  and  kj  are  directional  coefficients 
determined  from  calibration. 

With  this  kind  of  probe,  the  instantaneous  val¬ 
ues  of  the  voltages  applied  to  the  four  wires  are 
measured.  From  them,  the  three  components  Un>  U  , 

U  are  calculated  by  using  a  least  square  method. 
After,  the  mean  velocity  components  are  calculated 
from  a  statistical  treatment  of  a  sampling  of  a 
great  number  of  values  of  Un,  Ut,  Ug.  The  next  step 
consists  of  calculating  the  fluctuations  u'n,  u't, 
u's  and  a  statistical  treatment  enables  us  to  know 
the  Reynolds  stresses. 

Obviously,  this  method  is  much  more  attractive 
than  the  first  two  methods  since  the  instantaneous 
values  of  fluctuations  are  known.  It  can,  therefore, 
be  imagined  that  a  lot  of  turbulence  characteristics 
can  be  deduced,  such  as,  for  example,  spectra,  time 
correlations. . . 


Fig.  7  -  Comparison  of  streamwise  and  crosswise 
velocity  profiles  (X/C  -  1.10) 

Figure  8  shows  comparisons  of  v'2,  u'v'  and  v'w' 
measured  either  with  the  45°  slanting  sensor  probe 
or  with  the  four-wire  probe  at  stations  x/c  •  1.10. 

m  I  _ _ 
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Fig.  8  -  Comparison  of  u' ,  u'v* , 
vV  (X/C  -  1.10) 

(+  :  45°  single  wire  probe 
\  +  •  :  four-wire  probe) 
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5.  REYNOLDS  STRESS  MEASUREMENTS  -  RESULTS 


5.1.  Comparisons  of  measurements  techniques 


The  various  techniques  have  been  compared  at 
several  stations.  Here,  only  a  sample  of  these 
comparisons  is  given.  Figure  7  shows  the  comparison 
of  mean  velocity  profiles  measured  either  with  the 
clinometric  three-tube  probe  or  with  the  four-wire 
probe.  The  agreement  is  pretty  good  even  for  the 
crosswise  velocity  which  is  rather  small  compared 
with  the  streamwise  velocity.  This  demonstrates  the 
good  directional  sensitivity  of  the  four-wire  probe. 


The  overall  agreement  seems  acceptable.  The  largest 
discrepancies  are  obtained  on  the  v'w'  component. 

It  should  be  noted,  however,  that  v'w'  is  smaller 
Chan  the  other  five  Reynolds  stress  components.  In 
addition  v'w1  is  the  most  difficult  correlation  to 
measure.  In  the  case  of  the  technique  using  the 
45s  slanting  sensor  probe,  Che  measurements  of  e ' * 
for  two  values  of  ¥  (V  »  0  and  ¥  »  180°)  enable  us 
to  determine  u'w'  if  u'^  is  known.  Indeed,  we  have  : 

(4)  e'2(f  -  0°)  -  k2  (u'2  +  r2  w'2  +  2r 

(5)  -  180°)  -  k2  (u'2  +  r2  w'2  -  2r  ITV) 

On  the  contrary,  v*w'  can  be  determined  only 
from  equations  containing  the  six  components  of  the 
Reynolds  stress  tensor.  Therefore,  all  the  inaccu¬ 
racies  are  accumulated  on  v'w' . 

Figure  9  shows  comparisons  of  v'2,  u1 v'  and  v'w' 
measured  either  with  the  45°  slanting  sensor  probe 
or  with  the  X-wire  probe  at  station ‘x/c  *  1.69.  The 
overall  agreement  between  the  two  techniques  seems 
slightly  better  than  that  observed  in  figure  8  be¬ 
tween  the  45°  slanting  sensor  probe  and  the  four- 
wire  probe.  Possibly,  this  is  due  to  the  fact  Chat 
there  is  a  closer  resemblance  between  methods  1 
and  2  than  between  methods  1  and  3. 


5.2.  Results 

Figure  10  gives  the  evolutions  of  u'  ,  u'v' , 
v'w'  and  u'w'  at  several  stations  located  in  the 
median  vertical  plane  of  the  wind  tunnel.  Let  us 
specify  that  these  stresses  are  expressed  in  a  lo¬ 
cal  axis  system.  This  means  that  u'  is  aligned  with 
the  mean  local  velocity,  v'  is  orthogonal  to  u'  such 
that  the  plane  (u',  v')  is  vertical  and  w'  is  ortho¬ 
gonal  to  u '  and  v ' . 
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10  -  Evolution  of  u,u' v' ,  v'w' 
(X/C  -1.69) 


and  u'w' 


9  -  Comparison  of  v'^.L  vlw'  (♦  :  X- wire 
probe  -  •  :  45°  slanting  sensor  probe) 
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The  component  u*  has  been  measured  with  a  straight 
probe  aligned  with  the  mean  velocity  vector. 


At  Che  trailing  edge,  the  profile  is  very  dis¬ 
symmetric.  On  the  lower  side  (y  <  0) ,  the  profile 
has  a  peak  near  y  ■  0  and  it  looks  like  a  flat  plate 
boundary  layer  profile.  On  the  upper  side  (y  >  0) , 
the  profile  has  a  bump  located  at  one  third  of  the 
thickness  of  the  boundary  layer  ;  this  reflects  the 
existence  of  a  positive  pressure  gradient  on  the 
suction  side  of  the  airfoil.  Downstream,  a  progres¬ 
sive  symmetrization  is  observed.  At  x/c  -  2.24,  the 
overall  feature  is  that  of  a  classic  two-dimensional 
wake  but  the  profile  is  still  significantly  dissym¬ 
metric. 

The  profiles  of  u'v ' ,  v'w'  and  u'w'  are  also 
very  dissymmetric  at  the  trailing  edge  and  become 
more  symmetric  downstream.  More  precisely,  the 
profiles  of  u'v'  and  v'w'  tend  to  be  antisymmetric 
whereas  u'w'  tends  to  be  symmetric.  It  is  noted  that 
the  magnitude  of  u'w'  is  of  the  same  order  as  the 
one  of  u'v*  and  v'wr. 

5.3.  Analysis  of  the  cross  correlations 

The  evolution  of  the  cross  correlations  can  be 
analyzed  by  considering  a  turbulence  model  as  the 
one  proposed  by  LAUNDER-REECE-RODI  /Ref.  5/. 

If  the  modelled  Reynolds  stress  equations  are 
simplified  by  neglecting  the  convection  and  dif¬ 
fusion  terms  and  if  only  the  components  f--  and 

°y  °y 

of  the  velocity  gradient  are  considered,  simple  ex¬ 
pressions  of  Reynolds  stresses  are  obtained.  In  a 
cartesian  coordinate  system,  these  are  : 


are  zero  when  U  and  y  resp.  are  extrema.  This  pro¬ 
perty  is  not  exactly  verified  in  experiments  be¬ 
cause  the  zeros  of  u'v'  and  w' v'  are  slightly 
shifted  with  respect  to  the  extrema  of  u  and  y. 
However,  not  too  close  to  the  points  where  u'v' 
and  w'v'  are  zero,  the  signs  of  these  correlations 
are  in  agreement  with  the  ones  given  by  formulae  9, 
10.  In  addition,  expressions  9,10  show  that  the 
vector  of  components  (u'v1 ,  w'v')  is  aligned  with 
the  y-derivative  of  mean  velocity.  To  check  this, 
the  parameter  N  defined  as  : 

(i2)  n  -  Ay  ft*..- i i 

tan  (Yg  -  y) 

is  plotted  in  figure  11.  In  this  definition  (12)  of 
N,  the  quantities  (y-j  -  y)  and  (Yg  -  y)  define  res¬ 
pectively  the  directions  of  vector  t  (u ' v ' ,  w'v') 

9V 

and  of  the  y-derivative  —  of  the  mean  velocity 
3y 

with  respect  to  the  direction  of  mean  velocity. 

The  parameter  N  is  equal  to  1  if  t  and  -|^  are 

aligned.  Figure  j]  shows  that  N  is  around  1  but 
there  is  a  rather  large  scatter  in  experimental 
values  which  is  due  to  the  difficulty  in  measuring 
the  Reynolds  stresses  v'w'  and  u'v' . 

_JSU_ 

/At  ,  „ 


N. 


(8)  -  lT 


k  30, 

7  V  tly- 


where  the  index  I  means  that  the  velocity  components 
are  defined  in  a  cartesian  system.  In  the  local 
streamline  coordinate  system,  the  Reynolds  stresses 


where  y  is  the  direction  of  the  mean  velocity  with 
respect  to  any  given  axis  (for  example,  y  can  be 


defined  as  y  ■  t 
constants  are  C, 


(Wj/0i) ) .Proposed  values  of 
1.5  and  C2  *  0.4. 


In  the  above  expressions,  k  and  e  are  the  turbu¬ 
lent  kinetic  energy  and  its  dissipation  rate  and 
vt  is  the  eddy  viscosity  coefficient. 


Figure  10  shows  that  u'w'  is  negative  in  the 
whole  thickness  of  the  wake.  This  is  coherent  with 

formula  8  because  both  quantities  and  |A  change 

their  sign  at  almost  the  same  location  in  the  wake. 
In  fact,  it  could  be  that  there  is  a  thin  region 
where  u'w'  is  positive  but  this  has  not  been  detec¬ 
ted  from  experiments. 

The  formulae  9,  10  show  that  u'v'  and  w'v'  resp. 


Fig,  1 1  -  Evolution  of  N 


6.  CALCULATION  METHODS 

Two  calculation  methods  have  been  implemented  : 
the  simpler  method  consists  in  solving  the  global 
equations  of  the  wake  and  the  more  elaborate  uses 
the  partial  differential  equations  by  introducing 
a  transport  equation  model. 

6.1.  Integral  method 

The  integral  method  is  based  on  the  solution 
of  global  equations  which  are  the  momentum  equa¬ 
tions  and  the  continuity  equation  integrated  with 
respect  to  y  between  the  lower  and  the  upper  bound 
aries  of  the  wake.  The  main  unknowns  of  the  equa¬ 
tions  are  characteristic  thicknesses  between  which 
closure  relationships  are  needed  to  solve  the  sys¬ 
tem  of  equations.  To  obtain  these  relationships. 


a  representation  of  the  velocity  profiles  is 
needed.  For  this,  rather  crude  hypotheses  have  been 
made.  The  streamwise  velocity  profile  is  divided 
into  two  parts  :  1)  one  between  the  minimum  velo¬ 
city  point  and  the  lower  boundary  of  the  wake  ; 

2)  the  other  between  the  minimum  velocity  point 
and  the  upper  boundary  of  the  wake. 

Each  part  is  represented  by  a  profile  used  in 
two-dimensional  flow  : 

<”>  -  'l1 

nun 

The  crosswise  velocity  profile  is  determined  by 
using  a  simplified  representation  of  the  polar  plot 
which  is  assumed  to  be  a  triangle  as  shown  in 
figure  12. 


Fig.  12  -  Simplified  representation  of  polar  plot 
in  a  wake 

The  continuity  equation  also  needs  the  specifi¬ 
cation  of  the  entrainment  coefficient  for  each 
half  part  of  the  wake.  This  coefficient  is  : 


-  if 


Ve 


where  6  is  the  thickness  of  the  lower  (or  upper) 
part  of  the  wake,  s  is  the  coordinate  along  the 
external  streamlines,  Ue  is  the  velocity  magnitude 
at  the  wake  boundary  and  V„  is  the  normal  velocity 
component  at  the  wake  boundary.  This  coefficient  is 
calculated  by  a  formula  used  in  two-dimensional 
flow  : 


(15)  CE 


0,14 


In  the  method  which  has  been  developed,  the 
upper  and  lower  points  of  the  wake  are  calculated 
separately.  For  this,  global  equations  are  written 
for  each  part  of  the  wake  and  further  hypotheses 
are  introduced  :  I)  the  points  of  minimum  stream- 
wise  velocity  and  of  maximum  crosswise  velocity 
are  assumed  to  be  at  the  same  location  ;  2)  at  this 
point,  the  shear  stress  components  are  assumed  to 
be  equal  to  zero. 


6.2.  Transport  equation  model 

The  partial  differential  equations  of  the  wake 
have  been  solved  by  using  either  a  two-equation 
model  or  a  four-equations  model.  In  both  cases, 
the  equations  for  the  turbulent  kinetic  energy  and 
its  dissipation  rate  are  used.  In  a  cartesian 
coordinate  system,  they  are  : 


(16)  £ 
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with  vt  =  Cu  k2 


The  mod  if icat ions  proposed  by  ROTTA  / 6 /  for  calcu¬ 
lating  uTvr  and  v'w1  have  been  tested.  If  four- 
equation  model  is  used,  the  u'v'-  and  v 'w? -equations 
are  : 

(18)  ■£-  iPV  =  -  k(a  +  a  -  C,  S  uTvT 

Dt  pxx  3y  pxz  9y  *  k 

^9  / v  t  3  — j — r\ 

+  r—  (-4-  t—  u'v') 

3y  o  3y 


t  i  0  — ( — T  i  /  31/  3W  -  £  — f — f 

(19)  —  v  w'  =  -  k  (a  —  +  a  t~)  -  C.  —  v'w 

Dt  pzx  3y  pzz  3y  1  k 
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(20)  with 

a  = 

„  U2  +  TW2 

<1 

pxx 

Tl  u2  +  w2 

(21) 
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pzx 

PXZ  Tj 

(22) 
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If  a  two- 

-equation 

model  is  used, 

are  calculated  from  : 

(23)  W  -  (3pxx  1 1  ♦  apxz  ff) 
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In  these  models,  a  new  parameter  T  has  been  intro¬ 
duced.  Formulae  (23)  and  (24)  clearly  show  the  effect 
of  this  parameter  :  when  T  •  ^  a  classic  model  is 
obtained,  in  which  the  vector  x  of^components  (u'v1, 

_  3V 

v'w')  is  aligned  with  the  vector  —  of  components 

(■irS  |^)  ;  when  T  i  1 ,  x  is  no  longer  aligned  with 

3  V  3  v 

^  _  . 

i — .  In  fact,  when  u'v'  and  v'w'  are  calculated  from 

3y  ’ 

equations  (23),  (24),  the  parameter  T  is  exactly 
identifiable  with  the  parameter  N  defined  bv  equa¬ 
tion  (12)  ;  this  is  no  longer  true  when  u'v"'  and 
v*w'  are  calculated  from  transport  equations  (18), 

(19). 


6.3.  Results 


Obviously,  all  the  hypotheses  introduced  in  the  The  integral  method  and  the  transport  equation 

integral  method  are  very  crude  but  this  method  has  models  have  been  applied  to  the  previously  descri- 

been  developed  with  the  aim  of  providing  a  simple  bed  experiments.  The  partial  differential  equations 

and  practical  tool. 


have  been  solved  by  assuming  invariance  in  Che 
direction  parallel  to  the  trailing  edge  (infinite 
swept  wing  hypothesis).  This  is  not  exactly  true 
in  particular  because  initial  conditions  of  the 
wake  (at  the  trailing  edge)  are  not  invariant  in 
the  spanwise  direction.  The  influence  of  the  ini¬ 
tial  conditions  has  been  studied  by  using  the  inte¬ 
gral  method.  For  this,  two  calculations  have  been 
performed  :  one  cakes  into  account  the  variations 
of  initial  conditions,  the  other  does  not.  The 
differences  between  the  results  are  not  absolutely 
negligible  but  they  are  rather  small. 

A  sample  of  results  obtained  from  the  various 
calculation  methods  is  given  in  figures  13,  14,  15. 
The  shape  factor  H  is  defined  from  streamwise  velo¬ 


city  profiles  (H  =  /( 1  -  — )dy//— (I-  — )dv) 

J  J  ue 

the  thicknesses  52  end  0 j 2  defined  from  cross¬ 

wise  velocity  profiles  (5n  *  /-  —  dy  ; 
a  1  w  / ,  u  v  ,  J  ue 

12  J\  v >dy‘ 
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Fig.  13  -  Comparisons  between  experiments  and 
calculations  :  •  +  experiment 
-  integral  method 


The  various  methods  give  nearly  the  same  overall 
agreement  on  the  evolutions  of  the  shape  factor  H, 
the  minimum  streamwise  velocity  and  the  thicknesses 
9 1 2  an<*  '$2'  The  transport  equation  model  gives, 
however,  better  results  in  the  immediate  vicinity 
of  the  trailing  edge.  The  results  obtained  from  the 
two-equation  model,  not  represented  here,  are  prac¬ 
tically  the  same  as  those  obtained  from  the  four- 
equation  model. 


0  5  K)  tS  *cm 


Fig.  14  -  Comparisons  between  experiments  and 
calculations  :  e  ♦  experiment 

-  four-equation  model  T  *  1 

-  four-equation  model  T  *  0.5 


With  the  transport  equation  model,  two  values  of 
T  have  been  tested  :  T  »  1  and  T  *  0.5.  The  influ¬ 
ence  of  this  variation  of  T  on  the  shape  factor  and 
on  the  minimum  streamwise  velocity  is  negligible 
whereas  small  variations  of  the  thicknesses  62  and 
012  are  observed.  Nevertheless,  the  effect  of  T  on 
52  and  612  is  not  representative  of  its  effect  on 
the  crosswise  velocity  profiles  (Fig.  15).  It  can  be 
said  that  T  plays  the  role  of  a  time  constant  for 
the  decay  of  the  crosswise  velocity.  With  T  *  0.5, 
che  evolution  of  the  crosswise  velocity  profiles  is 
too  slow  :  the  decay  and  the  symmetrization  of  this 
prof ile  are  not  fast  enough.  The  value  T  -  1  gives  a 
reasonable  agreement  with  experiments. 


equation  model  T«1  -  four-equation 

model  T-0.5 

It  appears,  therefore,  that  a^simple  hypothesis 
leading  to  an  alignment  between  r  and  3^  is  accept¬ 
able  for  calculating  such  a  three-dimensional  wake 
flow.  This  is  at  variance  with  certain  other  cases 
of  boundary  layer  flow  /Ref.  4/.  In  fact,  it  is 
believed  that  the  validity  of  the  hypothesis  that 


■t  and  are  aligned  depends  on  the  nature  of  the 

flow,  more  precisely  if  extra  rate  of  strain  terms 
are  important  or  not.  Let  us  explain  this.  The  main 
feature  of  the  present  experiment  is  that  the  flow 
is  a  relaxed  flow.  This  implies  that,  except  near 
the  trailing  edge,  the  evolution  of  any  characte¬ 
ristic  is  slow  and  parameters  such  as  streamline 
curvature  or  longitudinal  derivatives  of  mean  velo¬ 
city  have  negligible  effects.  Then,  the  dominant 
terms  of  the  velocity  gradient  are  the  y-derivatives 


4^-  and  —  .  This  hypothesis,  introduced  in  the 
3y  3y 

Reynolds  stress  equations  modelled  by  LAUNDER  et  al., 
leads  to  the  results  given  in  section  5.3.  :  the 
vector  T  is  aligned  with  the  y-derivative  of  mean 
velocity.  On  the  contrary,  in  three-dimensional 
boundary  layers  submitted  to  strong  pressure  gradient 
(as  is  the  case  of  Ref.  4),  parameters  such  as  stream¬ 
line  curvature  are  certainly  not  negligible  and  terms 


au 

other  than  — -  and 

ay 


aw  ..  au  au  aw  aw 
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should  be  retained  in  the  complete  Reynolds  stress 
equations  modelled  by  LAUNDER  et^al..  This  would 
lead  to  a  non-alignment  between  t  and  iV_  .  In  fact, 

ELSENAAR-BOELSMA'  s  measurements  indica^K  that  t  and 


—  are  not  aligned.  This  is  why  ROTTA  tried  to  de- 
3y 

velop  his  model  by  introducing  the  parameter  T.  Un¬ 
fortunately,  the  value  of  T  is  certainly  not  univer¬ 
sal  :  to  get  a  good  agreement  with  ELSENAAR-BOELSMA' s 
experiments,  a  value  of  T  of  the  order  0.7  is  needed, 


whereas  the  comparisons  with  the  present  experiments 
show  that  a  value  T  *  1  is  more  appropriate.  It  is 
believed  that  the  right  way  for  obtaining  a  good 
model  for  calculating  three-dimensional  thin  shear 
layers  is  not  the  use  of  the  parameter  T.  Possibly, 
the  solution  could  be  to  keep  in  the  modelled  Reynolds 
stress  equations  extra  rate  of  strain  terms,  i.e. 

au  au  aw  aw  _.  . 

terms  in  t—  ,  7—  ,  t—  ,  t—  . . .  This  means  that  the 

3x  3z  3x  3z 

boundary  layer  hypotheses,  even  if  they  are  accept¬ 

able  for  momentum  equations,  are  not  necessarily 
valid  for  the  Reynolds  stress  equations  :  a  small 
extra  rate  of  strain  term  in  the  Reynolds  stress 
equation  can  have  a  strong  effect  on  the  calculation 
of  Reynolds  stresses. 


7.  CONCLUSION 

The  experimental  study  of  a  three-dimensional 
turbulent  wake  has  led  to  a  set  of  data  consisting 
of  mean  velocity  profiles  and  of  the  six  components 
of  the  Reynolds  stress  tensor  profiles.  Since  the 
flow  is  not  invariant  in  the  spanwise  direction,  the 
investigation  has  not  been  restricted  to  a  single 
plane  of  measurements. 

Three  different  hot  wire  techniques  of  Reynolds 
stresses  measurements  have  been  tested  and  compared. 
The  agreement  between  the  various  results  is  not 
perfect  but  is  sufficiently  good  to  credit  the 
measurements  with  a  certain  level  of  confidence.  In 
particular,  it  is  interesting  to  note  that  the  four- 
wire  probe  works  quite  well.  As  discussed  in  section 
4.3.,  it  can  be  hoped  that  it  could  be  used  for 
measuring  turbulence  characteristics  other  than  the 
Reynolds  stresses. 

A  simple  integral  technique  for  calculating  the 
wake  development  has  been  elaborated.  Comparing  the 
results  with  experimental  data  shows  that  the  inte¬ 
gral  properties  of  the  wake  are  rather  well  deter¬ 
mined  and  therefore,  it  can  be  thought,  such  a  method 
could  be  fruitfully  included  in  an  interactive  tech¬ 
nique  for  calculating  the  three-dimensional  flow 
field  around  a  wing. 

If  more  details  about  wake  development  are  wanted, 
the  partial  differential  equations  are  solved.  In 
this  case,  a  turbulence  scheme  is  needed.  Compari¬ 
sons  with  experiments  have  shown  that  a  simple  model 
in  which  the  shear  stress  is  assumed  to  be  aligned 
with  the  y-derivative  of  mean  velocity  works  quite 
well.  Therefore,  the  model  including  a  prescribed 
value  of  T  different  from  1  is  not  correct.  It  is 
believed  that  a  model  capable  of  describing  a  large 
variety  of  thin  shear  layers  should  include  extra 
rate  of  strain  terms  such  as  those  reflecting  the 
curvature  of  streamlines. 
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Abstract 


Computation  of  a  Wing  Boundary  Laver 

To  compute  the  three-dimensional  turbulent 
boundary  layer  on  wings,  it  is  required  by  many 
methods  to  prescribe  initial  data  on  a  line  of 
constant  chord  percentage  and  data  at  the  lateral 
boundaries  of  the  computational  domain.  At  NLR  a 
method  is  developed  which  requires  a  minimum  amount 
of  data  to  be  prescribed  at  initial  lines  or 
boundaries.  For  a  general  configuration,  the 
boundary-layer  flow  is  computed  in  the  region  of 
determinacy  of  the  initial  data.  A  point  is  sit¬ 
uated  in  the  region  of  determinacy  if  all  the 
streamlines  through  the  corresponding  normal  can 
be  traced  back  to  the  line  of  initial  data.  If  we 
consider  the  pattern  of  edge-  and  wall-streamlines 
for  attached  flow  on  a  wing,  it  is  clear  that 
almost  the  complete  wing  is  covered  by  streamlines 
emerging  from  the  wing-body  junction  near  the 
leading  edge.  Therefore,  the  flow  in  the  covered 
region  can  be  computed  from  initial  data  given  at 
that  very  position.  The  calculations  are  per¬ 
formed  in  three  stages:  the  computation  marches 
from  the  leading-edge-wing-body  junction  between 
two  lines  of  constant  chord.  Data  are  found  by 
this  computation  on  the  lateral  boundaries.  Then 
the  program  continues  with  the  upper  and  lower 
surfaces  employing  the  data  at  the  chord 
lines  as  initial  conditions. 


Description  of  the  Method 

The  general  features  of  the  method  (1)  are 
given  below:  An  eddy  viscosity  turbulence  model 
is  implemented.  Although  there  exist  much  more 
advanced  turbulence  models,  it  is  difficult  to  do 


better  than  simple  eddy  viscosity  models,  espec¬ 
ially  for  pressure  driven  flow.  The  equations  are 
dealt  with  in  a  general  nonorthogonal  coordinate 
system.  For  each  new  configuration  a  subroutine 
has  to  be  written  with  which  the  geometric  quanti¬ 
ties  are  computed.  An  expanding  library  of  con¬ 
figuration  subroutines  can  be  considered  as  a  part 
of  the  method. 

A  hybrid  difference  scheme  is  used  combining 
the  simpleness  and  stability  properties  of  first- 
order  schemes  and  the  accuracy  of  second-order 
schemes.  These  difference  approximations  are  con¬ 
tained  in  implicit  as  well  as  explicit  difference 
molecules.  Explicit  difference  molecules  suffer 
from  stability  restrictions  on  the  stepsizes  in 
marching  direction.  A  computational  sequence  is 
adopted  exploiting  implicit  molecules  as  much  as 
possible. 

The  boundaries  of  the  computational  domain  are 
treated  mathematically  correct:  no  redundant  in¬ 
formation  is  required  for  outflow  boundaries 
neither  data  is  found  on  it  by  extrapolation  for 
inflow  conditions.  The  boundaries  are  constructed 
such  that  only  outlfow  can  occur  across  the  bound¬ 
aries.  This  requires  difference  molecules  which 
are  not  aligned  along  the  coordinate  lines. 
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Abstract 


Introduction 

The  "classical"  way  of  calculating  boundary 
layers  and  wakes,  by  prescribing  a  pressure  distri¬ 
bution,  gives  rise  to  (large)  difficulties  In 
regions  where  a  strong  Interaction  exists  between 
the  viscous  and  invlscld  parts  of  the  flow  field. 
Using  Inverse  techniques.  In  which  displacement 
thickness  or  wall  shear  Is  prescribed,  these  dif¬ 
ficulties  can  be  overcome.  However,  sufficiently 
accurate  starting  values  for  these  quantities  are 
generally  not  available.  The  appropriate  values 
have  to  be  obtained,  as  part  of  the  overall  prob¬ 
lem,  from  the  Interaction  between  the  viscous 
layer  and  the  external  flow;  thus  a  method  which 
Iterates  frequently  between  the  viscous  and  Invls¬ 
cld  parts  of  the  flow  field  Is  required. 

A  semi-inverse  method  has  been  Introduced  a  few 
years  ago  by  le  Balleur  (ref.  1).  In  regions  with 
strong  Interaction  he  solves  the  viscous  flow  equa¬ 
tions  with  prescribed  displacement  thickness;  the 
regions  where  the  Interaction  Is  weak  are  treated 
In  the  "classical*  (direct)  way. 

A  somewht  different  numerical  strategy  Is  being 
followed  by  NLR  (ref.  2).  Here  the  viscous  flow 
equations  are  solved  using  a  boundary  condition 
which  prescribes,  essentially,  a  linear  combination 
of  pressure  and  displacement  thickness.  This  com¬ 
bination,  called  the  Interaction  law.  Is  chosen 
such  that  It  gives  an  approximate  (but  adequate) 
description  of  the  outer  flow.  As  the  Interaction 
law  Is  treated  simultaneously  with  the  viscous  flow 
equations  we  have  termed  the  method  quasl- 
slmultaneous. 

Treatment  of  the  Interaction 

Briefly,  the  quasl-slmultaneous  method  can  be 
sketched  as  follows.  For  ease  of  presentation,  let 
the  coupling  between  the  viscous  region  and  the 
external  flow  region  be  performed  In  terms  of  pres¬ 
sure  p  and  displacement  thickness  «*.  Then  In 
each  part  of  the  flow  field  a  relation  exists 
between  p  and  5*.  In  operator  notation  we  will 
write  these  as 

external  flow  region:  p  *  P5*,  (1) 

boundary- layer /wake:  p  =  B«*,  (2) 

In  order  to  facilitate  a  simultaneous  numerical 
treatment  of  viscous  and  Invlscld  flow,  the  exter¬ 


nal  flow  description  Is  approximated  by  a  simpli¬ 
fied  version 

Interaction  law:  p  »  is*  (3) 

The  equations  (2)  and  (3)  are  treated  simultane¬ 
ously  (for  details  see  ref.  2).  The  external  flow 
description  (1)  Is  Incorporated  by  means  of  an 
outer  Iterative  process 

p(k)  _  j{*(k)  *  p$*(k-l)  _  jj*(k-l) 
p(k)  _  Bs*(k)  =  0 

such  that  upon  convergence  (k  ♦  »)  the  solution 
satisfies  the  exact  relations  (1)  +  (2). 

Choice  of  Flow  Equations 

The  above  description  allows  a  large  flexibil¬ 
ity  with  regards  to  the  choice  of  the  viscous  and 
Invlscld  flow  equations.  At  the  conference  we  will 
present  results  for  two-dimensional  flow  past  an 
Infinite  swept  wing.  The  flow  equations  are 
chosen  as  follows: 

.  The  viscous  part  of  the  flow  Is  described  by 
compressible  boundary- layer  equations.  Normal 
pressure  gradients  can  be  Included.  Turbulence 
Is  Incorporated  by  means  of  a  zonal  mixing 
length  model. 

.  The  matching  with  the  external  flow  Is  per¬ 
formed  by  means  of  a  higher-order  outflow  con¬ 
cept. 

.  The  interaction  law  is  based  on  thln-alrfoll 
theory  with  leading-edge  separation. 

.  The  external  flow  Is  taken  to  be  Incompres¬ 
sible. 
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i  i  Abstract 

Y 

Mtinuan's  fully  conservative  mixed  type  finite- 
difference  operators  are  first  modified.  A  special 
sonic  point  operator  with  an  iterative  damping  term 
is  introduced  which  heips  the  convergence  and  does 
not  affect  the  spatial  conservative  differences. 
Reliable  calculations  with  second  order  supersonic 
schemes  are  obtained  using  two  sonic  operators,  the 
regular  sonic  point  operator  followed  by  a  first 
order  supersonic  scheme.  Also,  shock  point  operator 
is  shown  to  be  equivalent  to  fitting  a  locally  nor¬ 
mal  shock  terminating  the  supersonic  region. 

'  >The  potential  calculations  are  then  modified  to 
account  for  the  non-isentropic  jump  conditions  using 
a  simple  shock  fitting  procedure  based  on  Prandtl 
relation. .TJie  entropy  increase  across  the  shock  is 
calculatedCn  terms  of  the  Mach  number  upstream  of 
the  shock/anU  the  effect  of  the  generated  vorticity 
is  estimated \i a  Crocco  relation.  Different  exam¬ 
ples  are  calculated  and  extensions  to  the  full  poten¬ 
tial  equation  ale  discussed. 

Introduction 

In  1971,  Murman  and  Cole^  introduced  an  iter¬ 
ative  type  dependent  finite  difference  method  for 
transonic  flow  calculations.  Their  pioneering  work 
triggered  an  intensive  effort  in  this  field. 

121 

In  1974,  Murman'  1  introduced  the  fully  con¬ 
servative  operators  and, recently  conservative  bound¬ 
ary  conditions  are  used'  .  Convergence  accelera¬ 
tion  is  achieved  by  the  use  of  Extrapolation^),  fast 
Solver  Approximate  Factorization^),  and  finally 
Multi -Grid(^)  methods. 

dameson  extended  Murman ’s  work  to  solve  the 
full  potential  equation^8*®) .  For  complex  geometries, 
accurate  treatment  of  boundary  conditions  are  needed 
and  finite  elements  (finite  volumesUO))  are  success¬ 
fully  applied  for  calculations  of  transonic  flows 
around  practical  configurations,  with  fast  iterative 
methods  (H). 

For  high  Mach  number  flows  with  shocks,  the 
irrotationality  assumption  is  questioned  and  efforts 
are  directed  towards  efficient  methods  to  solve  the 
full  Euler  equations. 

There  are  two  main  entropy  corrections  to  the 
potential  calculations,  namely ,  the  nonisentropic 
jump  conditions  and  the  vorticity  generated  due  to 
the  flock.  Both  corrections  are  studied  within  the 
small  disturbance  assumptions  and  extensions  to  the 
full  equations  arc  discussed. 


are  presented. 


I.  Potential  Equations 

For  2-D  flows,  the  continuity  equation  in 
Cartesian  coordinates  is: 

(pu)  «■  (pv)  =  0  (1) 

A  / 

Assuming  inviscid  irrotational  flows,  there  exists 
a  potential  function  4,  such  that  u=4x,  and  v=4  . 
Moreover,  the  density  can  be  determined  uniquely  in 
terms  of  the  speed  via  the  energy  equation: 

p  =  (1  -  III  m2( u2  +  v2  -  1)]Y'1  (2) 


where  is  the  free  stream  Mach  number.  The  x-  and 
y-  momentum  equations  arc  automatically  satisfied 
for  smooth  flows.  Equation  (1)  admits  a  weak  solu¬ 
tion  conserving  mass.  If  the  potential  function  is 
continuous  across  the  shock,  the  tangential  momentum 
is  conserved  but  not  the  normal  momentum.  The  en¬ 
tropy  increase  across  the  shock  is,  in  teims  of 
shock  strength,  of  third  order  and  hence  can  be  neg¬ 
lected  for  moderate  transonic  flows. 


Equations  (1)  and  (2)  can  be  combined  in  a  sin 
gle  nonlinear  partial  differential  equation  in  1> 
and  together  with  the  impermeability,  wake  and  far 
field  boundary  conditions,  the  formulation  of  the 
problen.  is  complete. 


Equation  (1)  can  be  written  in  the  form 
2uv4 


,  2  2,. 
(a  -u  )4 


xx 


where 


+  (a2-v2)4  =  0 

xy  '  yy 


a2  -  -V  -  W*v2-l) 


(3) 


Equation  (3)  can  be  rearranged  as  follows: 


(1  -  Fr)4  +4  =0 
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where 
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s  and  n  are  interpreted  as  the  natural  coordinates 
(along  the  stream  line  direction  and  norm;!  to  it). 


Assuming  small  disturbances,  the  streamlines  are 
almost  parallel  to  the  axis  and  Equation  4)  reduces 
to  the  transonic  small  disturbance  equation  (in 
terms  of  4;  4  =  U^x  +  4): 


in  the  following,  modifications  of  Murman 's 
fully  conservative  operators  arc  introduced  first, 
•nd  then  methods  to  implement  entropy  corrections 
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(1  -  m2}*  * 


6  =-0 
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Furtl  erraorc ,  a  consistent  approximation  of  (1-M‘) 
is: 

(1  _  M")  -  (1  -  M2)  -  (^DM^x 


(6) 


Comb  ning  equations  (5)  and  (6)  gives 

(1  -  M l  -  (Y+1)M ^x)*xx 
or,  in  conservative  form. 


4>  =0 
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cci  -  h^)*x  -  +  (Vy  ' 0  (8) 


Bailey  and  Ballhaus 
sion  of  (8) , 

"Y+l  ..n.2 


used  a  modified  ver- 
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where  n  is  determined  such  that  either  the  sonic 
cond  tion  matches  the  exact  potential  condition  oi 
the  ju lap  conditions  at  the  shock  are  matched. 


form: 


Newman  and  Klunker^13^  used  a  more  general 
((1  -  M^x  ♦  c/x  *  c2*J)x  *  (*y)y  =  0  (10) 


where  c.  and  c.  car.  be  chosen  to  match  both  the 
sonic,  and  shock  conditions. 


The  two  terms  between  brackets  in  Equation 
(8)  are  an  approximation  for  the  mass  flux  in  x 
and  v  directions.  Different  approximations  are 
given  by  van  der  Vooren  et  aO1  '  by  expanding  the 
flux  directly  in  terms  of  the  velocity. 

The  linearized  boundary  condition  usually 
associated  with  Equation  (S)  for  a  symmetric  aii- 
foil  at  zero  angle  cf  attack  is 

*  =  f  ’  (x) 

where  f(x)  is  the  shape  of  the  airfoil, 
conservative  boundary  condition1-- >  is 

<Cy  =  f(x)-[(l-M2Hx  - 


(11) 
The  flux 

(12) 


1 I .  Mod i fication  of  Mormon  Sonic  Point  Operator 

Murman’s  fully  conservative  operators  are 
sketched  in  figure  (1).  A  test  function  (based 
on  centered  differences  everywhere)  is  used  to 
checx  whether  the  flow  at  a  point  is  subsonic  or 
supersonic.  The  first  point  in  the  supersonic 
region  is  called  sonic  point  and  the  first  point 
down  itream  of  the  supersonic  region  is  called 
shoe1:  point.  Centered  differences  are  used  for 
subsonic  points,  and  backward  differences  are 
used  for  supersonic  points. 

At  the  sonic  point ,  the  flow  based  on  the 
test  function  is  supersonic,  hence  if  backward 
differences  were  used,  the  coefficient  of 
term  at  that  point  v:ould  lie  positive.  To  ovoid 
such  inconsistency,  Murman  used  the  following  eq¬ 
uation: 


yy 


=  0 


(1?) 


If  the  coefficient  of  the  £  term  at  the  sonie 
point  is  small  and  if  d1  is  finite,  Equation  (8) 
reduced  to  Equation  (13). 

Knauist  and  Oshcr^3^  and  Goorjian  and  Van 
Buski rk O  M  c lai m  that  Equation  (13)  admits  a  local 
expansion  shock  and  propose  a  Godunov-type  scheme 
to  overcome  this  difficulty. 

A  simple  remedy  is  suggested  here  by  intro¬ 
ducing  an  iterative  damping  term  at  the  sonic  point, 
without  upsetting  mass  conservation  at  steady  stale. 
Equation  (15)  is  replaced  by: 


where  e  vanishes  with  iteration.  For  example,  c  is 
chosen  to  be  proportional  to  error,  where  error 
is  max  I  it1.1  .  -  Q I.  Results  based  on  Equation 

(14)  wliore  backward  differences  are  used  for  ?■ 
and  centered  differences  lor  $,.v  are  shown 
in  figure  (2).  The  convergence"  his  tor}  compares 
favorably  with  calculations  based  on  Mumsn's 
scheme.  In  both  cases,  the  subsonic  points  are 
overreiaxed  and  the  relaxation  factor  for  super¬ 
sonic  points  is  one. 


Ill .  A  Second  Order  Scheme  for  Smooth 
Supersonic  Flows 

Murman  used  a  first  order  scheme  for  super¬ 
sonic  points.  Second  order  schemes (1 ,17)  are 
found  to  bo  unreliable.  Second  order  schemes  have 
three  upstream  points  and  switching  acres:  the 
sonic  line  from  centered  differences  to  b:  ckward 
differences  may  lead  to  inconsistency  at  loth  the 
sonic  point  and  the  point  after.  In  Reference  (i.'lj, 
two  sonic  points  arc  introduced,  the  first  is  the 
regular  sonic  point  followed  hy  the  first  order 
supersonic  scheme  and  then  second  order  scheme! 
arc  used  for  the  rest  of  the  supersonic  points. 

These  modifications  ore  sketched  in  figure  (3), 
and  the  corresponding  results  are  shown  in  figure 
(4). 

Second  order  accuracy  is  dependent  on  the 
number  of  supersonic  points  but  it  is  achi  -red  foi 
moderate  supersonic  regions  in  spite  of  th  •  first 
order  schemes  at  the  sonic  boundary. 

Finally,  the  first  sonic  point  operator  can 
be  based  on  Equation  (14)  rather  than  Equation  05). 

IV.  Murman  Shock  Point  Operator 

At  the  shock  point,  Murman  used  cento  od  dif¬ 
ferences  of  <fi  .  but  for  the  x-term  he  used  the  sum 
of  centered  anil  backward  differences.  It  q  shown 
that  mass  is  thus  conserved  across  the  shoik.  Non- 
conservative  calculations  produce  weak  slioiks  which 
are  usually  displaced  upstream.  Shock  jum[  condi¬ 
tions  are  not  satisfied  and  artificial  souicer.  are 
generated  at  the  shock09). 

More  precisely,  let 

§  =  0  -  MJx  -  (TO)M^  (IS) 

Equation  (8)  in  terms  of  5  reads 


? 


4  (<n  ♦  (5  )  =o 

2  .x'x  y  y 

At  a  shock  point  (i,j),  Murman's  operator  is 


1  (<2)  l 

2  l  xJi-i,3 


12  12 
J  (Kh  It  -  y  (O,  3 

^  ■*  -*■  ~2  »  J 


or  simply. 


Obviojsly,  there  are  two  main  corrections  to 
iscntropic  (irrotatioua:)  calculations: 

a)  Non- i  sent  ropic  Jump  Condi  t  ions  : 

A  jump  condition  across  a  normal  shock  is  given 
by  Praiultl  relation: 


Y+l  a0 


1  (§2).  1  .  -1(§2).  3  . 

2  x'i+j.j  y  x'i-y,j 


(§  ).  .  1  (f.  ).  .  1 

y 1 > j+9  ■  y  i ,3  -~ 

— - 2 - t.  =  0 


In  Equation  (17'),  differencing  across  the  shock 
in  the  x-dircction  is  avoided  and  it  is  clear  that 
the  flux  (§2j  is  conserved  across  a  locally  normal 
shock  between  i  and  i-1  points. 

Hafez  and  Cheng/2^  treated  the  shock  as  an 
internal  boundary  with  Neuman  boundary  condition 
derived  from  the  shock  jump  relation,  namely, 

(§/  =  -cyi.3  m 

where  C§x)  is  §x  downstream  of  the  shock. 

The  finite  difference  euqation  at  the  shock  point 
with  the  derivative  boundary  condition  (IS)  is 
identical  to  Murmnn's  shock  point  operator  hquation 
(17').  Results  may  differ  slightly  due  to  different 
linearization  procedures  as  shown  in  figure  (5). 

Equation  (18)  is  the  isentropic  jump  condition  ad¬ 
mitted  by  the  weak  solution  of  Equation  (16)  and 
represents  conservation  of  mass  under  the  transonic 
small  disturbance  assumptions. 

V.  Entropy  Corrections 

An  inviscid  flow  is  governed,  in  general,  by 
Euler  equations  where  mass,  momentum  and  energy 
arc  conserved.  For  steady  state,  pressure  can  be 
eliminated  and  three  conservative  equations  in 
p,  ii,  and  v  are  solved  simultaneously. 

?Noncon^ervative  equations  in  u  and  v  in  terms 
of  a  are  easily  derived,  namely 

2  2  2  2 
(a  -u  lu  -uv  u  -uv  v  +  (a  -v  )u  =  0  (19) 

X  /  X  7 

Uy  -  %  =  “*>  (20) 

In  this  case,  jump  conditions  (Rankinc-llugonoi t) 
must  be  imposed  across  the  shock. 


(l+Uj) (l+u2)  = 

2  2 

1  ,  aOT  _  an 

2  *  y-T  "  Y- 1 


Equation  (21)  becomes:  _ 

d-M») 

u  u,  4  U  +  Uy  =  2 - J-  (23) 

If  the  term  u.u,  is  neglected.  Equation  (23)  reduces 
to  Equation  (18). 

Equation  (23)  is  easily  implemented  using  the 
simple  shock  fitting  procedure  discussed  earlier 
where  a  derivative  boundary  condition  is  used  down¬ 
stream  of  the  shock,  for  an  oblique  shock,  Rrandt 1 
relation  reads 

v2  =  a*2  -  £t  v2  (24) 

where  q^  and  q?  are  the  normal  velocity  components 
upstream  and  downstream  of  the  shock  and  v  is  the 
tangential  component. 

b)  Vorticity  Cencratod  by  the  Shock: 

If  the  vorticity,  w,  is  neglected  in  Equation 
(20),  Equation  (19)  reduced  to  the  potent  rl  Equa¬ 
tion  (3).  Some  transonic  flow  fields  of  . merest, 
are,  however,  associated  with  strong  shock  wa\es 
of  variable  strength  with  r.  variable  entropy  from 
one  streamline  to  another  and  according  1  >  Crocco's 
theorem,  vorticity  is  generated  due  to  the  differ¬ 
ences  ir.  entropy: 


a)  =  Tp 


ds  _  T  ds 
q  dn 


The  jump  in  entropy  across  a  shock  is  given  by: 

X  *=  In  (1  *  (Mj  sin2S-l)l  FT 

(Y+1)M2  sin2S  _Y  (26) 

x  [ - — - = - ]'Y-1 

(Y-I)Mj  sin  6+2 

where  6  is  the  shock  inclination  to  the  u  istream 
flow  direction. 

For  a  weak  normal  shock,  Equation  (26)  re  luced  to: 

~ —  2  (M?-1)3  (2?) 

R  3(Y+1)2  1 

According  to  small  disturbance  assumption;,  stream¬ 
lines  are  almost  parallel  to  the  axis  and  Equations 
(19),  (20)  and  (25)  reduce  to:* 

[(1-M2)-(Y+1)H2u]  ux  +  vy  -  0  (28) 


u  -  V  "■ 

y  x  - 

_ 


.J-.  (As) 

v»i v 


We  notice  that  the  noniscntropic  correction  in  equation  (23)  is  0(t2)  or  (t /3)  where  x  is  the  thickness, 
while  the  vorticity  in  equation  (2K)  is  0(x%); 


.Tm  .o  %» _ An..,- 


whore  As/R  is  assumed  to  be  a  function  of  y  01  ly.  u  v  =  _  X  _ 

Hence  Equation  (29)  can  be  written  in  the  for::.:  y  x  q  dn 


(25) 


(u  ♦  -L  -  v  =  0  (30) 

<  r  y  x 

and  consequently  a  potential  function  is  defii  od 
such  that  Equation  (30)  is  automatically  sati;fied, 
namely, 

(u  +  -K  ^)  =  <4  ,  v  *  4  (31) 

Y<  R  X  y 


where  the  density  is  given  by 


P  = 


pi 


e-As/R 


(37) 


p^  is  the  isentropic  density  (Equation  (2)). 

In  general,  a  velocity  vector  (u,v)  can  be  decom¬ 
posed  into  a  gradient  of  a  potential  plus  another 
vector  (u1 ,  v') : 


substituting  Equation  (31)  in  Equation  (28)  yields: 

-  (Y+l)Mj*x]$xx  *  -  («  (32) 


u  *  $  ♦  u’,  v  «  ♦  ♦  v1  (3P) 

x  y 

Different  choices  of  (u1,  vf)  are  discussed: 


or 

«  -  j(Y*i)»£ttx-- h.  t)2]x*  ^’yy=0 

x  *£  R  2  x  K 

(33) 

According  to  Equation  (32),  the  transonic  similarity 
parameter  K  is  modified  with  a  second  order  quantity 

K  =  K  +  1  ^7tM2(Y+1}  (34) 

Y'C  7 

where  K  =  (l-M2)/e  M2(y+1);  e=0(-c2/3) 
and  in  terms  of  scaled  variables: 

As  -  ~Y(Yfl)  fj.  "l3e5 downstream  of 
R  I*'  L  the  shock  (35) 

=0  elsewhere 

( (<bx)  is  the  jump  of  4>x  across  the  shock) 

Equations  (32,34)  call  for  a  fuller  and  consistent 
treatment  of  second  and  third  order  terms  in  deriv¬ 
ing  a  higher  order  transonic  small  disturbance  equa¬ 
tion.  For  example,  terms  like  $x<l>yy  and  <t>y<xy 
appear  in  second  order  equations  and  are  neglected 
here.  In  this  study,  the  entropy  term  is  singled 
out  and  its  effects  are  shown  numerically. 

In  passing,  the  drag  can  be  calculated  in  terms 
of  entropy  production  via  Oswatitsch  relation f21) : 

T 

D  =  —  /  p  q  As  d£  (36) 

c*«°  shock  n 

(22) 

Murman  and  Cole1  obtained  an  estimate  of  the  drag 
based  on  (35)  and  (36)  and  it  is  indeed  consistent 
with  surface  pressure  integration. 

Results  based  on  modifications  of  small  distur¬ 
bance  calculations  according  to  Prandtl  and  C-occo 
relations  are  shown  in  figure  (6).  Convergence 
rate  and  computational  work  are  hardly  affected  by 
such  modifications. 


a)  u'  and  v'  can  be  chosen  such  that 


u'  =  4>y  5  v' 


-4’ 


Hence  Euqation  (2S)  becomes 

*  ♦  *  =  -  I4i 

vxx  yy  q  dn 


(39) 


(40) 


It  should  be  mentioned  that  i)'  =  constant  is  not  a 
streamline.  The  streamline  direction  is 


4>  -  ip 

=  -JL  * 


_ 

dx  stream  4  +  t|) 

x  y 

On  the  body  surface,  if  we  choose 

t  =0 
n 

the  corresponding  boundary  condition  for  i}i  is 

i|>  =  0  (42') 


(41) 


(42) 


Similarly  across  the  shock,  the  jump  condition  is 

(43) 


.dy,  =  r[u]_  JVUtd 

ldxJ  shock.  [vj  T\T  -  14’  ] 


If  $  is  chosen  to  be  continuous  across  the  shock, 
the  corresponding  shock  boundary  condition  for  i b  is, 
(assuming  iji  vanishes  upstream  of  the  shock) 

t|>  -  0  (44) 

n 


The  boundary  conditions  of  ^-problem  are  sketched 
in  figure  (7)  .  * 


b)  Without  loss  of  generality,  v'  in  Equation  (38) 
can  be  chosen  identically  tero,  and  Equation  (40) 
reduces  to  a  simple  ordinary  differential  equation: 


u’ 


y 


T  ds^ 
q  dn 


(45) 


VI.  Extension  to  Full  Equations 


The  full  potential  calculations  can  be  similar¬ 
ly  modified  to  account  for  entropy  correction;  where 
the  small  disturbance  assumptions  arc  relaxed  at 
least  in  deriving  ihe  governing  equations.  The  exact 
equations  are: 

(pu)x  ♦  (pv)  *=  0  (i) 


where  u'  vanishes  in  the  far  field  where  the  flow  is 
irrotational .  The  right  hand  side  of  Equations 
(40)  or  (45)  has  to  be  evaluated  downstream  of  the 
shock.  The  entropy  across  the  shock  is  first  com¬ 
puted  based  on  shock  relations  and  since  the  entropy 
is  constant  along  a  streamline,  it  can  be  easily 
calculated  everywhere  else.  The  choise  of  the  grid 
may  simplify  the  calculations.  For  sake  of  simpli¬ 
city,  it  is  assumed  here  that  T  ds  is  approximatly 

q  3n 


*Xt  is  assumed  that,  at  the  foot  of  the  shock,  the  rotational  flow  is  no  more  singular  than  the  potential 
and  even  the  shock  curvature  may  be  infinite  there,  tiic  vorticity  i'-  finite. 
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1  d/'s/R 

equal  to  — =■  ——  as  in  small  disturbance  calcula- 

*£  y  . 
tions.  Preliminary  numerical  results  using  artifi¬ 
cial  compressibility  aicthodi^S,  24)  arc  shown  in 
Figure  (8). 

Concluding  Remarks 

Transonic  small  disturbance  calculations  are 
revisited  and  Murman's  fully  conservative  operators 
are  modified.  The  sonic  point  operator  is  augmented 
by  an  iterative  damping  term  and  a  reliable  second 
order  supersonic  scheme  is  used  with  two  sonic  op¬ 
erators.  Shock  point  operator  is  shown  to  be  equi¬ 
valent  to  fit  a  locally  normal  shock  terminating  the 
supersonic  region. 

Entropy  corrections  to  potential  calculations 
are  studied  including  noniscntropic  jump  conditions 
and  vorticity  generated  due  to  shocks.  Modifica¬ 
tions  based  on  Prandtl  and  Crocco  relations  are  in¬ 
troduced  and  numerical  results  are  obtained.  Exten¬ 
sions  to  the  full  equations  are  discussed  and  pre¬ 
liminary  results  ate  presented.  The  effects  of  such 
modifications  on  convergence  rate  and  computational 
effort  are  minor. 

In  general,  Euler  corrections  lead  to  wejker 
shocks  which  are  usually  located  upstream  of  those 
obtained  from  potential  calculations.  For  high 
Mach  numbers,  conservative  potential  calculations 
result  in  a  fish  tail  shock  while  with  Euler  correc¬ 
tions,  a  normal  shock  occurs  at  the  trailing  edge. 

Although  in  this  paper,  only  steady  flows  are 
discussed,  the  above  corrections  can  be  easily  ex¬ 
tended  and  implemented  to  unsteady  potential  calcu¬ 
lations  (25) . 
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Figure  (1)  A  sketch  of  Murman's  fully  conservative 
operators 


Figure  (3)  A  sketch  of  modified  Murman's  Operators 
including  the  present  Second  Order 
Supersonic  Scheme 


Figure  (2)  Convergence  History  of  calculations 

based  on  Murman's  Sonic  Point  Operator 
and  present  Farabolic  Point  Operator 
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Figure  (4)  Comparison  of  Surface  Pressure  of  First 
Order  and  Second  Older  calculations 


Figure  (5)  Comparison  of  results  based  on  Murman's  Shock  Point  Operator 
and  present  locr  ly  normal  shod;  fitting  procedure 
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Abstract 

"An  evaluation  of  the  transonic-wing-analysis 
computer  code  TWING  is  presented,  TWINC  utilizes  a 
fully  implicit,  approximate-factorization  iteration 
scheme  to  solve  the  full-potential  equation  in  con¬ 
servative  form.  A  numerical  elliptic-solver  grid- 
generation  scheme  is  used  to  generate  the  required 
finite-difference  mesh.  Several  wing  configurations 
have  been  analyzed,  and  comparisons  of  computed 
results  have  been  made  with  available  experimental 
data.  Results  indicate  chat  the  code  is  robust, 
accurace  (when  significant  viscous  effects  are  not 
present),  and  efficient.  TWING  generally  produces 
solutions  an  order  of  magnitude  faster  chan  other 
conservative,  full-potential  codes  using  successive- 
line  overrelaxacion.  The  present  method  is  appli¬ 
cable  to  a  wide  range  of  isolated  wing  configura¬ 
tions,  including  high-aspect-ratio  transport  wings 
and  low-aspect-ratio ,  high-sweep,  fighter 
configurations . 


I.  Introduction 

During  recenc  years,  inviscid  transonic  flow 
computations  have  been  obcained  using  cwo  formula¬ 
tions:  L)  the  transonic  small  disturbance  (TSD) 

formulation  and  2)  the  full-potential  (FP)  formula¬ 
tion.  The  TSD  formulation  is  valid  for  isentropic, 
irrotational  flows  involving  chin  bodies  at  small 
angles  of  attack  and  for  transonic  conditions. 
Flow-tangency  boundary  conditions  are  imposed  on 
mean  geometrical  surfaces,  for  example,  wing  "slics" 
or  fuselage  "boxes."  Thus,  simplified  grids  can  be 
used,  usually  involving  sheared,  stretched  Cartesian 
coordinates.  This  is  the  primary  reason  why  the  TSD 
formulation  was  introduced  before  the  FP  formulation 
and  why  more  complete  geometrical  configurations 
have  been  solved  using  Che  TSD  approach. 

The  worst  problem  associated  with  the  TSD  for¬ 
mulation  occurs  at  Che  wing  leading  edge  where  the 
stagnation  region  generally  causes  the  small- 
disturbance  assumption  to  break  down.  However,  this 
formulation  yields  results  that  are  generally 
better  than  expected.  Indeed,  good  correlations 
with  experiment  have  been  obtained  for  a  wide 
variety  of  applications.  Example  applications  using 
Che  TSD  formulation  can  be  found  in  Refs.  1-5. 
Although  the  TSD  formulation  is  capable  of  computing 
flows  for  relatively  sophisticated  geometries,  the 
FP  formulation  is  generally  desired  when  an  accurace 
solution  near  the  wing  leading  edge  is  required. 

The  FP  formulation  is  valid  for  isentropic, 
irrotational  flows  ranging  from  incompressible  to 
transonic  conditions.  The  flow-tangency  boundary 
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condition  is  prescribed  in  an  exact  manner  (rela¬ 
tive  to  the  TSD  approach)  at  the  geometry  surface. 
Thus,  a  more  complex  mapping  procedure  is  required 
with  this  approach.  Example  applications  using  che 
FP  formulation  are  given  in  Refs.  6-10.  In  addi¬ 
tion,  a  survey  of  computational  transonic  methods 
in  which  the  TSD  and  FP  formulations  are  compared 
and  contrasted  is  presented  in  Ref.  11. 

Recently,  a  large  number  of  researchers  have 
investigated  various  ways  of  improving  solution 
convergence.  This  research  has  been  largely  neces¬ 
sitated  by  che  slow  rate  of  convergence  associated 
with  che  standard  relaxation  algorithm,  successive- 
line  overrelaxation  (SLOR).  Some  of  the  new  algo¬ 
rithms  investigated  include  multigrid ,* ‘ ~~ s  che 
strongly  implicit  procedure  (SIP),:  and  various 
approximate- factorization  schemes . ! • • s 4 

In  this  study,  che  TWING  computer  code 
(Transonic  Wing  analysis)  is  described  and  evalu¬ 
ated.  This  code  uses  the  AF2  fully  implicit, 
approximate-factorization  scheme  to  solve  the  FP 
equation  in  conservative  form."  Supersonic  regions 
of  flow  are  stabilized  in  the  spatial-differencing 
scheme  by  using  an  upwind  bias  in  the  density 
evaluation. 1 5 5 ,2 6  This  causes  the  spatial 
differencing  scheme  to  be  first-order  accurate  in 
supersonic  regions  and  second-order  accurate  in 
subsonic  regions.  A  variety  of  isolaced  wi.-. 
geometries  with  variations  in  wing  aspect  rati 
caper  ratio,  sweep,  twist,  and  airfoil  c-.ass  >  c  .- 
tion  have  all  been  investigated.  CorreiaL • with 
experimental  resulcs  are  included  for  most  of  the 
cases  presented. 

II.  Numerical  Algorithm 
Governing  Equations 

The  three-dimensional,  full-potential  equation 
written  in  strong  conservation-law  form  is  given  by 


i  )  +  (os  )  =  0 

v  y  z  z 

(la) 

X  v  2  J 

( lb) 

The  density  and  velocity  components  :x,  :v, 
and  ;z  are  nondimens ionalized  by  che  stagnation 
density  - s  and  the  critical  sound  speed  a*, 
respectively;  x,  v,  and  z  are  Cartesian  coordi¬ 
nates  in  the  streamwise,  spanwise,  and  vertical 
directions,  respectively,  and  is  the  ratio  of 

specific  heats. 

Equation  (1)  is  transformed  from  the  physical 
domain  fCartesian  coordinated)  to  the  computational 
domain  by  using  a  general  independent  variable 
transformation.  This  transformation  (see  Fig.  1), 
indicated  by 
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maintains  the  strong  conservation-law  form  of 
Eq.  k l )  (see  Ref.  27).  The  full-potential  equation 
written  in  the  computat ional  domain  (-"  -  •  - 
coordinate  system)  is  given  by 
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solved  using  a  fast  approximat e-f actorizat ion 
relaxation  algorithm. 

This  establishes  values  for  x  and  z  in  each 
spanwise  plane  used  as  a  defining  station.  Coor¬ 
dinate  values  ix  and  z)  for  computat ional  planes 
between  the  defining  stations  are  obtained  via 
linear  interpolat ion .  For  the  case  of  a  wing  with 
no  taper  or  section  variation,  only  two  defining 
stations  are  required,  one  at  the  root  and  one  out¬ 
board  of  the  tip  in  the  wing-extension  region.  The 
root  station  is  user-specified,  but  the  wing- 
extension  station  is  always  chosen  as  a  flat  plate. 
In  addition,  wing  toper,  twist,  thickness,  and 
sweep  variations  can  be  specified  at  each  defining 
stat ion. 

The  coordinate  values  in  the  spanwise  direc¬ 
tion  (y  values)  are  computed  from  a  stretching 
formula,  which  in  its  simplest  form  gives  equal 
spacing  over  the  wing  with  relatively  rapid  stretch¬ 
ing  beyond  the  tip.  The  x  and  z  values  generated 
for  the  first  station  outboard  of  the  tip  are  used 
for  each  wing  extension  station.  Then  a  smoothing 
step  for  the  two  y  *  constant  planes  on  either 
side  of  the  tip  is  implemented  to  remove  grid  dis¬ 
continuities,  which  may  arise  in  the  transition 
from  an  airfoil  of  positive  thickness  to  one  of 
zero  thickness.  An  example  grid  generated  using  the 
procedure  just  discussed  will  be  presented  in  the 
section  on  computed  results. 

Spatial  Differencing 

A  finite-difference  approximation  for  Eq .  (3) 
suitable  for  both  subsonic  and  supersonic  flow 
regions  is  given  by 
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where  the  operators  :r(  ),  :~(  ),  and  )  are 

first-order-accurate,  backward-difference  operators 
in  the  1,  - ,  and  ;  directions,  respectively. 

The  density  coefficients  -  and  c  are  defined  bv 
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Note  that  this  formulation  for  the  FP  equation  is 
more  general  than  the  formulation  of  Ref.  24.  The 
simplification  that  all  -  *  constant  surfaces 
coincide  with  y  =  constant  planes  has  been  removed. 
Thus,  completely  general  orientations  of  the 

-  ;  mesh  can  be  supported  with  the  present 
formulation.  For  more  discussion  of  the  details  of 
this  trans f ormacion  procedure  see  Ref.  24. 

Grid  Generation 
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The  grid-generation  scheme  used  in  the  present 
three-dimensional  formulation  is  a  simple  extension 
of  the  two-dimensional  scheme  presented  in  Ref.  28. 
The  f inite-dif ference  mesh  is  generated  using  a 
standard  two-dimensional  algorithm.  This  requires 
solution  of  two  Gap  lace  equations  in  each  spanwise 
plane  used  as  a  defining  station.  These  equations 
are  transformed  to  the  computational  domain  and 
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The  quantity  Mi  ;  ^  is  the  local  Mach  number;  C 
is  a  user-specified  constant  i.  usually  between  1.0 
and  2.0);  and  the  quantities  L",  V,  and  *  are  the 
cont ravariant  velocity  components  computed  using 
standard,  second-order-accurate ,  finite-difference 
formulas.  The  density  c  is  computed  from  the 
second-order-accurate  discretized  version  of 
Eq.  i 3b )  and  is  stored  at  half  points  in  the  finite- 
difference  mesh  vi.e.,  at  i  L'2,j,k).  Values 
needed  at  i,j  1/2, k  or  i,j,k  +1.2  are 
obtained  using  simple  four-element  averages. 

The  spatial  differencing  scheme  given  by 
Eqs.  (6)-t.9)  is  centrally  differenced  and  second- 
order  accurate  in  subsonic  regions.  In  supersonic 
regions,  the  differencing  is  a  combination  of 
1)  the  second-order-accurate  central  differencing 
used  in  subsonic  regions  and  2)  the  first-order- 
accurate  upwind  differencing  resulting  from  the 
upwind  evaluation  of  the  density  coefficients 
(..  and  ”).  In  the  present  formulation,  upwind 
evaluations  of  the  density  have  been  used  along  oniy 
the  i  and  j  indices  'wraparound  and  spanwise 
directions,  respectively).  Thus,  the  fully  rotated 
form  of  the  spatial  difference  scheme  has  not  been 
used.  This  has  not  adversely  affected  convergence 
for  any  of  the  cases  presented  herein.  However, 
other  cases  involving  large  regions  of  supersonic 
flow  at  the  wing  trailing  edge  may  require  the 
fully  rotated  difference  scheme  with  all  three 
values  of  density  in  Eq.  (6)  biased  in  the  upwind 
direction. 

AF2  Iteration  Scheme 

The  AF2  fully  implicit  iteration  scheme  used 
in  the  present  study  can  be  expressed  in  a  three- 
step  format. 
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The  quantity  _  appearing  in  Eq .  i  1 0  >  :an  be 
considered  as  t”‘.  The  best  choice  for  is  te¬ 
ase  a  sequence  of  values.  The  small  values  are 
particularly  effective  for  reducing  the  low- 
frequency  errors,  and  the  large  values  are  particu¬ 
larly  effective  for  reducing  the  high-frequency 
errors.  The  .t-sequence  given  in  Ref.  19  has  been 
used  for  the  computations  presented  herein. 

A  -type  term  has  been  added  inside  the 

brackets  of  step  2  ’see  in  Eq .  (10b)].  This 

term  is  necessary  to  provide  time-like  damping  to 
the  iteration  scheme.  The  parameter  is  user- 

specified  and  usuallv  ranges  between  0.03  and  0.3. 
Larger  values  are  generally  required  for  cases  with 
larger  regions  of  supersonic  flow. 

In  step  1,  the  g-array  is  obtained  by  solving 
a  tridiagonal  matrix  equation  for  each  ‘  =  constant 
line  in  the  kth  plane.  In  step  2,  the  : -array  is 
obtained  from  g  by  solving  a  tridiagonal  matrix 
equation  for  each  ~  =  constant  line,  again  for  just 
the  kth  plane.  Next,  step  l  is  used  to  obtain 
the  g-array  for  the  k  -  1  plane,  and  then  step  2 
is  used  to  obtain  the  f-arrav  for  the  k  -  1 
plane,  etc.  This  process  continues  until  all 
values  of  f  in  the  three-dimensional  mesh  are 
established.  Then,  by  using  step  3,  the  correction 
array  is  obtained  from  the  f -array  by  solving  a 
simple  bidiagonal  matrix  equation  for  each  line 

in  the  entire  finite-difference  mesh.  Other  aspects 
of  the  present  spatial  differencing  and  iteration 
schemes  are  discussed  in  more  detail  in  Ref.  2-. 

Boundary  Conditions 

The  wing-surface  boundary  condition  in  t ne 
body-fitted  coordinate  system  is  implementec  oy 
applying 
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where  the  n  superscript  is  an  iteration  index;  i 
is  an  acceleration  parameter;  L:^j^  is  the  nth 
iteration  residual  [defined  by  the  left-hand  side 
of  Eq.  (6)];  is  a  relaxation  factor,  equal  to 
1.8  for  all  cases  presented;  g^j  is  an  intermediate 
result  stored  at  each  grid  point  in  a  given  k 
plane  and  fj  is  an  intermediate  result  stored 

at  each  point  in  the  finite-difference  mesh.  The 
A| ,  Aj ,  and  A^  coefficients  are  defined  by 
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where  NK  is  the  wing  surface.  A  similar  reflec¬ 
tion  condition  is  used  for  the  symmetry  plane 
(y  =  0).  Along  the  free-stream  and  outer  boun¬ 
daries,  the  initial  free-stream  distribution  of  : 
is  fixed  for  nonlifting  conditions.  For  lifting 
wings,  the  outer  boundary  is  updated  by  the  usual 
compressible  vortex  solution  with  circulation  7  j . 
A  user-specified  relaxation  parameter  (RGAM)  is 
used  to  control  the  circulation  build  up.  Details 
describing  the  circulation  algorithm  are  given  in 
Ref.  24. 


III.  Computed  Results 

In  this  section  several  results  computed  f 
the  TWING  computer  code  are  presented.  In  each 
case  the  solution  procedure  started  with  the  nu 
cal  generation  of  the  finite-difference  mesh, 
example  grid  is  shown  in  Figs.  2-1  for  the  wine 
geometry  obtained  from  Ref.  29.  The  x.c,  v  c, 
z/c  Cartesian  coordinates  used  in  these  figure 
are  based  on  an  origin  at  the  wing-root  midchor 
and  are  normalized  by  root  chord  c.  This  grid 
contains  127  ■  27  •  20  =  68,380  points  vrapar 
spanwise,  and  near-normal  directions,  respectiv 
and  is  typical  of  the  grids  used  for  the  result 
presented  herein.  Note  that  with  this  grid 
127  •  17  =2159  points  are  used  to  define  the 
wing-surface  geometry. 


and  the  density  coefficients 
by  Eq .  ( 7 ) . 
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This  configuration  is  a  high-sweep  (.'lE  =  45°), 
high-taper  (TR  =  0.3)  wing  with  8°  of  twist.  The 
amount  of  taper  and  twist  is  apparent  from  Figs.  2-4 
which  show  blowups  of  the  root  and  tip  airfoil  sec¬ 
tions  and  the  wing-extension  station  outboard  of 
the  tip  plotted  to  the  same  scale.  Note  the  effi¬ 
ciency  with  which  the  "0  mesh"  topology  clusters 
points  around  the  airfoil-section  geometry  regardless 
of  its  position  in  the  span  (root  or  tip).  For  this 
particular  grid,  a  special  clustering  procedure  has 
been  used  to  cluster  grid  points  at  the  wing  leading 
edges.  This  is  especially  useful  for  wings  with 
sharp  leading  edges.  The  wing  planform  including 
che  surrounding  mesh  is  shown  in  Fig.  5,  and  the 
grid  in  the  1  »  constant  plane  corresponding  to  the 
wing  half-chord  position  (i.e.,  the  wing  on  edge)  is 
shown  in  Fig.  6.  Apparent  in  these  views  is  the 
wing-tip  grid  topology  and  the  screeching  races 
used  above  and  below  the  wing,  as  well  as  oueboard 
of  the  wing  tip.  Finally,  Fig.  7  is  a  perspective 
view  of  the  three-dimensional  grid  which  consists  of 
the  symmetry  plane,  wing  surface,  and  vortex-sheet 
grid  distributions.  This  view  very  much  represents 
the  view  of  the  wing  mounted  in  the  wind  tunnel 
(except  for  the  vortex  sheet)  and  presents  a  good 
picture  of  the  overall  grid  topology. 

This  wing  grid  was  generated  with  three  airfoil 
defining  stations.  The  first  two  stations  were 
user-specified  and  served  co  define  the  wing-root 
and  tip  airfoil  sections.  Through  interpolation, 
chese  two  stations  were  then  used  to  define  the 
entire  wing.  The  third  station  was  the  internally 
specified,  flat-plate  section  used  to  define  che 
wing  extension  outboard  of  the  wing  tip.  The  entire 
wing  grid-generation  procedure  for  this  configura¬ 
tion  required  1.3  sec  of  CPU  time  on  che  Cray  IS 
computer. 

The  first  transonic-wing  calculation  presented 
consists  of  the  wing-C  geometry  just  discussed  (see 
Refs.  29  and  30).  This  geometry  represents  a  diffi¬ 
cult  test  for  any  transonic  analysis  procedure 
because  of  the  large  sweep  (.'-le  ”  **5°),  twist 
(8.17°),  and  caper  (TR  -  0.3).  A  comparison  of  the 
wing  surface-pressure  distribution  with  two  differ¬ 
ent  experiments  (Refs.  29,  31)  is  shown  in  Fig.  8. 

The  nominal  conditions  for  these  experimental  and 
computational  results  are  M„  «  0.82  and  a  »  5°  . 
Results  are  shown  at  five  semispan  stations, 

-  *  0.1,  0.3,  0.5,  0.7,  and  0.9.  The  agreement 
between  the  three  results  at  all  stations  is  gener¬ 
ally  good  for  the  lower  surface.  The  agreement 
between  che  three  results  on  the  upper  surface  is 
good  at  the  first  station  (-  «  0.1)  but  deteriorates 
toward  the  tip.  The  Keener  data31  and  che  TWING 
results  are  in  reasonable  agreement  but  the 
Hinson-Burdges  data'3  underpredicc  the  leading- 
edge  expansion  and  che  shock  position  at 
■  *  0.5,  0.7,  and  0.9. 

The  substantial  difference  between  the  two 
experimental  results  shown  in  Fig.  8  is  one  of  the 
difficulties  facing  code  developers.  How  can  the 
accuracy  of  a  code  be  established  with  che  uncer¬ 
tainties  chat  exist  in  experimental  results?  One 
technique  is  to  assume  Mach-number  and  angle-of- 
atcack  corrections  suitable  to  match  experimental 
lift.  A  wing-surface  comparison  using  this  philos¬ 
ophy  establishes  che  basic  physics-capturing  capa¬ 
bility  of  a  computational  technique.  The  Mach- 
number  and  angle-of-actack  corrections  attempt  to 
serve  two  purposes:  l)  the  removal  of  experimental 
error  owing  to  wind-tunnel-wall  interference,  flow 


angularity  ef feces,  etc.,  and  2)  che  removal  of 
numerical  error  owing  to  inadequate  modeling  of 
viscous  effects,  ecc.  Obviously,  this  procedure 
does  not  always  work.  For  instance,  when  viscous 
effects  are  moderately  strong,  the  local  errors  at 
shock  waves  cannot  be  simulated  by  such  global 
effects  as  Mach-number  or  angle-of-attack  correc¬ 
tions.  However,  in  the  code  validation  phase,  such 
simplistic  corrections  can  be  quite  useful.  More 
details  regarding  che  categorization  of  error  in  a 
numerical/experimental  comparison  are  presented  and 
discussed  in  Refs.  11  and  32. 

The  foregoing  procedure  requires  an  a  priori 
experimental  value  of  lift  and  therefore  is  not 
totally  predictive.  Having  the  accuracy  of  an 
absolutely  predictive  technique  is  a  noble  goal  but 
may  not  in  every  case  be  a  necessity.  In  a  prelim¬ 
inary  design  stage,  sometimes  the  only  question  of 
importance  is  whether  a  shock  exists  at  the  design 
point.  If  it  does,  then  other  more  quantitative 
details  about  the  solution  are  irrelevant. 

More  sensitive  details  about  a  given  design  can 
also  be  investigated.  First,  the  experimental  and 
numerical  error  associated  with  a  particular 
facility  and  a  given  configuration  can  be  "cali¬ 
brated"  out  of  the  solucion.  This  is  accomplished 
by  applying  "adjustments"  or  "corrections"  to  the 
angle  of  attack,  free-stream  Mach  number,  and,  if 
necessary,  the  wing  twist  distribution,  until  a 
good  numerical /experimental  correlation  is  achieved. 

After  the  results  are  calibrated,  geometry 
perturbations  are  sought  either  by  trial  and  error 
or  by  using  a  suitable  design  approach  to  force 
desirable  characteristics  into  the  solution;  for 
example,  reduction  in  shock,  strength  at  constant 
lift  or  a  reduction  in  the  isentropic  pressure 
gradient  also  at  constant  lift  to  avoid  separation. 
With  this  kind  of  approach,  the  use  of  numerical 
methods  is  most  attractive.  A  large  number  of 
geometry  perturbations  can  be  examined  quickly  and 
efficiently.  Once  che  optimal  configuration  is 
found  numerically  it  can  Chen  be  verified  experi¬ 
mentally.  As  a  result  of  this  type  of  approach, 
much  larger  design  spaces  can  be  explored  in  the 
time  available  to  the  designer.  This  ultimately 
translates  into  more  efficient  aircraft  designs 
obtained  more  cost  effectively. 

The  results  of  a  "calibration  study"  are  pre¬ 
sented  in  Fig.  9.  The  pressure  coefficient  distri¬ 
butions  at  two  span  stations  for  the  wing-C  con¬ 
figuration  of  Ref.  29  (~  *  0.3  and  0.7)  are  compared 
with  the  Hinson-Burdges'  experimental  results  for 
several  conditions:  1)  the  experimental  conditions 
with  both  the  angle  of  attack  and  Mach  number 
corrected  (M„  *  0.8,  a  *  4.0°),  2)  the  experimental 
conditions  with  the  angle  of  attack  corrected 
(Mx  a  0.82,  =*  4.0°);  and  3)  the  uncorrected 

experimental  conditions  (M^  a  0.82,  i  a  5.0°).  As 
seen  from  Fig.  9,  the  results  with  corrected  Mach 
number  and  angle  of  attack  are  in  excellent  agree¬ 
ment  with  experiment  (upper  surface).  The  result 
with  only  the  angle  of  attack  corrected  is,  by 
itself,  in  good  agreement  with  experiment,  thus 
indicating  the  importance  of  the  .-correction. 

Adjustment  of  these  two  parameters  1  MT  and  I 
has  greatly  improved  the  experimental/numerical 
correlation  on  the  upper  surface  while  producing 
slighcly  poorer  agreement  on  the  lower  surface. 

This  indicates  that  the  less  sensitive  lower  surface 


solucion  has  been  (to  an  extent)  sacrificed.  That 
is,  a  significant  portion  of  the  o  used  in  this 
calculation  has  been  used  to  model  viscous  correc¬ 
tions  or  wind-tunnel  wall  interference. 

Two  additional  comparisons  utilizing  the  wing-C 
geomecry  and  experimental  results  from  Ref.  29  are 
presented  in  Figs.  10  and  11.  Figure  10  shows  a 
weakly  supercritical  case,  »  0.7  and  j  =  4.949°, 
and  Fig.  11  shows  the  supercritical  condition  for 
which  this  wing  was  designed,  •  0.85  and 
i  *  5.9°.  For  the  first  case,  the  experimental 
Mach  number  was  matched  and  the  angle-o£ -attack 
correction  was  -0.55°.  Except  for  a  slight  over¬ 
prediction  of  the  minimum  pressure  at  the  leading- 
edge  upper  surface,  the  overall  agreement  is 
excellent . 

For  the  wing-C  design  case  (M„  «  0.85, 
i  =  5.9°)  the  Mach-nuraber  and  angle-of-attack  cor¬ 
rections  were  4M  «  -0.02  and  4a  =  -0.9°.  The 
agreement  for  this  case  is  quite  good  everywhere 
except  at  the  tip,  where  the  need  of  viscous  correc¬ 
tions  is  apparent.  Of  particular  note  in  this  cal¬ 
culation  is  the  ability  of  the  THING  code  to  predict 
the  oblique  shock  which  exists  at  both  the  third 
(n  *  0.5)  and  fourth  (n  ■  0.7)  span  stations.  The 
differencing  scheme  in  this  region  is  entirely 
first-order  accurate  and  yet  little  shock  smearing 
is  exhibited. 

The  wind-tunnel-wall  interference  study  con¬ 
ducted  in  Ref.  29  produced  similar,  but  smaller 
corrections  for  the  wing-C  design  case  (4M  =  -0.005 
and  4a  =  -0.9°).  The  angle-of-attack  correction 
of  Ref.  29  was  determined  from  the  FLO  22  computer 
code33  by  varying  the  computational  angle  of  attack 
until  the  computed  upper  and  lower  surface  pressures 
in  the  wing  leading-edge  region  matched  experiment. 
Then  the  difference  between  the  experimental  and 
computational  angles  of  attack  was  caken  as  the 
desired  angle-of-attack  correction  4a.  After  4o 
was  obtained,  the  Mach-number  correction  (4M)  was 
determined  by  using  the  Bailey-Ballhaus  TSD  computer 
code.34  Experimentally  measured  wind-tunnel-wall 
pressures  were  Imposed  as  boundary  conditions  on  the 
outer  boundary  of  the  computational  domain  (set  to 
model  the  wind-tunnel-wall  position).  Next,  free- 
air  solutions  were  computed  with  variations  in  the 
Mach  number  to  produce  a  "best  match"  free-air  solu¬ 
tion  with  the  wind-tunnel  solution.  The  difference 
in  Mach  number  (if  sufficiently  small)  between  the 
wind-tunnel-wall  case  and  the  "best-match"  free-air 
case  was  taken  to  be  4M. 

This  wind-tunnel  correction  procedure  seems  to 
be  a  good  one,  for  it  includes  nonlinear,  three- 
dimensional  effects;  however,  it  could  suffer  from 
numerical  uncertainties  arising  from  viscous  model¬ 
ing,  as  well  as  other  numerical  errors,  for  example, 
nonconservative  differencing  and  mesh  effects.  It 
should  be  noted  that  the  corrections  determined  in 
Ref.  29  for  the  wing-C  geometry,  as  well  as  other 
geometries  not  discussed  herein,  produced  good 
agreement  for  comparisons  between  FL022  and  experi¬ 
ment,  but  not  good  agreement  between  other  computer 
codes  and  experiment.  The  probable  reason  is  chat 
this  correction  procedure  removes  both  experimental 
errors  and  che  numerical  errors  associated  with  the 
FL022  computer  code.  This  suggests  that  separate 
corrections  tailored  to  each  individual  computer 
code  may  be  required. 


The  etfeccs  of  the  angle-of-actack  (4j)  and 
Mach-number  t  M )  corrections  used  for  the  wing-C 
design  case  just  discussed  are  shown  in  Fig.  12. 

The  pressure  coefficient  distributions  at  two  span 
stations  (•  0.30  and  0.70)  are  compared  with  the 

Hinson-Burdges  experiment  for  several  conditions: 
l)  the  corrected  experimental  conditions  using  the 
present  corrections  (M,.  «  0.83,  a  =  5.0°);  2)  che 
corrected  experimental  conditions  using  the  correc¬ 
tions  cited  in  Ref.  29  (M^  -  0.845,  a  =  5.0°);  and 
3)  the  uncorrected  experimental  conditions 
iM^,  *  0.85,  a  »  5.9°).  As  seen  from  Fig.  12,  che 
angle-of-attack  correction  is  again  more  important 
than  the  Mach-number  correction.  The  conditions 
cited  in  Ref.  29  yield  a  reasonable  solution  in 
the  present  case,  primarily  because  both  angle-of- 
attack  corrections  are  the  same. 

The  moderate  sweep,  caper,  and  aspect  ratio 
case  presented  in  Ref.  29  (wing  B)  is  discussed 
next  (.'-le  “  35°,  TR  *  0.4,  and  .41  *  3.8).  Pressure 
coefficient  comparisons  with  experiment  are  pre¬ 
sented  for  wing  B  at  -  0.9,  and  i  *  3.9° 
(experimental  conditions)  in  Fig.  13.  The  4M  and 
ia  corrections  used  in  the  THING  results  were 
-0.02  and  «1.7°.  The  corresponding  1M  and  4a 
corrections  computed  in  Ref.  29  were  -0.005  and 
-1.0°.  Overall,  the  agreement  between  experiment 
and  THING  is  good  at  every  span  station.  The  aft 
shock  position  near  the  root  is  about  5 %— 1 0%  too 
far  downstream,  but  moves  into  good  agreement  out¬ 
board  of  the  midchord  position. 

Figures  14  and  15  present  the  results  of  an 
interesting  study  to  determine  the  ability  of  THING 
to  handle  both  positive  and  negative  sweep.  The 
shock  sonic  line  has  been  plotted  in  each  figure  on 
a  normalized  planform  of  the  wing.  This  configura¬ 
tion  consisted  of  a  parallelogram  NACA  0012  wing 
(i.e.,  TR  *  1.0)  at  M„  »  0.8,  a  »  3°  .  The  aspect 
ratio  was  6.  Figure  14  shows  results  for  positive, 
or  aft,  sweep  (sweep  *  0°,  20°,  30°,  50°,  and  60°), 
and  Fig.  15  shows  results  for  negative  or  forward 
sweep  (sweep  *  0°,  -20°,  -30°,  -50°,  -60°,  and 
-70°).  A  case  involving  +70°  of  sweep  was  also 
obtained,  but  because  it  was  entirely  subcricical, 
no  result  at  \  »  70°  appears  in  Fig.  14.  As 
expected,  the  shock  position  moves  forward  and 
decreases  in  strength  for  increasing  sweep  (either 
positive  or  negative).  For  all  cases  the  shock 
approaches  the  symmetry  plane  wall  (2y/b  =0)  in  a 
normal  fashion  (i.e.,  in  the  physical  domain),  as 
it  must  to  satisfy  inviscid  tangent-flow  boundary 
conditions.  This  causes  the  variation  in  position 
of  the  shock/symmetry-plane  intersection,  as  shown 
in  Figs.  14  and  15. 

Of  particular  interest  in  these  calculations 
is  che  robustness  displayed  by  the  THING  code.  The 
THING  grid  mapping  becomes  singular  as  the  sweep 
angle  approaches  90°.  In  addition,  cross-derivative 
terms  in  the  transformed  FP  equation  grow  as  the 
sweep  increases.  Since  these  cross-derivative  terms 
are  not  represented  in  an  implicit  fashion  in  the 
AF2  iteration  scheme,  instability  might  be  expected 
to  develop  for  even  moderate  levels  of  sweep. 
However,  as  indicated  by  the  present  results,  very 
large  values  of  sweep  (-70°  £  <  70°)  can  be 

accommodated,  in  a  stable  fashion,  by  che  THING 
computer  code. 

A  summary  of  computer  times  obtained  from  the 
THING  computer  code  for  a  range  of  computed  examples 


is  shown  in  Table  L.  The  convergence  r'or  each  of 
these  cases  is  generally  nonoptinui.  The  iteration 
number  corresponds  to  the  number  or  iterations 
required  to  reduce  the  initial  maximum  residual  by 
two  orders  or  magnitude.  Computation  times  based 
on  this  measure  of  convergence  range  from  23  sec  to 
55  sec.  Essentially  converged  results  are  obtained 
when  the  lift  is  bounded  by  a  2",  band  about  the 
final  value  of  lift.  This  level  of  convergence 
yields  computational  times  ranging  from  13  sec  to 
18  sec.  The  grid-generation  time  is  also  shown  in 
Table  1;  it  is  1.3-1. 4  sec  (three  defining  stations). 

These  computational  times  are  generally  an 
order  of  magnitude  smaller  than  ocher  conservative 
full-potential  codes  using  SLOR  on  the  same  computer 
(see  Ref.  14  for  a  comparison  of  FL028  and  TUINC). 

In  addition,  the  advantage  of  vector izat ion .  as 
provided  by  the  Crav-lS  vector  computer,  produces 
over  an  order  of  magnitude  improvement  in  computa¬ 
tional  speed  for  TWING  relative  to  the  slower 
CDC  7600  computer.  Other  algorithms,  such  as  SLOR, 
would  not  be  so  efficiently  vectorized  because  of 
inherently  recursive  operations.  See  Ref.  35  for 
more  discussion  of  this  point. 

IV.  Conclusions 

The  TWING  three-dimensional,  transonic,  full- 
potential  computer  program  was  evalutated  using  a 
wide  range  of  test  examples,  and  calculated  pressure 
distributions  were  compared  with  experiment  for  most 
of  the  cases  presented.  The  major  conclusions  of 
this  study  are  as  follows: 

L)  Good  correlation  with  experimental  pressure 
distributions  were  obtained  in  generally  all  cases 
when  viscous  effects  were  not  important  (that  is, 
when  strong  shocks  and  the  associated  shock/boundary- 
laver  interaction  effects  are  not  present). 

2)  The  TWING  computer  program  proved  to  be  com¬ 
putationally  efficient  (even  without  optimizing  each 
individual  run  for  minimum  run  time)  and  robust  (no 
convergence  problems  were  encountered  for  the  cases 
presented  herein) . 

3)  The  TWING  computer  program  proved  to  be 
geometrically  general  for  isolated-wing  calculations , 
in  that  a  wide  range  of  geometries  has  been  run 
cinluding  high-aspect-ratio,  low-taper  transport- 
type  conf igurat ions  and  low-aspect-rat io ,  high-taper 
fighter-type  configurations. 

References 

‘Mason,  W.,  Mackenzie,  D.  A.,  Stern,  M.  A., 
and  Johnson,  J.  K.,  "A  Numerical  Three-Dimensional 
Viscous  Transonic  Wing-Bodv  Analysis  and  Design 
Tool,"  AIAA  Paper  78-101,  Jan.  1978. 

'Albone,  C.  M.,  Hall,  M.  G.,  and  Joyce,  G. , 
"Numerical  Solutions  for  Transonic  Flows  Past 
Wing-Bodv  Conf igurat ions , ”  Symposium  Transsonicum 
1 1  ♦  Gottingen,  Sept.  1975,  Springer-Ver lag,  1976. 

Boppe,  C.  W.  and  Stern,  M.  A.,  "Simulated 
Transonic  Flows  for  Aircraft  with  Nacelles,  Pylons, 
and  W'inglets,"  AIAA  Paper  80-130,  -an.  1980. 


.. .  H  .  ,  ind  van  ..sjci,  \ .  ,  “Rem.i  ir.-»  r.  i:.e  '  i.i  t.ir> : 
icy  or  Various  ’.ransom.  Small  Pert  .rr-uti  F  :  - 

cions  Co  Delorme  Three--  imens  i  on  a  1  Trinaon;.  1  v, 
Examples  of  Computations  '.line  i  Fal  1  v— -onserv  it  i  .e 
Rotated  Difference  Scheme."  "ympcmim  1  r mss  n.  :m 
1 1  .  Sot  cm  gen.  Sept.  1  4 '3,  Spr:  nger-CVr  lag  ,  ^  ~  h  . 

Wai  ,  .  C  .  ,  Vosmhara,  A  .  .  ind  Abev  nmis  , 

V.  K. ,  "Transonic  Perturbation  Analysis  : :  Wing- 
Fuselage-Nacelle-?'.*  Ion  Configurations  wit:;  P  we  red 
•  et  Exhausts,"  AI.AA  Paper  82-0253,  Ian.  1 

‘Jameson,  A.,  "Iterative  Solution  .'i  Transonic 
Flows  Over  Airfoils  and  Wings,  Including  Flows  at 
Mach  1."  Communications  on  Pure  and  Applied  Mathe¬ 
matics  ,  Vol.  27,  l°T-»,  pp.  283-209. 

Caughev,  D.  A.  and  lameson.  A.,  "Numerical 
Calculation  of  Transonic  Potential  Flow  About  Wing- 
Bodv  Combinac ions , ”  AIAA  journal,  Vol.  17,  No.  2, 
Feb.  1979,  pp.  1 ~  5-  1 8 1 . 

Caugnev,  D.  A.  and  Jameson,  A.,  "Progress  in 
Finite-Volume  Calculations  for  Wing-Fuselage  Com¬ 
binations,"  AIAA  Journal,  Nov.  1980,  pp .  1281-1288. 

*Chattoc,  J.  J. ,  Coulombeix,  C.,  and  da  Silva 
Tome,  C.,  "Calcuis  d ’ ecoulemencs  Transsoniques 
Autour  d'aiies,"  La  Recherche  Aerospatiale,  No.  - , 
1978,  pp.  143-159. 

*'Yu,  N.  J.,  "Transonic  Flow  Simulations  for 
Complex  Conf igurations  with  Surface  Fitted  Grids," 
AIAA  Paper  81-1258,  June  1981. 

‘‘Hoist,  T.  L.,  Slooff,  J.  W.,  Yoshihara,  A .  , 
and  Ballhaus,  W.  F.,  .r.,  "Applied  Computat ional 
Transonic  Aerodynamics,"  AGARDograpn  No.  266,  1982. 

'Jameson,  A.,  "Acceleration  of  Transonic 
Potential  Flow  Calculations  on  Arbitrary  Meshes  by 
the  Multiple  Grid  Method,"  AIAA  Paper  “9-U58, 

July  1979. 

‘'McCarthy,  D.  R.  and  Reyhner,  T.  A.,  "A  Multi- 
Grid  Code  for  Three-Dimensional  Potential  Flow 
About  Axisvmmetric  Inlets  at  Angle  of  Attack,"  AIAA 
Paper  80-1365,  July  1980. 

* ~Shmi lovich ,  A.  and  Caughev,  D.  A.,  "Applica- 
tion  of  the  Multi-Grid  Method  to  Calculations  of 
Transonic  Potential  Flow  About  Wing-Fuselage  Com¬ 
binations,”  Multigrid  Methods,  NASA  CP-2202,  1981. 

'Boerstoel,  J.  W. ,  "A  Multi-Grid  Algorithm 
for  Steady  Transonic  Potential  Flows  Around  Aero¬ 
foils  Using  Newton  Iteration,"  Multigrid  Methods, 
NASA  CP-2202,  1981.  — 

‘“Deconinck,  H.  and  Hirsch,  2.,  "A  Multigrid 
Method  for  the  Transonic  Full  Potential  Equation 
Discretized  with  Finite  Elements  on  an  Arbitrary 
Bodv  Fitted  Mesh,"  Multigrid  Methods,  NASA  CP-2202, 
1981  . 

'  Sankar,  N.  1..,  Malone,  J.  3.,  ind  Tassa ,  Y., 
"An  Implicit  Conservative  Algorithm  for  Steady  and 
Unsteady  Three-Dimensional  Transonic  Potential 
Flows,’1  Proceedings  n  the  AIAA  5th  CFD  Conf., 

Palo  Alto,  Calif.,  June  1981. 


Ballhaus,  W.  F.*  Jr.,  Jameson,  A.,  and 
Albert,  ! . ,  "Implicit  Approximate  Fac torizat ion 
Schemes  for  the  Efficient  Solution  of  Steady  Tran¬ 
sonic  Flow  Problems,"  AIAA  Journal,  Vo  1 .  16,  1978, 
pp.  373-579. 

‘Holst,  T.  L.  and  Ballhaus,  W.  F.,  Jr.,  "Fast 
Conservative  Schemes  for  the  Full  Potential  Equation 
Applied  to  Transonic  Flows,"  AIAA  Journal,  Vol.  17, 
No.  2,  Feb.  1979,  po.  145-152. 

“'Holst,  T.  L.,  "A  Fast,  Conservative  Algorithm 
for  Solving  the  Transonic  Full-Potential  Equation," 
AIAA  Journal,  Vol.  18,  No.  12,  Dec.  1980, 
pp.  1431-1439. 

‘Baker,  T.  J.,  "Potential  Flow  Calculation  by 
the  Approximate  Factorization  Method,"  Journal  of 
Computat ional  Phvsics,  Vol.  42,  1981,  pp.  1-19. 

“Baker,  T.  J.  and  Forsey,  C.  R. ,  "A  Fast 
Algorithm  for  Che  Calculation  of  Transonic  Flow 
Over  Wing/Body  Combinations,"  Proceedings  of  the 
AIAA  5th  CFD  Conf.,  Palo  Alto,  Calif.,  June  i 981  - 

"  Benek,  J.,  Steinhoff,  J.,  and  Jameson,  A., 
"Application  of  Approximate  Factorization  to  the 
Three-Dimensional  Transonic  Potential  Flow  Calcula¬ 
tions,"  Presented  at  the  AIAA  3th  CFD  Conf.- 
Palo  Alto,  Calif.,  June  1981. 

""Holst,  T.  L.  and  Thomas,  S.  D.,  "Numerical 
Solution  of  Transonic  Wing  Flow  Fields,"  AIAA 
Paper  82-0105,  Jan.  1982. 

“'Hafez,  M.,  South,  J.,  and  Murman,  E. ,  "Arti¬ 
ficial  Compressibility  Methods  for  Numerical  Solu¬ 
tions  of  Transonic  Full  Potential  Equation,"  AIAA 
Journal ,  Vol.  17,  No.  8,  Aug.  1979,  pp.  838-844. 

'"Eberle,  A.,  "A  Finite  Volume  Method  for  Cal¬ 
culating  Transonic  Potential  Flow  Around  Wings 
from  the  Pressure  Minimum  Integral,"  NASA  TM-75324, 
Translated  from  MBB  UFE  1407(0),  Feb.  1978. 


Steger,  J.  L.,  "Implicit  Finite  Difference 
Simulation  of  Flow  About  Arbitrary  Geometries  with 
Application  to  Airfoils,"  AIAA  Jouma  1  ,  Vol.  16, 
July  1978,  pp.  679-686. 

""Holst,  T.  L.,  "An  Implicit  Algorithm  for 
the  Conservative,  Transonic  Full  Potential  Equation 
Using  an  Arbitrary  A f AA  Toum.i  1  ,  7„  1 .  17, 

Oct.  1979,  pp.  1r'->8-1045. 

_:!Hinson,  B.  L.  and  Burdges,  K.  P.,  "Acquisi¬ 
tion  and  Application  of  Transonic  Wing  and  Far- 
Field  Test  Data  for  Three-Dimensional  Computational 
Method  Evaluation,"  AFSOR-TR-80-042 1 ,  Mar.  1980. 

3 'Hinson,  B.  L.  and  Burdges,  K.  P. ,  "An  Eval¬ 
uation  of  Three-Dimensional  Transonic  Codes  Using 
New  Correlation-Tailored  Test  Data,"  AIAA 
Paper  80-0003,  Jan.  1980. 

‘Keener,  E.,  Ames  Research  Center,  private 
communication,  1982. 

‘"Hicks,  R.  M.,  "Transonic  Wing  Design  Using 
Potential-Flow  Codes  —  Successes  and  Failures," 

SAE  Paper  810565,  1981. 

3 3 Jameson,  A.  and  Caughey,  D.  A.,  "Numerical 
Calculation  of  the  Transonic  Flow  Past  a  Swept 
Wing,"  COO-3077-140,  ERDA  Math,  and  Comput .  Lab., 
New  York  U.»  June  1977  (also  available  as  NASA 
CR-153297). 

3*Ballhaus,  W.  F.,  Jr.,  Bailey,  F.  R.,  and 
Frick,  J.,  "Improved  Computational  Treatment  of 
Transonic  Flow  About  Swept  Wings,"  NASA  CP-2001, 
Nov.  1976. 

;5Thomas,  S.  D.  and  Holst,  T.  L.,  "Numerical 
Computation  of  Transonic  Flow  About  Wing-Fuselage 
Configurations  on  a  Vector  Computer,"  AIAA 
Paper  83-479,  Jan.  1983. 


Table  1  TW1NG  convergence  times  on  the  Crav-lS  computer  (nonopcimal 
convergence),  all  times  are  for  a  127  *  27  <20  (68,580)  grid  with 
127  v  17  (2159)  surface  points 
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Fig.  1  Schematic  of  general  (x,y,z)  •*-*  (S.n.C) 
transformation:  a)  physical  domain;  b)  computational 
domain. 
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Fig.  2  Numerically  generated  finite-difference 
mesh  about  wing  C  configuration  (Ref.  29),  root 
station  (127  *  20  grid  points). 
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Fig.  3  Numerically  generated  finite-difference 
mesh  about  wing  C  configuration  (Ref.  29),  tip 
station  (127  *  20  grid  points). 


Fig.  4  Numerically  generated  finite-difference  mesh 
abouc  wing  C  configuration  (ref.  29),  station  out¬ 
board  of  the  tip  >.127  x  20  grid  points). 
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Fig.  6  Three-dimensional  grid  about  wing  C  config 
uration  (Ref.  29),  half-chord  view,  27  x  20  grid 


Fig.  5  Three-dimensional  grid  about  wing  C  config¬ 
uration  (Ref.  29),  planform  view,  27  x  2Q  grid 
points . 


Fig.  7  Perspective  view  of  the  grid  about  wing  C 
configuration,  127  *  27  *  20  grid  points  (only 
every  fourth  point  plotted  in  the  wraparound 
direction) . 
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Fig.  8  Comparison  of  pressure  coefficient  distributions,  wing  C  configuration,  .'.,E  *  45°,  TR  *  0.3, 
R  >  2 . 6 . 
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Fig.  9  Effect  of  Mach  number  and  angle-of-attack  corrections  on  the  pressure  coefficient  distribution, 
experiment  taken  from  Ref.  29:  wing  C,  .]_£  *  45’.  TR  “  0.3,  .41“  2.6. 


Fig.  10  Comparison  of  pressure  coefficient  distributions;  weakly  supercritical  case;  experiment  taken 
from  Ref.  29,  wing  C  configuration,  .1^  *  45°,  TR  =  0.3,  .41=  2.6. 
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Fig.  12  Effect  of  Mach  number  and  angle  of  attack  corrections  on  the 
experiment  taken  from  Ref.  29,  wing  C  configurations,  A^e  *  45°,  TR  = 
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Abstract 


The  development  of  higher-order  finite-difference  schemes  for 
application  to  transonic  wing-bodv  flow  calculations  is  de¬ 
scribed.  These  schemes  treat  supersonic  flows  and  shocks  more 
accurately  than  most  existing  schemes.  A  transformed  full 
potential  equation  in  a  general  curvilinear  coordinate  system  is 
derived,  and  higher-order  operators  are  introduced.  A  new 
shock-point  operator  produces  Mach  number  jumps  at  a  shock 
that  agree  reasonably  well  with  Rankine-Hugoniot  values. 
Second-and  third-order,  quasi-conservative,  and  fully  conser¬ 
vative  schemes  are  thereby  developed  for  general  geometries 
where  flow  directions  can  be  approximately  aligned  with  coor¬ 
dinate  lines  in  supersonic  regions.  The  fully  conservative 
schemes  are  developed  by  modifying  an  existing  finite-volume 
algorithm,  while  the  quasi-conservative  schemes  are  developed 
by  solving  the  transformed  full  potential  equation  directly  with 
the  addition  of  the  second-and  third-order  artificial  viscosities  at 
supersonic  points,  and  the  corresponding  first-  and  second-order 
shock-point  operators  at  shock  points. 


To  evaluate  the  proposed  shock-point  operators,  a  model 
problem  was  studied,  consisting  of  flow  through  a  converging- 
diverging  planar  channel,  with  a  shock  in  the  diverging  section. 
The  computed  shock  locations  and  strengths  were  compared 
with  a  one-dimensional  analysis  including  Rankine-Hugoniot 
shocks.  These  methods  were  successfully  extended  to  three- 
dimensional  flowfield  computations.  Computed  results  are 
presented  for  an  ONERA-JM6  wing  on  a  vertical  wall  and  on  a 
semi-infinite  fuselage,  and  compared  with  corresponding  ex¬ 
perimental  data. 


Nomenclature 


a 


a. 

ABC 


Cl’  c2---c9 


D 


G 

h  | ,  h,. . .h9 

H 


m 

M 

M’ 

Pm 


s 


speed  of  sound 
stagnation  speed  of  sound 
speed  of  sound  at  M  =  1 

transformation  matrices  defined  in  Eqs.  (3),  (4), 
and  (J) 

coefficients  defined  in  Eqs.  (9)-{  1 7)  and  (38)— (42) 
determinant  of  Jacobian  transformation  matrix 
defined  in  Eqs.  (33)  and  (47) 
reduced  velocity  potential  defined  in  Eq.  (69) 
coefficients  defined  in  Eqs.  (21)-(29) 

artificial  viscosities  at  supersonic  points  defined  in 
Eqs.  (53)  and  (56) 

artificial  viscosities  at  shock  points  defined  in  Eqs. 

(55),  (57),  (64),  and  (65) 

mass  flow  rate  defined  in  Eq,  (68) 

local  Mach  number 

normalized  Mach  number  =  u/a, 

partially  conservative  parameter  defined  in  Eqs. 
(55)  and  (57) 

second-order  transformation  derivatives  defined  in 
Eqs.  (30M32)  and  (48)-(49) 

coordinate  in  streamwise  direction 


u,  v,  w  velocity  components  in  \.  v,  and  z  directions 
defined  in  Eqs.  (34)-(36) 

U,  V.  W  velocity  components  defined  in  Eqs.  ( 1 8 )— ( 20) 


\.  y,  z  coordinates  in  physical  space 
x4  location  of  shock  in  the  channel  axis 

M  switch  function  defined  in  Eq.  (54) 

p  local  flow  density 

p  flow  density  at  VI  =  1 

Introduction 

Shock  structures  on  supercritical  wings  are  generally  complex 
so  that  the  conventional  first-order  schemes1'5  may  not  be  ac¬ 
curate  enough  to  capture  their  subtle  changes.  It  is  therefore 
desirable  to  develop  higher-order  schemes  to  improve  the  solu¬ 
tion  accuracy  in  supersonic  regions.  It  has  also  become  clear 
that  prediction  of  shock  strength  and  location  in  potential  flow 
calculations  depends  almost  entirely  on  the  so-called  shock-point 
operator,  i.e.,  the  equation  solved  at  the  first  subsonic  point 
downstream  of  the  shock.  Therefore,  it  is  important  to  formu¬ 
late  an  adequate  shock-point  operator  so  that  the  predicted 
shocks  are  in  good  agreement  with  physical  shocks. 

Several  second-order  schemes6'9  have  been  introduced  for  air¬ 
foil  and  cascade  flowfield  calculations.  Jameson10  and  Chen' 
demonstrated  that  second-order  fully  conservative  and  quasi¬ 
conservative  schemes,  respectively,  are  capable  of  predicting 
double  shocks  on  an  airfoil  surface,  which  cannot  be  accurately 
resolved  using  a  first-order  scheme  without  a  large  number  of 
grid  points.  Chen"  also  demonstrated  that  his  second-order 
quasi-conservative  scheme  provides  better  resolution  of  a  double 
shock  than  the  second-order  fully  conservative  scheme.  Ives  and 
Liutermoza3  showed  that  their  second-order  nonconservative 
scheme  provides  better  resolution  for  transonic  cascade  flows 
than  first-order  nonconservative  schemes.  A  discussion  of  first- 
and  second-order  nonconservative  schemes  has  also  been  given 
in  Ref.  7.  A  study  of  artificial  viscosities  and  conservative 
shock-point  operators  of  different  orders  was  provided  in  Ref. 

1 1  by  Chen  and  Caughey,  who  also  introduced  a  third-order 
quasi-conservative  scheme.  In  the  present  study,  second-  and 
third-order  artificial  viscosities  are  first  introduced  for  transonic- 
potential  flowfield  computations  about  wings  and  wing-body 
combinations. 


Methods  for  differencing  the  small  disturbance  equation  at 
shocks  were  investigated  by  Murman12  and  Hafez.13  Methods 
for  treating  shocks  in  a  full  potential  formulation  were  studied 
by  Jameson5  and  Chen  and  Caughey. 1 1  Fully  conservative 
schemes  for  treating  the  potential  equation  conserve  mass  flux 
isentropically  across  shr  ks;  therefore,  the  predicted  shocks  are 
always  stronger  than  Rankine-Hugoniot  shocks.2  In  the  present 
study,  a  shock-point  operator  is  derived  from  an  approximate 
one-dimensional  flow  anjlysis.  Use  of  this  operator  results  in 
Mach  number  jumps  at  shocks  that  are  in  reasonable  agreement 
with  Rankine-Hugoniot  values.  Methods  for  differencing  at 
shocks  are  evaluated  using  a  model  problem  consisting  of  flow 
through  a  converging-diverging  planar  channel,  with  a  shock  in 
the  diverging  section.  In  flowfield  calculations  about  wings,  par- 


1 


tially  conservative  shock-point  operators  provide  results  that  are 
in  better  agreement  with  experiment  than  a  conservative  scheme. 

To  the  author’s  knowledge,  this  result  is  the  first  demonstra¬ 
tion  of  a  successful  third-order  scheme  applied  to  solution  of 
the  lull  potential  equation,  the  first  presentation  of  both  second- 
and  third-order  solutions  for  transonic  potential  flowfield  com¬ 
putations  about  wings  and  wing-body  configurations,  and  the 
first  attempt  to  formulate  a  shock-point  operator  that  produces 
Mach  number  jumps  in  a  potential  flow  that  are  in  reasonable 
agreement  with  Rankine-Hugoniot  values. 

Full  Potential  Equation 

Quasi-conservative  schemes  are  used  to  solve  finite-difference 
approximations  of  the  lull  potential  equation.  Therefore,  it  is 
convenient  to  first  formulate  the  full  potential  equation  in  com¬ 
putational  coordinates.  By  applying  the  chain  rule,  derivatives 
of  the  potential  function  0  in  physical  coordinates  (x,  y,  z)  can 
be  related  to  its  derivatives  in  an  arbitrary  curvilinear  coordinate 
system  (X,  Y,  Z)  as  follows: 
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The  full  potential  equation  to  be  solved  is 


where  u,  v,  w  are  the  x,  y,  z  components  of  the  flow  velocity, 
respectively,  and  a  is  the  local  speed  of  sound  determined  from 
the  energy  equation 

a 2  _  ~ 2  Y  —  1  1  ■»  y 

a  -  a*  -  — - —  \u-  4-  v*  +  w*'1.  (7) 

where  >  is  the  ratio  of  specific  heats  for  the  assumed  calorically 
perfect  gas  and  a0  is  the  stagnation  speed  of  sound. 

Substituting  Eqs.  (I)  and  (2)  into  Eq.  (6),  and  after 
performing  matrix  inversion,  multiplication,  and  careful 
algebraic  manipulation,  a  full  potential  equation  multiplied  by 
the  determinant  of  the  Jacobian  transformation  matrix,  D.  in 
arbitrary  curvilinear  coordinates  can  be  derived  as 


C,<0XX  +  CjOyy  +  Cj«.zz  +  C40XY  +  CS<SYZ  +  c6oxz 

+  4-  Cg^Y  4- 

(8) 

where 

Cl  =  [a2(h2  +  h2  +  h2)  -  U2|/D 

(9) 

c,  =  [a2lh2  +  h2  +  h2)  -  V2|/D 

(10) 

c3  =  [a2(h2  +  h2  +  h2)  -  W2]/D 

(11) 

c4  =  [2a2(h,h4  +  h,h5  *  h3h6)  -  2UV]/D 

(12) 

c5  =  (2a2(h4h-  +  h5hg  +  h6h9)  -  2VWj/D 

(13) 

c6  =  [2a2(h,h7  +  h,h„  +  h,h9)  -  2UW]/D 

(14) 

c7  ~  (h|Px  +  h^py  +  h3pz )/D 

(15) 

CS  =  (hzPx  +  h5Py  +  h^p^/D 

(16) 

C9  =  (h7Px  +  hgPY  +  h9pz)/D, 

(17) 

U,  V,  W  are  velocity  components  defined  as 

U  =  h|U  t  h;V  *  h3w 

(18) 

V  =  h4u  +  hsv  +  h6w 

(19) 

W  =  h7u  -1-  h8v  +  h9w  , 

(20) 

coefficients  h  ( ,  hz,  .  .  .  h9  are  first-order  transformation 
derivatives  defined  as 

hi  -  Yyzz  '  Yzzy 

(21) 

h2  =  zYxz  -  zzxY 

(22) 

h3  =  xYyz  -  xzyy 

(23) 

h<  -  yzzx  -  yxzz 

(24) 

^5  =  zZxX  -  zXxZ 

(25) 

h<s  =  xzyx  -  xxyz 

(26) 

h?  =  yxzy  -  yYzx 

(27) 

=  ZXXY  ~  zYxX 

(28) 

h9  =  zxyY  -  xYyx  , 

(29) 

and  coefficients  p^,  py,  and  are  second-order  transformation 
derivatives  defined  as 

Px  =  c,xxx  +  c,xYY  +  c3xzz  +  c4xXY  -c  c5xYZ  *  c6xxz  (30) 

Py  =  v,yxx  +  c,yYY  +  c,yzz  +  c,tyXY  +  c5yYZ  +  c6yxz  (31) 

Pz  =  cizxx  *  C:ZYY  *  yjzzz  + 


(a2  -  u2)*„  +  (a2  -  v2)«yy  +  (a2  -  w2)e,w  -  2uv4,,y 
-  2vw«yJ  -  2uw.»XI  =  0, 
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C4ZXY  *  c?zYZ  +  c6zXZ 


(32) 


The  determinant  of  the  Jacobian  transformation  matrix  is 


defined  as 

D  =  h«xx  +  h4.xY  +  h**xz . 

(33) 

The  velocity  components  u,  v,  w  are  defined  as 

u  =  +  h40Y  +  hTOjrJ/D 

(34f 

v  =  +•  h^y  +  hg<j>z)/D 

(35i 

w  —  \hj0x  +  h Y  hy</>z)/D  . 

(3b. 

Equation  (8)  can  be  reduced  to  a  two-dimensional  equation 
given  in  Ref.  7. 

After  the  physical  coordinates  of  grid  points  have  been 
prescribed,  the  transformation  derivatives  xx,  xY,  xz,  yx>  .  . 
\\X’  xXY,  xYY,  ■  •  •  can  he  computed  at  each  control  point 
within  a  local  mesh  element.  A  second-order-accurate,  finite- 
difference  approximation  of  the  transformed  full  potential  equa¬ 
tion  thus  can  be  obtained  by  applying  a  second-order  element 
i Fig.  I).  Within  the  element,  X,  V.  and  Z  vary  from  -  1  to  1 
l>om  nodal  point  to  nodal  point.  Therefore  the  mesh  element  is 
uniformly  spaced  in  the  computational  space.  Second-order 
shape  functions  can  be  constructed  that  relate  the  function  at 
any  point  p  within  the  element  to  the  values  of  the  function  at 
27  nodal  points.  If  the  control  point  is  chosen  to  be  X  =  Y  = 

Z  =  0.  then  the  well-known  second-order,  centered,  finite- 
difference  formulations14-13  are  obtained. 


lai  Phssical  space 


i 


Ibl  Compulanonal  space 


Supersonic  Flow  and  Shocks. 

The  finite-difference  approximation  to  the  full  potential  equa¬ 
tion  discussed  thus  far  is  adequate  for  flows  that  are  entirely 
subsonic.  To  treat  transonic  Hows,  proper  artificial  viscosities  or 
densities  are  normally  added  to  the  finite-difference  approxima¬ 
tion  of  the  potential  equation  solved  at  supersonic  points.  The 
directional  bias  of  supersonic  flows  can  thus  be  reflected  in  the 
governing  equat.rn. 

The  so-called  lulls  conservative  and  quasi-conservative 
sc.nemes  conserve  the  artificial  viscosities  or  densities  along 
streamlines;  in  other  words,  the  total  summation  of  artificial 
vi  cos.t-es  o--  densities  added  to  the  potential  equat'on  at  all 
points  alo-g  ’he  streamline  :s  exactly  zero.  Naturally  the  shocks 
bus  practic  ed  are  consis.ent  with  ise.itropic  mass-conserving 
shocks,  which  do  no'  simultaneously  conserve  momentum,  and 
•hereto, -e  are  stronger  than  the  Rankine-Hugoniot  shocks. 

In  'he  nonconservative  schemes,  the  total  summation  of  artifi¬ 
cial  viscosities  or  uersmes  added  aiong  the  streamline  is  not 
zero,  in  the  limit  of  .he  finite-difference  approximation,  this  un¬ 
balanced  summation  'em  appears  as  a  nonzero  source  term  on 
the  right  side  of  the  potential  equation  solved  at  certain  points 
along  the  streamline  generally  at  the  shock  point,  the  first  sub¬ 
sonic  point  aownstream  of  the  shock.  This  source  term  in  the 
equation  represents  a  mass  source  in  the  flowfield.  Therefore, 
the  solutions  thus  obtained  deviate  from  the  isentropic  mass- 
conserving  solutions.  Since  the  potential  formulation  does  not 
permit  simultaneous  conservation  of  mass  and  momentum  flux 
at  shocks,  errors  in  tne  jumps  in  rluid  properties  are  inevitable. 

A  desirable  method  from  an  engineering  point  of  view  is  one  in 
which  errors  in  the  properties  of  primary  interest  are  minimized. 
As  a  matter  of  fact,  it  has  been  consistently  shown  that  the 
shocks  computed  by  these  nonconservative  schemes  agree  better 
with  experiment  than  those  computed  by  the  conservative 
schemes.16  The  nature  of  the  nonzero  source  term  was  under¬ 
stood  to  be  related  to  the  addition  of  mass  flux;  however,  an 
adequate  mathematical  explanation  of  its  effect  has  not  been 
given.  An  attempt  to  explain  the  nonzero  source  term  will  be 
given  in  the  form  of  a  simple  one-dimensional  flow  analysis, 
following  introduction  of  artificial  viscosities. 


Artificial  Viscosities  and  Partially  Conservative  Shock  Point 
Operators 

The  second  derivative  of  the  potential  function  in  the  stream 
wise  direction,  s,  is  given  as 


—  (U*«„  4-  v2*yy  +  wAS^  +  2UV®,y 


+  2vw®yJ  s-  2uw«XI)  . 

Substituting  Eqs.  (1)  and  (2)  into  Eq.  (37)  yields 


—  —  iU^Oy^y  *  V^®yy  4-  W^®2Z  +  2UV((>Xy 

q- 

4-  2VW®yz  4.  2UW*XZ)  , 


(37) 


(38) 


where  U,  V,  W  are  given  in  Eqs.  (18M20). 

The  directional  bias  of  supersonic  flows  can  be  properly 
simulated  by  performing  an  upwind  differencing  or  adding  arti¬ 
ficial  viscosities  in  the  approximate  streamwise  direction.  If  Y  = 
constant  lines  are  in  the  approximate  s  direction,  the  principal 
pan  of  <>sy  can  be  approximated  by 


Fig.  1  Tranvformaiion  of  a  second-order  elemem. 
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UJ 

“  —  ®\x 

q- 


(39) 


A  second-order  artificial  viscosity  can  be  expressed  as 


H  is  then  added  to  the  finite-difference  representation  of  Eq.  (8) 
at  supersonic  points.  At  shock  points,  i.e.,  the  first  downstream 
subsonic  points  after  the  shocks,  the  following  first-order  arti¬ 
ficial  viscosity  Hs  is  added  with  pm  controlling  the  nonconserva¬ 
tive  differencing: 


A  Simple  One-Dimensional  Flow  Analysis  and  a  Shock-Point 
Operator 

An  alternative  new  method  to  formulate  a  shock-point 
operator  is  described  in  the  following  paragraphs.  This  method 
is  based  on  an  approximate  one-dimensional  analysis  in  which 
information  from  the  Rankine-Hugoniot  relations  is 
incorporated. 

The  flows  upstream  and  downstream  of  the  shock  can  be 
considered  as  relating  to  two  branches  of  isentroptc  flows. 
Because  of  the  entropy  increase  across  the  shock,  the  stagnation 
density  decreases,  while  the  stagnation  speed  of  sound  remains 
unchanged  because  the  process  is  adiabatic.  The  continuity 
equation  can  therefore  be  written  as 


or 


If  pm  =  0,  the  quantity  pU2«xx  is  conserved  along  Y  =  con¬ 
stant  lines,  implying  that  the  added  artificial  viscosities  are  con¬ 
served  along  approximate  streamlines.  If  pm  >  0,  a  numerical 
mass  flux  is  introduced  at  shocks,  modifying  the  locations  and 
strengths  of  the  shocks.  The  effect  of  pm  on  the  captured 
shocks  will  be  discussed  later.  Although  /x  is  a  ramp  function, 
both  H  and  Hs  reduce  to  zero  as  the  mesh  size  goes  to  zero.  The 
solution  is  second-order  accurate  at  both  subsonic  and  super¬ 
sonic  points  and  first-order  accurate  at  shock  points.  The 
scheme  is  second-order  quasi-conservative.  In  the  so-called 
quasi-conservative  schemes,  only  the  differencing  of  artificial 
viscosities  is  in  divergence  form;  the  differencing  of  the  govern¬ 
ing  potential  equation  is  not.  A  second-order  fully  conservative 
scheme  also  can  be  constructed  by  incorporating  H  and  H,  into 
the  existing  finite-volume  algorithm. 

Third-order,  quasi-conservative  and  fully  conservative  schemes 
can  be  developed  by  adding  the  following  third-order  artificial 
viscosity  at  supersonic  points; 


X- 


where  x,  and  x,  are  the  axial  positions  just  upstream  and  down¬ 
stream  of  the  shock  and  p[,  p'2,  M,,  and  M-,  are  sonic  densities 
and  Mach  numbers  of  the  flows  just  upstream  and  downstream 
of  the  shock.  If  the  Mach  number  is  assumed  to  change 
smoothly  across  the  shock,  as  it  does  in  most  finite-difference 
solutions,  the  integration  followed  by  the  differentiation  of  the 
term  inside  the  bracket  can  be  performed  to  give  the  following 
approximate  equation. 

(l  -  M")  (m;  -  Mi)  =  -  (l  -  1^4  M*’)  M-  (  1-  P4)  • 

(47) 

where  M*  =  u/a.  =  <9x/a.  and  a.  is  the  sonic  speed  at  M  =  1. 
Two  approximations  have  been  made:  the  (1  -  M  :)  term  on 
the  left  side  and  the  (I  -  (y  -  l)/(y  +  1)M,2]M’  term  on  the 
right  side  are  treated  as  constants  during  integration,  and  the 
relative  change  in  p‘  is  assumed  to  be  small.  In  a  fully  isentropic 
flow,  p’  is  constant,  the  right  side  of  Eq.  (47)  is  therefore  zero, 
and  the  left  side  can  be  rewritten  as  the  familiar  one¬ 
dimensional  potential  equation 


r  (AX)3  uU^xxl 

(  MU2®xx\ 

(  MU2®xx\ 

1  D  = 

L  J  XXX 

{  °  ) 

,-3V  D  ) 

and  adding  the  following  second-order  artificial  viscosity  at 
shock  points: 


f  (AX)VU2<»xx] 

(  dU2®xx\ 

L  D  Jxx  L 

V  D  / 

-i(^)  .(rySs)  l'p.-a  (44) 


(a2  -  u2)«xx  =  0- 


(48) 


A  change  in  p"  occurs  across  a  shock  in  a  real  flow.  The  right 
side  of  Eq.  (47)  should  be  related  to  the  error  incurred  at  a 
shock  in  a  potential  flow  calculation.  M'  on  the  right  side  of 
Eq.  (47)  is  the  average  value  of  M,  and  M,,  and  therefore  a 
reasonable  approximation  is  ,V1*  =  I.  If  this  approximation  is 
made  and  the  left-side  notation  of  Eq.  (48)  is  retained  for 
clarity. 


(a2  -  u2)*x\  = 


(49) 


where  Ax  is  the  axial  spacing  across  the  shock.  Numerical  values 
for  the  right  side  of  Eq.  (49)  can  be  obtained  by  introducing  a 
Rankine-Hugoniot  relation. 


If  pm  is  set  to  zero,  the  quantity  mU2®xx  is  conserved  along 
Y  =  constant  lines.  If  pm  is  set  to  be  greater  than  zero,  a 
numerical  mass  flux  is  added  at  shocks,  as  in  the  second-order 
schemes. 
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where  p;  and  o\  are  values  of  o’  upstream  and  downstream  of 
shocks,  respectively,  and  VI ,  is  the  normalized  shock  Mach 
number  upstream  of  the  shock. 

This  resuit  is  used  to  modify  the  conservative  first-  and 
second-order  artificial  viscosities  at  shock  points  as  follows 
(see  Eqs.  (42)  and  (44)): 


T  UX)mU2oxx1  /  o’\  / 

nd 


where  AXS  is  the  distance  between  the  shock  point  and  its  up¬ 
stream  supersonic  point  in  the  streamwise  direction. 

Relaxation  Strategies 

The  finite-difference  approximation  to  Eq.  (8)  can  be  solved 
by  a  line-relaxation  scheme  with  the  boundary  conditions 
described  in  the  previous  section.  To  ensure  that  the  relaxation 
scheme  corresponds  to  a  convergent  process,  the  old  and  up¬ 
dated  values  of  the  potential  functions,  0  and  o*.  must  be 
mixed  properly.  The  basic  relaxation  strategies  developed  for  the 
present  method  are  similar  to  the  ones  described  in  Refs.  14  and 
17,  except  for  careful  treatments  of  artificial  viscosities  at  super¬ 
sonic  and  shock  points. 

In  the  second-order  quasi-conservative  scheme,  the  old  and 
new  values  of  d>  contributing  to  the  terms  (q2  -  a2)®ss  +  H  (or 
Hs)  of  the  relaxation  equation  are  chosen  to  ensure  a  convergent 
process  in  the  i  =  constant  line  sweep  according  to 


(q-  -  a-)  <6. 


L„ 

x  ic-“  ■ 


x  (ci.j,k  -  ci -’m.i.k)  + 


for  supersonic  points,  and 


(q2  -  a2)  ®, 


L  \  /  i-m.j,k  \  / 

*  ^  “  Pm)  (ci,j,k  ”  ci-m.j,k)  I  (  D  / 

L  v  /  i-m,j,k 

-’(*£)  ] 

'  /  i  -  2m.]. kJ 


X  11  -  Pm)  fCj.j.k  -  ci  -  Zm.j.k)  +  (54) 

for  shock  points,  where  c; j  k  =  k  -  ■  k  is  the  correction 

to  the  potential  function,  m  is  equal  to  1  or  I  if  U  >  0  or  U 
<0,  respectively,  and  R(s  is  the  residual  of  the  finite-difference 
approximation  to  (q2  -  a2)®M  evaluated  using  old  values  of  ®. 
The  second-order  fully  conservative  scheme  applies  the  same 


strategy  to  treat  the  artificial  viscosities  at  supersonic  and  shock 
points.  A  similar  strategy  can  also  be  developed  for  the  third- 
order  quasi-conservative  and  fully  conservative  schemes. 

Analysis  of  Shocks  in  Channel  Flows 

A  model  problem,  consisting  of  How  through  a  planar, 
symmetric  converging-diverging  channel  (Fig.  2)  was  used  to 
evaluate  various  methods  for  treatment  of  shock  waves  in 
potential  How.  This  configuration  provides  a  relatively  simple, 
inexpensive  framework  for  evaiuaiion  of  numerical  methods 
prior  to  incorporation  into  a  three-dimensional  method. 

The  flow  becomes  sonic  at  the  throat,  x,,  and  shocks  occur  in 
the  diverging  section  extending  from  x,  to  xe.  The  slope  of  the 
diverging  wall  can  be  adjusted  so  that  the  predicted  shock  Mach 
numbers  range  from  1.0  to  2.0.  Values  of  pm  vary  from  -0.6 
to  0.8,  and  mass  flux  across  each  x  station  is  computed  to  check 
the  mass  flux  conservation. 

A  previously  developed  inlet  program14  was  modified  to  com¬ 
pute  the  flows  with  shocks  in  the  channel  by  incorporating  the 
second-  and  third-order  artificial  viscosities  and  the  partially 
conservative  shock-point  operators  described  previously.  A 
typical  grid  system  is  presented  in  Fig.  3.  In  the  calculation,  two 
meshes  were  used;  the  coarse  mesh  had  50  mesh  elements  in  the 
unwrapped  X-direction,  12  mesh  elements  in  the  surface  normal 
direction,  and  20  equally  spaced  streamwise  mesh  elements  in 


x 


Fig.  2  A  converging-  liverging  channel. 
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the  diverging  section.  The  fine  mesh  find  u  icc  as  many  mesh 
elements  in  both  directions.  To  ensur:  tht-t  a  <  on  verged  solation 
in  the  fine  mesh  existed  and  to  impr  :\e  h:  cjme-ger.ee  ta  e 
the  potential  function  at  the  downsi.eatr  oi-tr  Pcundary  >.as 
frozen  after  300  iterations,  while  the  ->  D-eau-e  .nt.rued  to  a 
total  of  600  iterations.  The  number  of  ,.upe  so  i:c  joints  usual. y 
ceases  to  change  in  the  last  50  to  200  iterators,  bout  ons  were 
obtained  for  various  slopes  of  the  dive-ging  wall  nd  vane  us  ir- 
let  and  exit  conditions.  After  each  lev. f  ed  i orputati  vt,  le 
total  mass  flux  across  each  cross-sec. usn  wa-  cie  lju'cd  b_. 
numerical  integration: 

rti  =  |  pu  dy 
or 


wall 


where  M,  is  the  component  of  the  Mach  number  parallel  to  the 
nozzle  axis.  The  nozzle  flow  differs  trom  an  external  flew  with 
a  shock  in  that  the  flow  downstream  of  the  shock  in  the  channel 
can  be  regarded  as  a  potential  flow  with  p’  -  j-,'  =  constant, 
since  the  variation  in  shock  strength  across  the  channel  is 
relatively  small.  For  each  flowfieid  computation,  t.ne  mass  flow 
rate  and  a*  were  assumed  constant,  and  tne  change  of  tne 
integral  upstream  and  downstream  of  the  shock  was  interpreted 
as  a  change  in  p’  across  the  shock. 


Tuc  1  p'esents  a  summary  of  results.  Channels  A,  B,  C,  D, 
E,  and  F  have  .alces  of  diverging  wail  slopes  of  0.15,  0.20, 

0  25.  )  40,  u.5C ,  and  0.S75,  respectively;  H  represents  the  order 
cf  ar  i‘:c:al  v  scosi'y;  pm  ;s  the  parameter,  first  introduced  in 
Eq.  ,42),  controlling  the  degree  of  noncor.servativc  differencing; 
RH  ip  ih;  column  means  that  the  shock-point  operator; 
defined  ,n  Eos.  (5i)  or  (52)  were  used,  and  x,  is  the  shock  !oca- 
t'on  M£(it  i«  ihe  average  Mach  number  at  the  channel  exit: 
x,  -  i  tor  til  cases  considered  here.  M,  and  M ,  are  the 
average  Mach  numbers  upstream  and  downstream  of  the  shock. 
By  asurang  M  =  at  the  throat  (x  =  0),  the  channet  are3 
ratio  ;sr  he  used  io  find  a  one-dimensional  value  of  M,  at  the 
snout,  Simiiarlv,  he  area  ratio  (between  x  =  xs  and  x  =  r  ) 
and  \tet|,  car.  be  used  to  determine  a  corresponding  value  of 
M,.  The  Mach  lumber  downstream  of  the  shock  is  M2;  RH- 
given  bv  the  Ranicine-Hugoniot  relation.  (p2-p')c  is  the  stagna¬ 
tion  density  ratio  across  the  shock,  computed  by  numerically  in¬ 
tegrating  the  fijnerinn  given  in  Eq.  (55).  (Pz^i-RH- is  the 
analytical  stagnation  density  ratio  across  a  Rankine-Hugoniot 
shock  given  by  Eq.  o  ,),  and  c  is  the  relative  error  of  (pj/p[)t  to 
(pj/y, )RH-  As  pm  increases  from  0  to  0.8,  (p2/pj)c  decreases 
from  near  unity  to  a  vaiue  less  than  (P2''p[)rh-  Smaller  values 
of  c  generally  mean  oetter  agreement  between  M2  and  M.j  RH 
Figure  4  compares  computed  shock  Mach  numbers,  M ,  and 
M2,  with  Rankine-Hugoniot  shocks  and  Mach  numbers  obtained 
from  isentropic,  mass-conserving  relations.  Solutions  obtained 
by  setting  pm  =  0  always  lie  below  the  isentropic,  mass- 
conserving  shock  curve.  Solutions  obtained  by  setting  pm  =  0.6 
to  0.8  give  reasonable  agreement  with  the  Rankine-Hugoniot 


Table  I.  Summary  of  channel  flow  calculations. 


Case 

H 

Channel 

", 

M, 

Mj 

v1:,kh 

P>."0  ,*)c 

in> 

1 

2 

A 

-0.6 

0.475 

1.312 

0.709 

0.780 

0.617 

1.014 

0.977 

3.7 

2 

A 

-0.3 

0.475 

1.312 

0.713 

0.780 

0.621 

1.01  1 

0.977 

3.4 

3 

*> 

A 

0 

0.475 

1.312 

0.713 

0.780 

0.620 

1.011 

0.977 

3.4 

4 

2 

A 

0.6 

0.475 

1.312 

0.760 

0.780 

0.651 

0.383 

0.977 

0.6 

5 

2 

A 

0 

0  900 

1.435 

0.626 

0.725 

0.612 

1.022 

0.946 

7.6 

6 

c 

0 

0.725 

1.508 

0.577 

0.699 

0.530 

1.025 

0.927 

9.8 

7 

2 

D 

0 

0.600 

1.587 

0.515 

0.672 

0.435 

1.059 

0.900 

15.9 

8 

2 

D 

0 

1.000 

1.763 

0.464 

0.625 

0.464 

1.007 

0.829 

17.8 

9 

2 

B 

0.6 

0.150 

1.200 

0.792 

0.843 

0.580 

0.992 

0.993 

-0.1 

10 

3 

A 

0.8 

0.450 

1.303 

0.766 

0.785 

0.650 

0.977 

0.979 

-0.2 

II 

3 

B 

0.8 

0.475 

1.364 

0.737 

0.755 

0.615 

0.971 

0.967 

0.4 

12 

3 

B 

0.8 

0.575 

1.402 

0.788 

0.739 

0.665 

0.930 

0.958 

-2.8 

13 

2 

D 

0.8 

0.375 

1.460 

0.716 

0.716 

0.511 

0.936 

0.942 

-0.6 

14 

2 

C 

0.7 

0.875 

1.560 

0.712 

0.681 

0.675 

0.888 

0.910 

_  2.2 

15 

3 

D 

0.8 

0.575 

1.574 

0.704 

0.676 

0.559 

0.885 

0.904 

-  1.9 

16 

2 

E 

0.8 

0.725 

1.726 

0.656 

0.634 

0.558 

0.826 

0.845 

-  1.9 

17 

2 

E 

0.8 

0.950 

1.832 

0.623 

0.609 

0.606 

0.782 

0.~98 

-  1.6 

18 

2 

F 

0.8 

0.725 

1.961 

0.545 

0.584 

0.450 

0.768 

0.739 

2.9 

19 

2 

F 

0.8 

0.975 

2.110 

0.568 

0.560 

p.558 

0.660 

0.670 

-  1.0 

20 

2 

A 

RH 

0.550 

1.336 

0.743 

0.768 

0.653 

0.982 

0.973 

0.9 

21 

3 

B 

RH 

0.550 

1.393 

0.707 

0.742 

0.610 

0.975 

0.960 

1.5 

22 

2 

B 

RH 

0.550 

1.393 

0.708 

0.742 

0.610 

0.973 

0.960 

1.3 

23 

3 

B 

RH 

0.725 

1.454 

0.691 

0.718 

0.632 

0.953 

0.944 

0.9 

24 

2 

C 

RH 

0.675 

1.490 

0.662 

0.704 

0.589 

0.954 

0  932 

2  2 

25 

3 

D 

RH 

0.475 

1.527 

0.635 

0.692 

0.496 

0.945 

0.921 

2.4 

26 

2 

C 

RH 

1.000 

1.602 

0.655 

0.668 

0.657 

0.896 

0.894 

0.2 

27 

2 

O 

RH 

0.875 

1.719 

0.608 

0.636 

0.577 

0.856 

0.848 

0.8 
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—  —  *  Rankine-Hujiomoi  shocks 
■■  ■  ■  Isemropic  mass  conserving  shocks 


°0 


C  ^  ^ 
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□  R-H  shock-poini  operator.  Eqs  (51)  and  (52) 

o  p„  =  0.8  1 

V  parnalK  «.on*er\a!i\c 
•Prn^M 

a  p  s  ()  tu!K  conscrsjiiNC 


c  R-H  shock -point  operator 
Eqs  (51)  and  (52) 

o  pm  =0.8  partially  conservative  °  0 

aPm=0  fully  conservative 

A  "•  _  X 

—  —  —  Rankine-Hugoniot  shocks 
.  Isemropic  mass  conserving  shocks 


1.0  1.2  1.4  1.6  1.8  2.0  2.2 


1.0  1.2  1.4  1.6  1.8  2.0 


Fig.  4  Comparison  of  computed  average  shock 
Mach  number  with  analvlical  solutions. 


Fig.  J  C  omparison  of  computed  stagnation  densitv 

changes  across  shocks  with  analvlical  solutions. 


curve  over  a  wide  range  of  Mj.  Solutions  obtained  by  applying 
Eqs.  (51)  or  (52)  depend  on  the  determination  of  M*  in  Eq. 

(50).  However,  in  the  solution  process,  M*  is  chosen  to  be  the 
largest  value  of  M'  at  the  last  two  supersonic  points  upstream 
of  the  shock.  The  value  of  Mj  so  chosen  is  always  smaller  than 
the  exact  M  j  because  of  the  smearing  of  the  shock  over  a  few 
mesh  spacings.  Therefore,  Mj  is  in  general,  overpredicted.  In 
case  26,  the  shock  occurred  at  the  end  of  the  diverging  section, 
and  the  prediction  of  Mj  agrees  with  the  Rankine-Hugoniot 
value  almost  exactly;  flowfield  gradients  upstream  of  the  shock 
were  small,  resulting  in  a  more  accurate  value  of  Mj.  The 
scatter  in  the  computed  solutions  is  believed  to  depend  on  the 
variation  of  Mach  number  across  the  channel  height,  i.e.,  the 
two-dimensionality  of  the  channel  flow  and  the  effect  of  mesh 
spacing  relative  to  the  shock  orientation. 

Figure  5  presents  computed  values  of  pj/pj  compared  with 
the  exact  Rankine-Hugoniot  solution.  The  exact  solution  for 
pj/pj  for  an  isemropic,  mass-conserving  shock  is  unity.  Solu¬ 
tions  obtained  with  pm  =  0  are  all  slightly  greater  than  unity. 
Figures  4  and  5  are  actually  alternative  methods  of  presenting 
the  same  information  because  of  the  unique  relation  between 
Mj  and  pj/pj  for  a-particular  value  of  M j.  Figures  6-1 1 
present  tables  and  line-printer  plots  of  computed  Mach  number 
distributions  on  the  wall  and  along  the  axis  of  symmetry,  and 
Rankine-Hugoniot  Mach  number  distributions  for  various  cases. 
The  columns  labeled  MACH-RH  present  the  analytical  one- 
dimensional  Mach  number  distribution;  columns  labeled 
MACH-AX1S  and  MACH-WALL  are  computed  Mach  numbers 
distributions  along  the  axis  of  symmetry  and  along  the  wail, 
respectively. 

The  preceding  channel-flow  calculations  demonstrate  that,  in 
this  instance,  it  is  possible  to  obtain  solutions  from  a  potential 
formulation  that  closely  approximates  solutions  to  the  Euler 
equations.  In  the  flow  about  an  airfoil  or  wing,  the  shock 
strength  is  maximum  near  the  surface  and  decreases  to  zero  with 
increasing  distance  normal  to  the  surface.  Vorticity,  which  is 
neglected  in  the  potential  formulation,  is  thereby  introduced 
into  the  real  flow.  Although  the  vorticity  effect  in  transonic 
flowfields  is  second-order,18  potential  flows  with  variable- 
strength  shocks  contain  errors  which  can  be  minimized,  from  an 
engineering  standpoint,  but  not  eliminated.  A  good  example  of 
this  is  shown  by  Lock19  who  applied  a  partially  conservative 


shock-point  operator  to  compute  airfoil  flows.  In  the  nonlifting 
case,  his  partially  conservative  solutions  agree  reasonably  well 
with  Euler  solutions,  while  in  the  lifting  case,  a  discrepancy  per¬ 
sists.  Since  the  present  work  gives  a  shock-capturing  technique 
resulting  in  Mach  number  jumps  that  are  close  to  the  Rankine- 
Hugoniot  values,  it  is  possible  to  interpret  the  computed  velocity 
potential  distribution  downstream  of  the  shock  using  the 
Rankine-Hugoniot  values  of  stagnation  pressure  or  density  at 
each  streamline,  rather  than  with  the  conventional  isemropic 
assumption.  This  interpretation  would  have  the  effect  of  carry¬ 
ing  the  inherent  error  in  the  solution  from  the  immediate 
vicinity  of  the  shock  wave,  where  mass  and  momentum  are  now 
conserved,  to  the  region  downstream  of  the  shock.  Comparisons 
of  potential  flowfield  computations  with  numerical  solutions  of 
the  Euler  equations  are  needed  to  evaluate  the  usefulness  of  this 
interpretation  because  comparisons  involving  experimental  data 
are  usually  complicated  by  wind-tunnel  wall  effects  and  viscous- 
inviscid  interactions. 


Wing-Body  Flowfield  Computations 
Grid  Generation  and  Computational  Domain 

The  finite-difference  approximation  of  the  governing  equation 
obtained  in  the  previous  section  can  be  constructed  with  the 
knowledge  of  mesh-point  locations.  The  coordinate  transforma¬ 
tion  derivatives  are  found  at  each  control  point  within  a  local 
second-order  element  shown  in  Fig.  1 .  Any  scheme  that  gener¬ 
ates  a  grid  system  in  a  regular  computational  domain' can  be  in¬ 
corporated  with  the  finite-difference  equation  solver. 

In  the  present  study,  a  grid-generation  scheme  developed  in 
Ref.  20  is  applied.  The  transformation  of  the  physical  space  to 
the  computational  space  is  shown  in  Fig.  12.  The  computational 
space  is  truncated  at  a  finite  distance  from  th»  wing  surface.  For 
the  results  presented  here,  the  farfield  boundary  is  placed 
approximately  five  to  six  root-chord  lengths  from  the  wing  sur¬ 
face  in  the  streamwise  and  surface  normal  directions,  and  the 
spanwise  farfield  is  located  two  to  three  semi-span  lengths  from 
the  wing  tip  and  the  outboard  farfield.  C-type  meshes  are  gener¬ 
ated  which  wrap  around  the  fuselage  nose  and  wing  leading 
edge.  Outboard  of  the  wing  tip,  the  mesh  wraps  around  a  sur¬ 
face  extending  from  the  wing  tip  to  the  outboard  farfield. 

Details  of  the  grid-generation  scheme  can  be  found  in  Ref.  20. 
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Fig.  6  Mach  number  distribution  of  channel  flow  for  case  "7. 
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Fig.  7  Mach  number  distribution  of  channel  flow  for  case  13. 
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Fig.  8  Mach  number  distribution  of  channel  flow  for  case  15. 


MACN-ffH  MACH-Axrs  M4CH-MALL 
•  0  ♦ 


0,00000 

.85014 

). ooooo 

.87145 

)  •  OQOOO 

.88642 

0.00000 

.90358 

0.00000 

.92357  ] 

i.ogooo 

.94621  1 

.06828 

.97396  ] 

.01122 

.00525  1 

•  U?e>6 

.03001  1 

.13873 

.0522*  1 

.1556* 

.07690  ] 

.1710? 

.10379  1 

.  18522 

.13193  1 

.1?850 

.16090  1 

.21101 

.19026  1 

.22289 

.21956  1 

•  23*22 

.2*93*  1 

.2*507 

•  276 1 0  1 

•  2555  1 

.30221 

.26558 

.32591  1 

.27531 

.3*626  1 

.28*74 

.36215  1 

.29390 

.37239  1 

.30291 

.37605  I 

.311*9 

♦37288  1 

.31996 

.36379  ; 

•  32823 

.22821  1 

•65363 

•65396 

.6541a 


PLOT  OF  MACH  NUM0EB  DISTRIBUTION 


0 

0 

0 

*0 

0  • 

0 

0  •  * 

0  • 

0  •  * 

0  •  • 

0  *  ♦ 

0 

<)•♦ 

0» 


♦•0 
•  *0 

♦  #  o 

♦  •  0 

•  ♦  0 
♦  •  0 
♦  •  0 
•  •  0 
•  •  0 
••  0 
0*  • 

•  o* 

0» 

• 

0* 

0« 

0« 


0* 

0* 


•  0» 


Second-order  quasi-conservative  solution 
R-H  shocK-pomt  operator 


Fig.  9  Mach  number  distribution  of  channel  flow  for  case  20. 


(a)  Physical  space 


(b)  Computational  space 
S  A 


Fig.  12  Physical  and  computational  domain  for 
a  wing-fuselage  configuration. 


Typical  grids  used  in  the  present  calculation  are  presented  in 
Figs.  13  and  14.  Figure  13  shows  the  grid  distribution  on  an 
ONERA-M6  wing  on  a  vertical  wall,  and  Fig.  14  shows  the  grid 
distribution  on  the  same  wing  on  a  semi-infinite  fuselage. 

Boundary  Conditions 

The  necessary  boundary  conditions  include  the  impermeability 
condition  on  the  wing  and  fuselage  surfaces,  the  Kutta  condition 
along  the  trailing  edge,  the  zero  streamwise  variation  on  the 
downstream  Trefftz  plane,  and  the  freestream  condition  on  the 
other  farfield  boundaries.  For  easy  implementation  of  the  far- 
field  freestream  condition,  a  reduced  potential,  G,  representing 
a  perturbation  from  the  freestream,  is  introduced  according  to 

4  «  (*  cos  a  +  y  sin  a  +  G) ,  (561 

where  is  the  freestream  velocity  and  is  the  angle  of  attack. 

On  the  boundary  cross-planes,  ACUSA  and  SUNOS,  G  is  set 
to  zero,  representing  the  freestream  condition.  On  the  Trefftz 
plane  or  the  boundary  cross-plane  AOOSA  and  CMNUC,  the 
streamwise  variations  are  assumed  to  be  zero;  therefore,  the 
following  two-dimensional  equation  is  applied: 


Fig.  13  Grid  distribution  on  an  ONERA-M6 
wing  and  a  vertical  wall. 


Fig.  14  Grid  distribution  on  an  ONERA-M6  wing 
and  a  simplified  fuselage. 

Equation  (37)  is  obtained  from  Eq.  (8)  by  neglecting  all 
derivatives  in  the  X-direction. 

On  the  fuselage  and  wing  surfaces,  the  impermeability  condi¬ 
tion  is  applied: 

V  =  0,  on  the  wing  surface,  (58) 

and 

W  =  0,  on  the  fuselage  surface.  (59) 

Exact  surface-boundary  conditions  can  be  enforced  at  boundary 
points  by  substituting  Eqs.  (19)  and  (20)  into  Eqs.  (58)  and  (59), 
respectively,  and  solving  the  equations  for  the  value  of  the 
potential  function  at  boundary  points.  One-sided  differencing  is 
used  in  the  surface-normal  direction  so  that  there  is  no  need  to 
extrapolate  the  potential  to  imaginary  points  inside  the  wing  or 
fuselage  surfaces.  However,  Eq.  (59)  may  not  be  suitable  for 
highly  distorted  grids  near  tire  fuselage  and  wing  intersection. 
Boundary  conditions  obtained  from  the  finite-volume  algorithm1 
give  better  results  near  the  intersection.  Therefore,  all  solutions 
presented  in  the  following  section  were  obtained  by  applying  the 
finite-volume  surface-boundary  condition  in  the  cross-plane  AC- 
MG. 

Along  the  trailing  edge,  the  linearized  equation 

(hf  -v  h{  +  h;)<oxx  +  (hj  +  h*  *  hJ)*YY 

*  (h?  *  hj  *  h$)*zz  =  0  (60) 

is  assumed  to  hold.  Equation  (60)  is  obtained  from  Eq.  (8)  by 
neglecting  the  nonlinear  velocity  contribution  and  the  cross-  and 
first-derivative  terms.  This  linearized  equation  is  approximately 


C2*YY  *  C)^ZZ  +  CS^YZ  *  eS*Y  +  Cl»4z  ”  0  ' 


valid  along  the  trailing  edge  only  for  wing  cross-sections  having 
a  finite  trailing-edge  angle  where  zero  flow  velocity  can  be 
approximately  assumed;  Eq.  (60)  can  be  regarded  as  an  inter¬ 
polation  operator  when  the  wing  trailing  edge  is  cusped.  The  cir¬ 
culation  T  at  each  spanwise  location  is  determined  iteratively  as 
the  solution  proceeds.  Constant  discontinuities  in  potential 
across  the  cut  downstream  of  the  trailing  edge  are  enforced 
along  the  streamwise  coordinate  lines  extending  from  the  trailing 
edge  to  the  downstream  farfieid.  The  value  of  the  discontinuity 
in  each  spanwise  plane  is  computed  at  the  trailing  edge  by  satis¬ 
fying  Eq.  (60)  at  both  the  upper  and  lower  trailing  edges. 

Beyond  the  wing  tip,  the  continuity  of  the  potential  function 
across  the  surface  about  which  the  mesh  is  unwrapped  can  be 
approximated  by  solving  <?Yy  =  0  at  points  on  this  surface  and 
just  next  to  the  tip.  The  same  condition  is  applied  in  the 
FLO-22  code21  to  solve  for  the  potential  function  at  points  lying 
on  the  vortex  sheet. 

Numerical  Results 

Typical  solutions  obtained  using  the  second-  and  third-order, 
quasi-conservative  and  fully  conservative  schemes  are  presented 
in  this  section.  Two  meshes  are  used  in  all  calculations.  The 
coarse  mesh  contains  44  mesh  cells  in  the  X-direction,  10  mesh 
cells  in  the  Y-direction,  and  7  mesh  cells  in  the  Z-direction, 
where  32  x  5  mesh  cells  are  on  the  unwrapped  wing  surface.  The 
fine  mesh  has  double  the  number  of  mesh  cells  in  each  direc¬ 
tion.  Two-hundred  relaxation  sweeps  were  performed  on  the 
coarse  mesh,  followed  by  two-hundred  relaxation  sweeps  on  the 
fine  mesh. 

Figures  15  and  16  present  comparisons  of  first-  and  second- 
order  fully  conservative  solutions  obtained  for  the  ONERA-M6 
wing  on  a  semi-infinite  fuselage  shown  in  Fig.  14.  The  fuselage 
has  a  constant  radius  of  0.2  semi-span  length,  measured  from 
the  wing  root  to  wing  lip,  in  the  section  of  the  wing-fuselage  in¬ 
tersection.  There  are  no  experimental  data  for  this  configura¬ 
tion;  however,  experimental  data  are  available  for  the  same  wing 
on  a  vertical  wall  in  Ref.  22.  Computed  solutions  at  20%  and 
65%  semi-span  locations  are  presented  in  Figs.  15  and  16, 
respectively,  for  =  0.84  and  a  =  3.06°,  where  a  is  the 
angle  of  attack  and  also  the  angle  of  incidence  between  the  wing 
and  fuselage.  The  fuselage  effect  is  not  pronounced  in  this  case, 
and  agreement  between  the  computed  solutions  and  experiment 
is  generally  good.  At  the  20%  semi-span  location,  the  first-order 
solution  agrees  with  the  second-order  solution  except  for  minor 
differences  in  suction  peaks  and  details  at  the  shocks.  At  the 
65%  semi-span  location,  experimental  data  show  a  distinct 
double  shock  on  the  upper  surface.  The  second-order  solution 
obviously  resolves  this  double  shock  better  than  the  first-order 
solution,  although  there  are  still  small  discrepancies  between  the 
second-order  solution  and  experiment,  presumably  because  the 
mesh  used  for  the  computation  is  relatively  coarse. 

In  Figs.  17-21  pressure  distributions  obtained  for  an  ONERA- 
,M6  wing  on  a  wall.  Fig.  16,  are  shown  and  compared  with 
experimental  data.22  The  freestream  Mach  number  is  0.84  and 
'he  angle  of  attack  is  3.06°.  Second-order  quasi-conservative 
and  first-  and  second-order  fully  conservative  solutions  were 
obtained  at  the  20%,  65%,  and  95%  semi-span  locations  and 
are  shown  in  Figs.  17-19.  At  the  20%  semi-span  location, 
numerical  solutions  predict  lower  suction  peaks.  The  plateau 
pressures  at  the  20%  and  65%  semi-span  locations  are  slightly 
overpredicted,  while  the  pressures  downstream  of  the  shocks  are 
slightly  higher  than  the  experimental  data.  The  locations  of 
shocks  are  predicted  accurately  by  the  numerical  solutions. 
Although  the  mesh  used  is  still  relatively  coarse,  the  overall 
agreement  between  the  numerical  and  experimental  results  is 
satisfactory.  The  quasi-conservative  solutions  predict  a  more 
positive  pressure  at  the  trailing  edge  and  yield  better  agreement 
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Fig.  15  Comparison  of  first-  and  second-order  fulls 
conservative  solutions. 


Fig.  16  Comparison  of  first-  and  second-order  fulls 
conservative  solutions. 


VC 


Fig.  21  Stud)  of  par'iall)  conserv alive  shock-point 
operators  at  65iro  semi-span  location  on  an 
ONFRA-M6  wing. 

with  experimental  data  upstream  of  the  trailing  edge.  This  result 
is  apparently  attributable  to  enforcement  of  the  exact  surface 
boundary  condition  and  the  linearized  equation.  Eq.  (72),  which 
approximately  simulates  a  How  stagnation  condition  for  finite 
trailing-edge  angles,  as  mentioned  previously.  However,  the 
quasi-conservative  solutions  predict  a  more-downstream  shock 
location  at  a  65*70  semi-span  location  and  do  not  resolve  the 
suction  peak  as  well  as  the  fully  conservative  scheme.  The  poor 
resolution  of  the  suction  peak  is  caused  by  the  second-order  ele¬ 
ment  not  resolving  the  surface  curvature  and  potential  gradient 
near  the  leading  edge  as  the  exact  surface-boundary  condition  is 
enforced.  The  leading-edge  resolution  can  be  significantly  im¬ 
proved  by  using  a  third-order  element  as  shown  in  Ref.  7. 

A  study  of  the  shock-point  operator  for  the  same  ONERA- 
\16  wing  on  the  wall  at  =  0.84  and  a  =  3.06  is  shown  in 
Figs.  20  and  21.  As  mentioned  previously,  pm  is  the  parameter 
controlling  the  nonconservative  differencing  of  the  shock-point 
operators  in  Eqs.  (61)  and  (64).  Solutions  are  obtained  for 
pm  =  0,  1,  and  2  at  20*7o  and  65  wo  semi-span  locations  by  using 
the  second-order  artificial  viscosity  at  supersonic  points.  A 
second-order  fully  conservative  solution  is  obtained  as  pm  =  0. 
As  pm  increases,  the  amount  of  nonconservative  differencing  in¬ 
creases,  and  the  additional  mass  flux  inttoduced  at  the  shock  in¬ 
creases.  By  adjusting  the  value  of  pm,  part  of  the  shock-induced 
boundary-layer  displacement  effect  can  be  simulated.  By  in¬ 
creasing  the  value  of  pm,  the  shock  moves  upstream,  the  shock 
strength  decreases,  and  agreement  of  the  computed  pressure 
with  experimental  data  is  significantly  improved  both  upstream 
and  downstream  of  the  shocks.  Solutions  obtained  by  setting 
pm  =  2  seem  to  yield  best  agreement  with  experiments. 

Third-order,  quasi-conservative  and  fully  conservative  solu¬ 
tions  were  obtained  by  using  the  mesh  used  to  obtain  the 


previous  results,  and  a  triple  shock  pattern  was  found  in  the 
results.23  However,  this  triple  shock  pattern  may  be  the  result  of 
a  numerical  oscillation.  To  study  the  characteristics  of  the  third- 
order  solutions,  finer-mesh  solutions  were  obtained.  In  the 
finest  mesh,  there  are  128  mesh  elements  in  the  unwrapped 
chordwise  direction,  24  mesh  elements  in  the  surface  normal 
direction,  and  12  mesh  elements  on  the  wing  in  the  spanwise 
direction.  First-,  second-  and  third-order  partially  conservative 
solutions  were  obtained  and  presented  in  Figs.  22-24.  The  par¬ 
tially  conservative  parameter  pm  =0.7  was  used.  The  second- 
order  solution  agrees  better  with  experimental  data  than  the 
first-order  solution.  However,  the  third-order  solution  shows 
unreasonable  oscillations  at  various  semi-span  locations.  The 
cause  of  these  oscillations  is  unknown;  it  may  be  related  to  the 
fact  that  artificial  viscosities  were  not  used  in  the  cross-flow 
direction. 

Conclusions 

Second-  and  third-order,  fully  conservative  and  quasi¬ 
conservative  schemes  have  been  developed  to  compute  flowfields 
about  transonic  wings  and  wing-body  configurations.  The  quasi¬ 
conservative  scheme  was  developed  by  solving  a  finite-difference 
representation  of  a  transformed  full  potential  equation  for¬ 
mulated  in  this  report  and  enforcing  an  exact  body  surface¬ 
boundary  condition. 

The  second-order  solutions  obtained  have  been  shown  to  pro¬ 
vide  better  resolution  for  a  double  shock  than  the  conventional 
first-order  schemes.  The  third-order  solutions  show  a  triple¬ 
shock  pattern.  Additional  study  will  be  required  to  determine 
whether  this  pattern  is  a  real  fiowfield  characteristic  or  a  feature 
of  the  numerical  scheme.  The  enforcement  of  an  exact  surface- 
boundary  condition  in  the  quasi-conservative  scheme  provides 
solutions  with  better  agreement  with  experiments  upstream  of 
the  trailing  edge. 
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Fig.  22  Comparison  of  first-,  second-,  and  Iftird-order  partialis 
conservative  solutions  obtained  with  a  finer  mesh. 


Fig.  23  Comparison  of  first-,  second-,  and  third-order  partially 
conservative  solutions  obtained  with  a  finer  mesh. 


Fig.  24  Comparison  of  first-,  second-,  and  third-order  partially 
conservative  solutions  obtained  with  a  finer  mesh. 


A  partially  conversative  shock-point  operator  is  introduced  to 
control  the  amount  of  nonconservative  differencing  at  shock 
points  and  thus  modify  the  location  and  strength  of  shocks. 
Proper  choice  of  the  shock-point  operator  significantly  improves 
the  agreement  of  computed  pressure  distribution  with  experi¬ 
mental  data  near  the  shocks.  A  new  shock-point  operator  is 
derived  from  an  approximate  one-dimensional  flow  analysis  that 
properly  considers  the  stagnation  density  change  across  the 
shock  and  predicts  shocks  in  reasonable  agreement  with 
Rankine-Hugoniot  shocks. 
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YISCOUS-INVISCID  INTERACTIONS  with  a  three-dimensional  inverse  boundary-layer  code 
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Abstract 


Consideration  of  three-dimensional  inverse 
boundary- layer  codes  to  treat  separated  flow  is 

O  motivated  by  the  success  enjoyed  by  two-dimensional 
inverse  boundary- layer  codes.  Indeed,  as  was  first 
shown  by  Catherall  and  Mangier  %  the  separation 
singularity  which  occurs  in  the  direct  mode  (inte¬ 
grating  the  boundary-layer  equations  with  a  pre- 
scribed  inviscid  outer  edge  velocity  uinv)  can 
r  J  be  eliminated  by  using  an  inverse  mode.  Kith  an 
inverse  mode  some  cither  quantity  such  as  displace¬ 
ment  thickness  --4*is  prescribed,  and  the  outer 
edge  velocity  which  we  call  uVis  is  generated  by 
the  boundary-layer  calculation.  A  coupling  scheme 
must  then  be  devised  to  insure  that  the  velocity 
u-inv  from  the  outer  inviscid  flow  agrees  with 
Uy i from  the  boundary  layer..  -Recently  several 
efficient  coupling  schemes  have  been  developed 
(e.g.  Carters  Le  Balleur^,  lligton  and  HoltS 
which  have  led  to  successful  calculations  of  vis- 
cous-inviscid  interactions,  including  those  involv¬ 
ing  flow  separation.  In  view  of  these  successes 
in  two-dimensional  calculations,  we  attempt  in  this 
paper  to  extend  inverse  boundary- layer  methods  to 
the  three-dimensional  case. 

The  present  investigation  starts  with  the 
integral  three-dimensional  compressible  turbulent 

boundary- layer  method  developed  by  Peter  Smith1’. 
The  velocity  profiles  in  the  streanwise  direction 
are  assumed  to  be  those  used  in  Green's  Lag 
Entrainment  method6.  The  Mager  representation 
of  the  crossflow  velocity  profile  is  used.  The 
dependent  variables  used  to  describe  the  boundary 
layer  include: 

9  momentum  thickness  of  streamwlse  profile 

H  incompressible  shape  parameter  of  stream- 

wise  profile 

B  angle  between  external  streamline  and  the 

limiting  wall  streamline 

Cg  entrainment  coefficient 

'l£  magnitude  of  velocity  at  outer  edge  of 

boundary  layer 


ance  of  correctness  than  would  otherwise  have  been 
possible. 


In  the  usual  direct  mode  used  in  the  attached 
case  we  prescribe  U[r  and  a  so  that  (1)  may  be 
written: 


(2) 


where  p1  -  (9,  H;  B,  C£ )T  and  C  and  D  are  4x4 
matrices.  The  eigenvalues  of  the  matrix  C-'  are 
all  real,  so  that  the  system  (2)  is  hyperbolic. 
This  enable:  us  to  solve  (2)  as  an  initial  value 
problem  using  a  marching  procedure  (say  in  the 
x-direction) .  Unfortunately,  just  as  in  the  two- 
dimensional  case,  near  flow  separation  the  matrix 
C  becomes  ill-conditioned  which  disrupts  our  cal¬ 
culation.  In  order  to  avoid  the  singularities 
associated  with  flow  separation,  we  consider  the 
use  of  inverse  boundary- layer  methods. 


Variables  other  than  Ur  and  a  may  be  pre¬ 
scribed  in  equation  (1)  leading  to  other  equations 
of  the  form  (2)  with  different  matrices  C  and  D. 
Additional  inverse  modes  can  be  found  by  adjoining 
the  equation  for  the  transpiration  velocity  and 
that  for  the  irrotationality  of  inviscid  edge  flow. 
All  these  methods  lead  to  equations  of  the  form 
(2).  A  program  which  is  capable  of  operating  in 
any  of  these  modes  has  been  written,  and  the  cor¬ 
responding  eigenvalues  and  nature  of  the  singular¬ 
ities  have  been  analyzed.  In  many  cases,  includ¬ 
ing  those  used  by  other  investigators,  some  of  the 
eigenvalues  of  the  matrix  C~ are  complex.  In 
this  case  the  system  of  equations  (2)  is  not  hyper¬ 
bolic  and  cannot  be  solved  as  an  initial  value 
problem  unless  the  derivatives  in  the  y  direction 
happen  to  be  0.  Such  methods  may  be  used  for  two- 
dimensional  or  infinite  yawed  wing  calculations  but 
are  not  suitable  for  general  three-dimensional 
boundary- layer  calculations  for  which  one  expects 
to  use  a  marching  procedure.  Accordingly,  atten¬ 
tion  is  directed  towards  methods  for  which  the 
eigenvalues  of  the  matrix  C*'D  are  all  real  and 
for  which  the  matrix  C  remains  well-conditioned 
for  as  large  a  range  of  input  variables  as  pos¬ 
sible. 


a  angle  between  x  axis  and  the  external 
streamline. 

The  dependent  vector  p  =  (9,  H,  b,  cr,  Ur,  a)T 
satisfies  the  x-momentum,  y-momentum,  continuity 
and  the  lag  entrainment  equations.  These  equations 
can  be  cast  in  the  form: 

where  A  and  B  are  4x6  matrices,  r  is  a  vector  and 
x  and  y  are  nonorthogonal  curvilinear  coordinates 
in  a  body  surface.  The  formidable  algebra  involved 
in  generated  the  code  for  evaluating  the  entries 
in  A,  B  and  r  was  performed  on  the  computer  using 
REDUCE  V  and  a  specially  designed  FORTRAN  pro¬ 
gram.  This  enabled  the  boundary- layer  code  to  be 
written  much  faster  and  with  a  far  greater  assur- 


After  selecting  promising  inverse  boundary- 
layer  methods  we  next  consider  coupling  schemes 
with  the  outer  inviscid  flow.  The  coupling  schemes 
introduced  by  Carter  and  Le  Balleur  are  generalized 
to  the  three-dimensional  case.  A  successful  cal¬ 
culation  involving  flow  separation  around  a 
nacelle-sting  combination  at  angle  of  attack  is 
presented. 

It  appears  that  in  the  general  case  involving 
flow  separation  and  large  cross-flow  anqles,  a 
coupling  scheme  based  on  a  strictly  local  analysis 
is  inadequate.  Thus,  generalizations  of  the  Carter 
algorithm  and  that  introduced  by  Le  Balleur  are  not 
always  effective  in  the  three-dimensional  case. 
Therefore,  a  new  global  coupling  scheme  is  now 
being  developed  and  applied  to  the  case  of  a  swept 
wing  with  shock-induced  separation.  Here  the  in- 


1 


viscid  code  used  is  the  exact  potential  code  FLO 

30  v/ith  multigrid  developed  by  Caughey. 
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AN  INVISCID  COMPUTATIONAL  METHOD 
FOR  TACTICAL  MISSILES 

A.  B.  Wardlaw,  F.  P.  Baltakis,  J.  M.  Solomon  and  L.  B.  Hackerman 
Naval  Surface  Weapons  Center 
White  Oak,  Silver  Spring,  Maryland  20910 

Abstract  Existing  computational  capabilities  and  short¬ 

comings  are  then  discussed  along  with  possible 
Several  methods  for  numerically  calculating  the  remedies, 
inviscid  flow  field  about  tactical  missile 

configurations  are  discussed.  An  approach  based  II.  Strategies  for  Computing  Inviscid  Flow  Fields 

on  the  thin  fin  assumption  is  outlined  which 

treats  bodv  and  fin  geometry  separately.  Compari-  In  the  current  study  flow  field  calculations 

sons  between  calculation  and  experiment  are  are  implemented  by  marching  the  steady  three 

provided  and  problems  associated  with  applying  dimensional  Euler  equations  in  the  Z-direction 

this  method  to  configurations  of  design  interest  (Figure  1),  from  an  initial  data  plane  near  the 

are  given.  Deficiencies  in  the  state-of-the-art 
are  summarized  and  possible  remedies  are  suggested. 


I.  Introduction 

A  practical  means  of  predicting  the  nonlinear, 
inviscid,  supersonic  shock  layer  on  missile 
eonf igurat ions  is  to  numerically  solve  the  steady, 
three-dimensional  inviscid  equations  using  an 
efficient  finite  difference  method.  Several 
computer  programs  are  currently  available  for 
calculating  flow  fields  about  arbitrary  bodies 
in  suDersonic  flow. 1-7  However,  their  application 
to  nractical  wing-bodv- tail  configurations  presents 
some  serious  computational  problems.  The  primary 
focus  of  the  present  study  is  the  development  of  a 
more  efficient  numerical  technique  for  treating 
finned  bodies.  To  achieve  this,  the  approach  used 
here  departs  from  the  basic  computational  strategy 
used  in  Refs.  1-7  when  fin  surfaces  are  present. 
Instead  of  considering  the  cross-sectional  bodv-fin 
geometry  as  a  single  entity,  the  present  method 
considers  the  body  alone  (i.e.,  the  body  with  all 
fin  surfaces  removed)  and  the  fin  geometries 
senaratelv.  The  computational  grid  is  generated 
using  normalizing  transformations  1,4,5, 7  applied 
to  the  body  alone  configuration.  The  fin  surfaces 
are  allowed  to  extend  into  the  computational 
region  and  can  be  adequately  resolved  within  a 
relatively  coarse  computational  grid.  In  order  to 
treat  the  complex  flow  in  the  immediate  vicinity 
of  fin  leading  and  trailing  edges,  appropriate 
local  analvses  are  built  into  the  program  which 
depend  strongly  on  the  local  Mach  number  of  the 
flow  comnonent  normal  to  the  edge.  These  local 
analvses  can  range  from  locally  exact,  when  the 
edge  is  sharp  and  the  normal  velocity  component  is 
sufficiently  supersonic,  to  ad  hoc  or  semi- 
emnirical  in  other  situations.  It  is  possible  to 
exercise  the  above  computational  procedure  without 
re  curse  to  a  special  leading  edge  analysis. 
However,  such  a  procedure  is  not  as  robust  and  does 
not  resolve  the  leading  edge  region  as  accurately. 

A  detailed  description  of  the  computational 
method  developed  during  this  study  for  creating 
missile  configurations  can  be  found  in  Refs.  8  and 

Included  in  these  reports  are  a  number  of 
s amble  cases  in  which  calculation  and  experiment 
are  comDared.  Although  fairly  versatile  and 
•/ " t  ic lent ,  this  computational  method  does  have 
areas  in  which  improvement  is  desirable.  In  this 
naner  we  will  describe  possible  methods  for 
setting  un  tactical  missile  computations,  outline 
the  unique  aspects  of  our  current  computational 
procedure  and  present  several  sample  calculations. 
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Fig.  1  Cylindrical  coordinates  used  for  inviscid 
calculations . 


missile  nose.  One  of  the  principal  issues  in  this 
type  of  calculation  is  the  selection  of  a  trans¬ 
formation  which  at  each  step  maps  the  cross- 
sectional  plane  under  consideration  into  a 
rectangular  computational  domain.  One  of  the  most 
direct  approaches  is  to  use  the  simple  grid  of 
Figure  2a  which  maps  into  a  sauare  computational 
domain  with  a  stretching  in  the  radial  direction 
and  a  clustering  about  the  fin  surfaces  in  the 
circumferential  direction.  In  the  resulting 
computational  domain  the  body  and  fin  surfaces  lie 
along  the  bottom  edge  while  the  bow  shock  is 
positioned  along  the  top.  The  primary  advantage 
of  this  approach  is  its  simplicity.  However,  the 
skewness  of  the  mesh  in  the  vicinity  of  the  fins 
causes  computational  problems  and  a  large  number  of 
mesh  points  are  needed  to  resolve  cross-sections 
with  several  fins  present.  An  improvement  on  this 
approach  is  to  use  a  more  sophisticated  trans¬ 
formation  that  maps  the  computational  domain  onto  a 
more  nearly  rectangular  mesh  in  the  crossflow 
plane.  Generalized  conformal  transformation 
methods  exist  which  can  accomplish  this. 6,10  As 
depicted  in  Figure  2b,  the  resulting  mesh  in 
physical  space  is  qualitativelv  approtiriate  since 
it  clusters  points  about  the  fin  tips.  Such 
methods  have  been  applied  in  Refs,  b  and  11  and 
are  viable  for  tackling  nanv  missile  computations. 
Possible  drawbacks  to  this  approach  are  solution 
sensitivitv  to  small  variations  in  the  transfor¬ 
mation  and  difficultv  in  controlling  mesh  point 
locations  throughout  the  flow  field  on  complicated 
configurations.  When  a  complicated  transformation 
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is  used,  a  significant  portion  or  the  computation 
is  associated  with  its  implementation. 

In  the  current  studv  a  multiple  ton*  approach 
is  used.  The  concept  of  the  multiple  cone  approach 
entails  dividing  the  flow  field  up  into  several 
regions  as  shown  in  Figure  1c.  As  originally 
applied  (e.g.  Refs.  6  and  12)  the  boundarv  of  the 
zones  are  taken  to  coincide  with  shock  waves. 

Along  the  zonal  boundaries  two  computational  poincs 
are  associated  with  each  location  in  space,  one 
with  each  of  the  two  adjacent  regions.  The 
availability  of  two  mesh  poincs  along  the  shock 
front  allows  the  shock  to  be  fitted,  with  upstream 
conditions  stored  ac  one  point  and  downstream 
conditions  in  Che  other.  In  the  current  study  all 
interior  shocks  are  captured  and  zone  boundaries 
are  based  on  missile  geomet.'v  and  the  bow  shock 
location.  A  fin  or  inlet  cour  oecomes  a 
convenient  interface  with  boundarv  mesh  points  from 
one  of  the  adjacent  regions  describing  one  side  of 
this  surface  and  boundary  mesh  points  from  the 
adjacent  region  the  other  side.  In  the  most  general 
application  of  the  multiple  zone  method  a  separate 
mapping  is  applied  to  each  zone.  Since  zones  can 
be  constructed  to  ensure  relatively  simple 
geometries,  the  resulting  transformations  are  also 
simple.  A  sample  of  a  missile  cross-section 
treated  with  the  multiple  zone  approach  is 
illustrated  in  Fig.  2c.  The  great  advantage  of  the 
multiple  zone  approach  is  its  flexibility  and 
relative  ease  of  application.  Its  disadvantage  is 
that  it  requires  a  more  comollcated  computer 
program  to  nplement.  This  is  primarily  because 
of  the  bookicecoing  and  special  numerical 
techniques  required  to  treat  points  along  the 
interfaces  between  adjacent  zones. 

To  simpliry  development  of  computational 
methods  for  the  current  study,  an  abreviated 
version  of  the  multiple  zone  approach  has  been 
applied.  The  analysis  is  restricted  to  relatively 
thin  fins  with  sharp  leading  edges  which  lie 
approximately  along  constant  d>  planes.  A  thin  fin 
approximation  is  employed  which  neglects  fin 
thickness  but  retains  the  actual  fin  slopes.  The 
resulting  location  of  the  body,  shock  and  fin 
surfaces  in  the  computational  plane  is  shown  in 
Figure  3.  Use  of  the  thin  fin  approximation  makes 
It  convenient  to  treat  the  computational  domain 
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as  one  region.  Along  planes  on  which  fins  are 
located,  cuts  are  placed  and  two  points  are  carried, 
one  describing  each  surface  of  the  fin.  For  many 
configurations,  onlv  a  stretching  in  the  radial 
direction  is  necessary,  even  though  improved  local 
resolution  can  be  obtained  with  <t>  or  r  clustering, 
the  current  computational  algorithm  admits 
transformations  of  the  form: 

Z  -  z;  X  -  X(r,*,z);  Y  -  Y($,z)  (1) 

where  X,  Y,  Z  are  the  computational  coordinates. 

A  disadvantage  of  the  thin  fin  approach  as 
outlined  above  is  an  absence  of  mesh  clustering 
near  the  wing  tip  where  large  gradients  in  flow 
properties  occur.  Clearly,  these  areas  are  not 
being  accurately  resolved.  However,  viscous 
effects  are  important  near  fin  tips  and  accurate 
resolution  of  these  regions  with  an  inviscid 
computational  method  seems  of  dubious  pragmatic 
value.  Furthermore,  resolution  of  the  fin  tip 
region  with  a  highly  clustered  mesh  is  computat¬ 
ionally  expensive.  Smaller  marching  steps  must  be 
used  to  satisfy  the  CFL  condition  of  explicit 
methods.  Implicit  schemes,  while  allowing  larger 
time  seeps,  also  feature  a  greatly  increased  amount 
of  work  per  step.  Retaining  accuracy  in  the 
marching  direction  places  a  limit  on  the  allowable 
step  size  and  thus  application  of  implicit  schemes 
also  results  in  an  expensive  calculation. 

III.  The  Computational  Algorithm 

The  algorithm  for  advancing  the  inviscid  flow 
field  quantities  from  Z  »  Zk  to  the  next  axial 
stacion  Z  -  Zk+AZ  depends  on  the  location  of  the 
individual  mesh  points  in  the  shock  layer.  These 
are  divided  into  the  following  four  types:  interior, 
body  surface,  shock,  and  fin  surface  points.  The 
numerical  procedures  used  to  treat  the  first  three 
types  of  points  are  essentially  the  same  as  those 
given  in  Ref.  7.  The  only  difference  is  chat  Che 
Inviscid,  weak  conservation  equations  have  been 
recast  to  simplify  the  source  term.  For  interior 
points  the  MacCormack  predictor-corrector  scheme 
is  applied  directly  to  the  associated  conservation 
form  of  these  equations  in  the  X,  Y,  Z  space.  The 
points  on  the  body  and  bow  shock  surfaces  are 
created  using  predictor-corrector  methods  applied 
to  certain  characteristic  compatibility  relations 
for  each  surface  along  with  Che  appropriate  flow 
boundary  conditions.  See  Refs.  7  and  8  for 
details.  A  complete  discission  of  various 
techniques  for  treating  fir.  surface  points  is 
given  in  Refs.  8  and  13.  In  the  remainder  of  this 
section  these  procedures  are  outlined  along  with 
certain  special  procedures  used  when  fins  are 
present . 

Ill ■ 1  Fin  Surfaces 

THE  THIN  FIN  APPROXIMATION.  The  thin  fin 
aDproximation  is  applicable  to  fins  with  surfaces 
that  lie  close  to  a  constant  plane,  say  $  * 
which  Is  defined  as  the  fin  plane ■  The  fin 
geometry  is  assumed  to  be  represented  by  two 
surfaces,  the  upper  and  lower  surfaces,  each 
described  independently  by  relations  of  the  form 

f  -  if  +  a(r,z)  (2) 

In  the  cross-section  Z  ■  constant,  the  actual  fin 
surfaces  will  lie  within  Che  computational  mesh  as 


shown  in  Fig.  3.  The  thin  fin  approximat ion 
assumes  that  a  is  small  and  thus  places  the  fin 
surfaces  along  the  fin  Diane  corresponding  to 

Y  »  in  each  Z  =  constant  nlane.  Although  the 
fin  is  approximated  by  a  ze.  '  thickness  plane  lying 
on  4  *  ^f,  the  surface  slopes  are  described  to 

0( |a| ) .  The  fin  surface  is  prescribed  by  specify¬ 
ing  9(r,z),  v(r,z),  i(z)  and  the  first  derivatives 
of  these  quantities.  Here  9  and  v  are  the  angles 
between  the  fin  surface  tangenev  plane  and  the  fin 
planes  in  the  r  and  z  directions  respectively,  and 
the  quantity  L  is  the  radial  location  of  the  fin 
edge.  In  terms  of  9,v  the  derivatives  of  o  correct 
to  0(|a|)  are  given  by: 

ra  »  tan  9,  ra  »  tan  v, 

r  z 

(3) 

ra  *  sec^  9  (9  -a  )  -  a 
rr  r  r  r 

ra  »  v,sec2  v  -  a  tan2'),  ra  -  sec29  (9  -  a  ) 

zz  2  r  rz  z  z 

Within  the  restriction  that  |a|  be  "small",  the 
thin  fin  approximation  can  be  applied  to  arbitrary 
fin  geometries  including  surfaces  with  discontinuous 
slopes  and  fins  with  "small"  deflections,  camber, 
and  variations  in  dihedral. 

The  numerical  algorithm  for  treating  fins  by 
the  thin  fin  approximation  requires  that  the 
computational  mesh  be  chosen  so  that  each  fin  plane 
is  coincident  with  a  computational  mesh  plane, 

Y  *  Yf.  Two  sets  of  computational  points  are 
carried  on  the  Y  -  Yf  plane  to  describe  the  flow 
properties  on  the  upper  and  lower  surfaces  as  is 
illustrated  in  Fig.  3.  As  the  calculation  is 
marched  down  the  length  of  the  body,  fin  surfaces 
are  encountered  on  Y  *  Yf.  Thus  a  point  at  some 
X  may  at  one  axial  location  be  an  interior  flow 
field  point  and  in  the  next  axial  step  move  onto 
Che  fin.  Here  the  interior  point  is  split  into  two 
points  corresoonding  to  the  upper  and  lower  fin 
surfaces.  The  fin  points  thus  created  are  referred 
to  as  leading  edge  points.  For  a  fixed  X,  a  pair 
of  points  which  are  on  the  fin  at  one  axial  step 
can  in  the  next  step  move  off  the  fin  and  become  a 
single  interior  flow  field  point.  Such  a  point  will 
be  referred  to  as  a  trailing  edge  point.  The  flow 
variables  at  leading  and  trailing  edge  points  are 
determined  from  an  appropriate  local  analysis  which 
is  described  in  the  following  subsections.  The 
adjustment  for  the  presence  of  a  leading  and  trail¬ 
ing  edge  is  made  immediately  after  the  completion 
of  the  step  in  which  the  edge  is  encountered.  The 
values  of  the  flow  variables  prior  to  the  adjustment 
are  termed  upstream  while  the  adjusted  values  are 
termed  downstream.  Note  that  the  locations  of 
leading  and  trailing  edge  points  are  within  one  AZ 
of  the  physical  edges  of  the  wing. 

FIN  SURFACE  BOUNDARY  CONDITIONS.  On  a  fin 
surface,  the  velocity  component  normal  to  Che 
surface  must  vanish:  i.e., 

v/r  -  -  a^u  »  0  (4) 

The  numerical  methods  used  to  advance  the  fin 
surface  points  are  based  on  the  appropriate 
characteristic  compatibility  relations  associated 
with  the  Euler  equations  which  are  derived  in  Ref.  8 
Both  the  upper  and  lower  fin  surfaces,  although 
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considered  separately,  are  treated  using  the  same 
techniques.  For  fin  surface  points  not  on  the  fin 
body  junction  (X=0),  three  compatibility  relations 
are  used  to  advance  s,  V3  =  u  -*■  r?rv  and  P  =  In  p 
along  the  fin  surface. 

The  fin  bodv  junction  is  assumed  to  be  a  sharp 
corner.  At  this  corner  both  fin  and  body  tangency 
conditions  are  satisfied  and  thus  flow  is  directed 
along  che  corner.  This  implies  Chat  entropy  is 
constant  along  the  corner  except  at  compressive 
discontinuities  in  body  or  fin  slope  and  at  leading 
and  trailing  edges.  Since  the  stagnation  enthalpy 
is  also  constant  only  one  additional  relation  is 
needed  to  completely  determine  the  flow  variables 
along  the  junction.  This  is  given  by  a  character¬ 
istic  compatibility  condition.  However,  an 
ambiguity  arises  in  the  choice  of  an  appropriate 
characteristic  condition.  Two  possible  equations 
are  derived  in  Ref.  8.  Both  equations  appear  to 
produce  similar  results  except  when  large  pressure 
gradients  occur  in  the  vicinity  of  the  junction 
(i.e.,  close  to  a  leading  edge  or  surface 
discontinuity) . 

LEADING  EDGES.  Several  different  strategies 
are  available  for  treating  leading  edge  points. 

The  simplest  approach  is  to  switch  from  che  interior 
point  advancement  scheme  to  che  fin  surface  scheme. 
This  is  referred  to  as  option  0  and  represents  a 
formal  descretization  of  the  various  applicable 
equations  without  recourse  to  additional  modeling 
at  the  leading  edge. 

An  alternative  approach  is  to  apply  locally 
an  analysis  which  models  the  flow  very  near  to  the 
leading  edge.  This  is  designated  as  option  1.  The 
justification  for  this  option  is  that  in  most 
calculations,  for  reasons  of  computational 
efficiency,  the  mesh  spacing  in  the  vicinity  of  the 
edge  is  not  sufficiently  fine  for  option  0  to  yield 
satisfactory  results.  The  computational  algorithm 
proceeds  by  completing  the  step  in  which  a 
leading  edge  is  encountered  without  taking  the 
fin  surface  into  account.  The  resulting  flow 
properties  are  then  taken  as  the  conditions 
immediately  upstream  of  the  leading  edge.  An 
appropriate  local  analysis  is  then  used  to  deter¬ 
mine  the  flow  quantities  immediately  downstream 
of  the  edge  for  both  the  upper  and  lower  fin 
surfaces. 

The  downstream  flow  properties  at  leading 
edge  points  are  determined  by  a  local  analysis 
based  on  the  computed  flow  upstream  of  the  edge 
and  the  prescribed  local  fin  geometry.  Using  this 
information,  the  Mach  number  normal  to  the  leading 
edge,  Mn,  is  determined.  If  >  1  an  attached 
shock  or  expansion  fan  occurs  in  most  cases  which 
permits  a  local  analysis.  The  velocity  component 
tangent  to  the  edge,  is  unaffected  by  the  edge  and 
all  other  downstream  flow  quantities  are  determined 
by  turning  the  normal  flow  component  using  either 
an  oblique  shock  or  a  Prandtl-Mever  expansion.  A 
similar  procedure  for  che  case  of  an  attached 
oblique  shock  has  also  been  used  in  Ref.  b.  In 
Ref.  6,  the  leading  edge  shocks  are  "tracked" 
downstream  of  the  edge  whereas  in  the  present  work 
these  shocks  are  "captured"  using  the  conservation 


and  dissipative  properties  of  the  interior  point 
scheme  without  additional  numerical  smoothing. 

At  the  leading  edges  where  a  compression  turn 
is  required,  the  condition  Mn  >  1  does  not 
guarantee  the  existence  of  an  oblique  shock  and 
for  sufficiently  large  turns,  a  detached  shock  wave 
will  be  present.  If  Mf^  <  1  neither  oblique  shock 
nor  Prandtl-Meyer  expansion  can  be  applied.  Under 
chese  conditions  use  of  a  purely  local  analysis  is 
at  best  an  approximation.  However,  it  has  been 
possible  to  formulate  empirical  rules  for  determin¬ 
ing  leading  edge  conditions  that  give  satisfactory 
results  when  compared  to  experiment.  This 
empirical  procedure  is  described  in  detail  in  Ref. 8. 

If  Mj,  is  significantly  less  than  unity,  the 
jump  conditions  assigned  by  option  1  often  do  not 
give  satisfactory  results.  This  is  particularly 
true  on  the  expansion  surfaces  when  the  local 
analysis  produces  extremely  low  pressures.  The 
condition  Mn  <<  1  occurs  on  highly  swept  wings 
which  feature  leeside  separation  and  a  large 
leeside  vortex.  Under  these  circumstances,  the 
streamlines  on  the  upper  and  the  lower  wing 
surfaces  are  directed  outward  at  locations  near 
the  edges.  The  conditions  at  the  leading  edge  are 
thus  strongly  influenced  by  the  flow  on  the  fin 
surface.  To  handle  this  situation,  option  2  is 
introduced.  When  an  interior  point  (X^.Ym)  moves 
onto  the  fin,  the  leading  edge  pressure  and  density 
is  determined  bv  averaging  values  at  (Xn_^,Ym)  and 
OCn,Ym). 

For  the  leading  edge  points  at  the  fin-body 
junction  a  special  procedure  is  required.  The 
flow  in  the  vicinity  of  these  points  features  a 
complicated  shock  interaction  pattern  which  cannot 
be  resolved  within  the  relatively  coarse  mesh  used 
in  the  present  calculations.  Accordingly,  a  simple 
heuristic  procedure  is  used  to  determine  the  flow 
variables  immediately  downstream  of  the  leading 
edge  corners.  The  upstream  velocity  vector  on  the 
body  lies  in  the  body  tangency  plane  which  also 
contains  Che  corner  direction.  The  flow  down¬ 
stream  of  the  leading  edge  corner  is  obtained  by 
rotating  the  velocity  vector  within  the  body 
tangency  plane  and  aligning  it  with  the  corner 
using  either  the  oblique  shock  or  the  Prandtl- 
Meyer  turning  relations. 


TRAILING  EDGES.  At  a  trailing  edge  the  two 
points  on  Y  =  Yf  representing  the  upper  and  lower 
fin  surfaces,  are  coalesced  into  a  single  interior 
flow  field  point  using  a  local  analysis.  The 
computational  algorithm  proceeds  by  completing 
the  step  in  which  a  trailing  edge  is  encountered 
without  taking  the  fin  edge  into  account.  The 
resulting  flow  properties  on  the  upper  and  lower 
fin  surfaces  are  the  upstream  values  and  represent 
the  flow  properties  on  the  two  fin  surfaces 
immediately  upstream  of  the  trailing  edge. 


The  trailing  edge  local  analysis  is  dependent 
on  the  Mach  number  normal  to  the  trailing  edge. 

If  the  flow  component  normal  to  the  crailing  edge 
on  both  surfaces  is  sufficientlv  supersonic,  the 
streamlines  from  the  upper  and  lower  sides  of  the 
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fin  will  turn  onto  a  sl;p  surface  hv  means  t  .1 
system  of  oblique  shocks  and/or  expansions  vn:ch 
are  attached  to  the  trailing  edge.  The  orientation 
of  this  surface  is  such  that  the  final  pressures 
on  both  sides  will  be  the  same.  Reference  11 
describes  an  iterative  procedure  for  determining 
the  plane  orientation.  Unfortunately  this  scheme 
is  cumbersome  to  apply  and  convergence  cannot  be 
guaranteed.  Thus,  this  procedure  has  been  discard¬ 
ed  in  favor  of  a  simpler  method  that  turns  both 
of  the  surface  streamlines  onto  the  fin  plane. 

The  coalesced  property  values  for  p,  0.  u.v  are 
Chen  determined  by  averaging  the  results  on  the 
unper  and  lower  surface  streamlines.  The  velocity 
component  w  is  solved  by  requiring  that  the 
coalesced  trailing  edge  point  has  the  correct 
total  enthaplv. 

If  the  flow  component,  normal  to  the  trailing 
edge  on  either  wing  surface  are  subsonic,  a 
different  algorithm  is  applied.  At  a  trailing 
edge  point  (Xn,Ym),  flow  properties  are  assigned 
to  be  those  at  (Xn+i,  Ym) ,  unless  this  point  is  a 
fin  point.  In  that  case  properties  at  (Xn_^,  Ym) 
are  used.  If  both  of  these  points  are  on  the  fin, 
the  upper  and  lower  surface  properties  are  set  to 
the  average  values  at  points  (Xn,  Ym+])  and 
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III. 2  Special  Procedures 

The  presence  of  fin  surfaces  in  the  interior  of 
the  computational  domain  requires  the  introduction 
of  some  special  differencing  procedures.  In 
addition,  physical  considerations  have  motivated 
other  adjustments  to  the  differencing  used  at 
both  fin  and  interior  points  located  next  to  the 
fin  edge. 

.ALTERATION  OF  X  DIFFERENCING  FOR  FIN  AND 
INTERIOR  POINTS  ADJACENT  TO  THE  FIN  TIP.  The  types 
of  points  under  consideration  in  this  subsection 
are  A,  B,  C  of  Figure  3.  Selection  of  appropriate 
schemes  for  advancing  these  points  depends  on  the 
Mach  number  normal  to  the  leading  edge  and  the 
apDlied  leading  edge  treatment.  Several  differ¬ 
encing  strategies  are  available. 

Option  0  for  the  fin  points  such  as  A,  B  and 
interior  points  such  as  C  is  similar  to  the 
computational  algorithm  applied  elsewhere  in  the 
flow  field.  Fin  points  A,  B  are  advanced  using 
the  usual  fin  surface  point  algorithm.  The 
MacCormack  scheme  for  advancing  point  C  must  be 
modified  since  there  are  two  adjacent  sets  of  flow 
values  (i.e.,  points  A  and  B)  corresponding  to  the 
upper  and  lower  fin  surfaces.  Point  C  is  advanced 
in  two  separate  calculations  using  first  the 
lower  tin  surface  values  at  A  and  then  the  upper 
fin  surface  values  at  B.  The  resulting  two 
conservation  vectors  are  then  averaged. 

A  second  strategy,  ootion  1,  advances  the  fin 
ed2e  points  A,  B  without  using  the  informat ion  at 
point  C,  2nd  interior  points  such  as  C  without 
recourse  to  the  information  at  points  A,  B.  To 
advance  point  C  using  this  option,  X  differences 
ire  taken  in  the  direction  aw av  from  the  fin  in 
bof'  the  predictor  and  corrector  steps.  Using 
?r.e- -sided  X  differences  to  advance  points  A.  B 
pas  -een  round  to  produce  unsat  is  factory  results. 
Instead.  X  derivatives  calculated  from  flow 
properties  at  A  and  T  or  B  and  C.  are  set  to  zero. 
The  -omnutat ional  algorithm  has  been  constructed 


with  sufficient  generality  to  allow  C 
ldvanced  using  -itnt-r  A  and  B,  A  only 

SUPPRESSION  OF  Y  DERIVATIVES  NEAR  THE  LEADING 
EDGE .  Fig.  A  illustrates  the  calculated  surface 
pressures  on  a  fin  in  uniform  flow.  The  calculated 
results  should  exhibit  a  constant  pressure  down¬ 
stream  of  the  leading  edge,  but  in  fact  overshoot 
the  leading  edge  value.  The  excessive  pressure 
values  aft  of  the  leading  edge  are  a  consequence 
of  the  numerical  procedure  and  the  error  becomes 
more  severe  as  the  magnitude  of  the  pressure  jump 
at  the  leading  edge  increases.  Such  inaccuracies 
at  the  leading  edge  can  have  a  strong  influence  on 
the  total  vehicle  aerodynamics.  The  calculated 
pressure  overshoot  at  the  leading  edge  may  be 
suppressed  by  damping  the  Y  derivatives  occurring 
in  the  relations  that  advance  the  fin  and  corner 
pressures.  Such  a  procedure  is  automatically 
implemented  on  leading  edges  which  feature  a 
pressure  rise. 
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Effect  of  suppressing  Y  derivative  for 
various  strength  jumps. 


APPLICATION  OF  SMOOTHING  TO  INTERIOR,  BODY  AND 
FIN  POINTS .  In  computations  featuring  bodv 
separation,  and  on  highly  swept  wings  with  subsonic 
normal  Mach  numbers  at  the  leading  edge,  large 
vortex  structures  develop  in  the  flow  field.  In 
such  circumstances  it  is  often  necessary  to  smooth 
the  calculated  flow  field.  This  is  accomplished 
bv  applying  a  switched  Schuman  filter-  with  a 
density  switch  after  the  completion  of  each 
corrector  step,  prior  to  decoding.  (The  use  of  the 
Schuman  filter  is  one  wav  of  introducing 
artificial  viscosity.)  For  interior  points  smooth¬ 
ing  is  applied  to  the  conservation  vector  V,  while 
at  the  bodv  and  fin  surfaces  it  is  applied  alone 
the  surface  to  the  advanced  Quantities.  A  no n- 
Schuman  tvpe  smoothing  of  the  fin  tip  points  can 
also  be  applied  which  averages  advanced  fin  tin 
quantities  with  those  yf  ad5 vent  fin  points. 


IV.  Application  of  the 
Method  to  Missile  1' 
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IV.  1  TYPIST  RESULTS 

Computed  restilts  have  been  'omrarec 
pent  for  a  large  number  ^ f  case*--  in  * 
three  examples  shown  in  ri*.s.  •> ,  ►>  and 
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been  selected  from  this  report  to  indicate  the 
general  capabilities  of  the  computational  method. 
These  cases  are  representative  of  wings  with  lead¬ 
ing  edge  normal  velocity  components  which  are 
sunersonic  transonic  and  subsonic.  Fig.  5  exhibics 
fin  surface  pressures  on  a  body  tail  configuration 
in  which  Che  velocity  component  normal  to  the  fin 
leading  edge  is  supersonic  and  leading  edge 
conditions  are  determined  using  oblique  shock  and 
Prandtly-Mever  relations.  Body  surface  pressures 
are  shown  in  Fig.  6  for  a  body-wing  configuration 
with  transonic  leading  edges.  Here  empirical 
relations  are  used  to  specify  leading  edge 
conditions.  The  wing  shown  in  Fig.  7  has  a 
subsonic  normal  velocity  component  and  on  the 
windward  surface  the  solution  was  directly  marched 
chrougn  the  leading  edge  wichout  applying  a  local 
analysis  (option  0),  while  option  2  was  applied 
(c.  f.  Sec.  3)  on  the  lee  side. 

An  examination  of  che  predicted  and  measured 
surface  pressures  indicates  satisfactory  agreement 
in  most  areas,  however,  there  are  clearly  a  few 
locations  where  discrepancies  exist.  Three  such 
regions  are  the  body-wing  junctiod,  the  lee 
surface  of  a  wing  with  supersonic  normal  compon¬ 
ents  and  body  pressure  near  the  90°  meridian 
(e.  g.  Fig.  6).  In  these  areas  viscous  effects 
are  expected  to  play  an  important  role  and  it  is 
not  surprising  Chat  an  inviscid  model  leads  to 
poor  agreement  with  experiment.  For  further 
discussion  of  these  problem  areas  see  Ref.  8. 
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Fig.  6  Calculated  and  measured  surface  oressures 
along  body  in  "X"  roll  position  at 
M  ”  2.7,  3  *  10°.  Data  from  Ref.  lb. 


b)  comouted  cross  flow  velocitv  vectors 
upstream  of  trailing  edge. 


Fig.  7 


Calculated  and  measured  results  on  a 
delta  wing. 


Fig.  8  Influence  of  smooching  on  circumferential 
pressures  for  a  body  of  non-circular 
cross  section  at  -  5,  a  =  8°. 


IV. 2  PRACTICAL  PROBLEMS  IN  APPLICATION  OF  THE 
COMPUTATIONAL  METHOD 

Figs.  5,  6  and  7  illustrate  the  general 
quality  of  results  that  have  been  obtained  to  date 
on  missile  type  configurations.  It  is,  however, 
relevant  to  discuss  the  practical  problems 
encountered  when  applying  this  computational 
method  to  new  configurations.  The  current 
computational  method  is  most  robust  for  config¬ 
urations  with  wings  that  feature  leading  edges 
with  supersonic  normal  velocity  components.  Here 
relatively  few  problems  are  encountered  to  complet¬ 
ing  calculations  and  there  is  little  ambiguity 
associated  with  setting  up  the  calculation.  The 
standard  procedure  is  to  apply  a  Prandtl-Meyer 
expansion  or  oblique  shock  at  the  leading  edge 
(i.e.  Option  1).  Differencing  at  the  fin  tip  and 
at  the  adjacent  interior  point  is  accomplished 
using  option  1.  As  pointed  out  in  Sec.  3.2  the 
number  of  steps  for  which  the  Y  derivatives  are 
to  be  suppressed  following  the  occurance  of  a 
leading  edge  is  controlled  by  an  algorithm  built 
into  the  code. 


More  serious  problems  are  encountered  when 
applying  the  computational  method  to  wings  or 
fins  having  subsonic  leading  edges.  In  particular, 
the  computation  is  not  robust  in  the  vicinity  of 
the  fin  tip.  In  Ref.  8  a  set  of  leading  edge  and 
fin  differencing  options  are  recommended.  The 
current  practice  differs  from  this  and  consiscs  of 
marching  through  the  leading  edge  without  using 
a  local  analysis  (i.e.  option  0).  The  interior 
point  adjacent  to  a  fin  tip  (i.e.  point  C  of 
Fig.  3)  is  differenced  across  the  tip  onto  both 
surfaces  (option  0)  while  the  tip  point  is 
advanced  using  one  sided  differencing  on  the  lee 
side  (option  1)  and  differencing  across  Che  tip 
on  the  windward  side  (option  0).  This  prescrip¬ 
tion  is  generally  adequate  as  long  as  the  wing 
geometry  and  flow  conditions  do  not  result  in  the 
formation  of  strong  vortices.  When  such 
vortices  form,  the  computation  tends  to  break 
down  unless  artificial  viscosity  or  smoothing  is 
introduced.  This  tendency  and  the  need  for 
smoothing  generally  increases  with  the  angle  of 
incidence.  Low  aspect  ratio  wings  also  tend  to 
form  stronger  vortices  at  lower  incidences.  Here 
the  effective  incidence  of  the  wing  is  increased 
due  to  the  body  upwash.  Recommended  values  of 
artificial  viscosity  for  interior  and  surface 
points  are  given  in  Ref.  8.  If  the  computation 
breaks  down  at  an  interior  point  the  interior 
artificial  viscosity  is  increased  and  similarly 
for  the  surface  points.  In  severe  cases  (i.e., 
incidences  >  10°  on  low  aspect  ratio  wings)  it 
may  be  necessary  to  apply  smoothing  to  the  fin 
tip  point  also  (see  Sec  3.2). 

The  current  computational  method  also  requires 
special  attention  when  applied  to  bodies  of  highly 
non-circular  cross-sections  such  as  the  one  shown 
in  Fig.  8.  Here  vortices  tend  to  form  leeward  of 
protrusions  and  the  calculated  flow  field  in  this 
area  becomes  ill-behaved.  This  behavior  can  be 
controlled  through  addition  of  artificial 
viscosity. 
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Fig.  9  Influence  of  smoothing  on  circumferential 
pressures  for  a  bodv-wing  configuration. 
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The  effect  of  artificial  viscosicv  has  been 
investigated  to  some  extent.  In  Figs.  8  and  9 
surface  pressures  are  shown  on  a  body  with  cross 
flow  plane  protrusions  and  on  a  body  with  low 
aspect  ratio  wings  featuring  subsonic  leading 
edges.  These  figures  indicate  that  the  variation 
in  the  level  of  artificial  viscosity  principally 
influences  only  surface  pressures  in  the  regions 
featuring  large  pressure  gradients.  However,  as 
may  be  noted  in  Fig.  9  ,  a  high  level  of  Interior 
smoothing  may  significantly  alter  the  surface 
pressure  levels.  The  normal  force  and  center  of 
pressure  for  both  of  the  cases  shown  in  Figs.  8 
and  9  are  insensitive  to  the  level  of  smoothing. 
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Fig.  10  Normal  force  coefficient  and  center  of 

pressure  for  a  body-wing-tail  configuration 
with  and  without  fin  deflection.  Data  from 
Ref.  18. 


IV. 3  TREATING  COMPLICATED  GEOMETRIES 

The  present  computational  method  is  limited  to 
the  following  types  of  configurations: 

(i)  The  body  alone  surface.  b(z.p),  must  be 
single  valued  in  j.  This  precludes  a 
direct  treatment  of  geometries  containing 
items  such  as  detached  inlets. 

(if)  Fins  must  be  relatively  thin  and  lie 

near  constant  j  planes.  8v  moving  the 
coordinate  origin,  it  is  often  possible 
to  position  fins  along  constant  t  planes. 


(iii)  Fin  edges  must  be  sharp  and  the  radial 
location  of  the  fin  edge,  L(z)  must  be 
single  or  double  valued  in  z.  This 
allows  wings  with  forward  or  backward 
sweep  to  be  treated. 

(iv)  Fins  cannot  extend  through  the  bow 
shock. 

(v)  The  velocity  component  in  the  axial 
direction  must  remain  supersonic  through¬ 
out  the  entire  calculation.  This 
precludes  bodies  with  blunt  protuber¬ 
ances  which  feature  upstream  subsonic 
flow. 

Configurations  which  do  not  strictly  meet  these 
requirements  can  often  be  treated  using  a  slightly 
altered  geometry.  The  feasibility  of  such  modeling 
is  dependent  on  the  type  of  results  desired  from 
the  computation.  If  such  results  are  aerodynamic 
coefficients  then  significant  latitude  is  possible. 
For  example,  fin  deflection  can  be  simulated  by 
increasing  the  fin  slope  by  the  angle  of  incidence 
on  one  side  of  the  fin  and  decreasing  it  by  the 
same  amount  on  the  other.  This  misplaces  the 
location  of  the  shocks  and  expansions  generated  by 
the  fin,  but  generally  produces  a  reasonable 
pressure  values  on  the  fin.  The  integrated  effect 
on  the  overall  aerodynamic  coefficients  is 
adequately  modeled,  as  illustrated  in  Figure  10. 

Ref.  8  is  suggested  for  additional  illustrations 
and  comparisons. 

IV. 4  MODELING  OF  SEPARATED  CROSS  FLOWS 


It  is  well  known  that  at  incidences  above  a  few 
degrees  the  flow  over  a  delta  wing  with  subsonic 
leading  edges  separates  to  form  lee  side  vortices. 

As  can  be  seen  in  Fig.  7,  the  calculated  flow  field 
contains  the  appropriate  vortex  structure.  At 
incidences  greater  than  about  5  degrees,  the  flow 
over  circular  bodies  also  separates  and  forms 
vortices.  The  resulting  cross  flow  separation  has 
a  large  effect  on  the  lee  side  pressure  of  the  body 
and  on  the  body  upwash  experienced  by  the  lifting 
surfaces.  Unfortunately,  inviscid  solutions  on 
circular  bodies  do  not  adequately  predict  flow 
field  vortices.  Generally,  a  cross  flow  shock 
occurs  with  little  or  no  separation.  It  has  been 
shown  in  Refs.  8,  21  and  22  that  by  the  application 
of  a  Kutta  condition,  a  flow  field  vortex  structure 
can  be  generated  which  approximates  what  has  been 
observed  experimentally.  Application  of  a  Kutta 
condition  entails  prescribing  a  separation  line 
along  the  body  surface  and  a  velocity  direction 
along  the  separation  line.  In  the  current  procedure 
the  velocity  vector  is  aligned  with  the  separation 
line,  which  differs  from  the  method  used  in  Ref.  15 
and  16.  A  comparison  of  the  calculated  and  measured 
surface  pressures  and  flow  field  velocities  are 
shown  in  Fig.  11.  Qualitatively,  the  correct 
vortex  structure  is  captured  in  this  solution. 
Computed  surface  pressures  are  satisfactorv  for 
calculating  normal  force  and  pitching  moment 
although  there  is  substantial  disagreement  between 
measured  and  computed  pressure  profiles  near  the 
separation  line. 

In  Table  1  calculated  normal  force  coefficients 
and  centers  of  pressure  on  bodies  with  several 
different  cross  sectional  shapes  have  been  compared 
to  experiment.  Each  configuration  was  calculated 
in  three  modes:  as  a  smooth  bodv.  with  a  Kutta 


condition  and  with  a  low  asoeot  ratio  wing  located 
at  estimated  separation  lines.  In  the  case  of  the 
circular  body  the  separation  line  was  determined 
using  the  empirical  correlation  of  Ref.  8  while 
in  the  remaining  cases  separation  was  assumed  to 
occur  at  the  comers.  On  the  square  shaped  body 
two  separation  points  were  thus  prescribed. 
Application  of  the  low  aspect  ratio  wing  co  the 
circular  body  required  the  use  of  a  separation  line 
with  constant  angular  orientation.  An  examination 
of  Table  1  indicates  that  all  three  types  of 
calculations  produced  the  correct  trends  with 
variation  in  cross-sectional  shape.  Best  results 
for  normal  force  were  obtained  using  the  low  aspect 
ratio  wing  approach.  However,  application  of  the 
Kutta  condition  yielded  the  closest  center  of 
pressure  comparisons.  The  flow  field  calculated 
on  the  diamond  body  is  shown  in  Fig.  12,  and 
appears  to  exhibit  the  correct  qualitative 
structure. 


COMPUTED  EXPERIMENTAL 

a)  cross  flow  velocities.  Data  from 
Ref.  19. 
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b)  surface  pressures  distribution. 

Data  from  Ref.  20. 

Fig.  11  Computed  results  on  a  circular  bodv  using 
a  Kutta  condition 


Fig.  12  Cross  flow  velocity  vectors  for  a 

tangent-ogive-cylinder  body  of  diamond 
cross  section  at  M  *  3.88,  a  =  10°. 


V.  Discussion  of  Results  and  Conclusions 

An  examination  of  the  test  cases  described  in 
the  preceding  sections  indicates  three  notable 
deficiencies  in  the  current  predictive  capabilities: 
accounting  for  viscous  effects:  treating  arbitrary 
geometries  typical  of  the  next  generation  of  low 
cross-section,  airbreathing  missiles;  and  a  lack 
of  computational  robustness. 

Clearly,  viscous  effects  cannot  be  directly 
treated  with  an  inviscid  code.  However,  as  mav  be 
noted  in  the  last  section,  the  most  impo^an?*" 
influence  of  viscosity  from  the  point  of  view  of 
predicting  vehicle  aerodynamic  characteristics,  is 
accounting  for  bodv  cross  flow  separation.  This 
is  of  paramount  importance  since  the  occurrence  of 
large  body  vortices  alters  the  flow  field 
surrounding  lifting  surfaces.  As  shown  by  the  work 
of  NEAR  (Refs.  21  and  22)  and  the  results  of  Ref.  8, 
application  of  a  Kutta  condition  along  a  prescribed 
separation  line  gives  a  correct  qualitative 
description  of  flow  field  vortices.  In  the  case 
of  a  circular  cylinder  the  predicted  pressure 
levels  on  the  lee  side  of  the  body  are  adequate 
for  accurate  determination  of  body  normal  force 
and  pitching  moment.  However,  it  remains  to  be 
shown  through  additional  comparisons  between 
calculation  and  experiment  on  winged  bodies  that 
application  of  the  Kutta  condition  quantitat ivelv 
accounts  for  cross  flow  separation. 
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TABLE  1 


l/D  =  10  -|  Normal  Force  and  Center  of  Pressure  at  Mach  3.88  at  10°  Incidence 


O  □  O  A 

a  c  x  c  x  „  cx 
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cp 
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cp 
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Experiment 

.934 

.425 

1.126 

.425 

1.376 

.465 

1.720 

.465 

Separation  not 
Simulated 

.967 

.433 

.932 

.395 

1.250 

.464 

1.306 

.407 

Kutta  1. 

Condition 

.022 

.448 

1.05 

.437 

1.287 

.479 

1.55 

.  461 

Fin  at 

.960 

.431 

1.187 

.458 

1.420 

.494 

1.62 

.456 

Separation 

Point 


A  second  major  deficiency  of  che  described 
computational  method  is  its  inability  to  handle 
unconventional  missile  geometries.  This  short¬ 
coming  can  be  removed  by  further  extending  the 
multiple  zone  approach,  described  in  Sec.  2,  or  by 
applying  a  generalized  transformation  procedure. 

The  multiple  zone  approach  appears  to  provide  a 
more  flexible  framework  but  at  the  expense  of 
increased  complexity  of  the  resulting  computational 
method. 

A  final  deficiency  in  the  current  computational 
method  is  a  lack  of  robustness  in  the  numerics. 

As  discussed  in  che  previous  section,  the  formation 
of  large  vortices  in  the  flow  field  leads  to 
computational  difficulties  which  are  currently 
resolved  by  an  ad  hoc  addition  of  artificial 
viscosity.  Recently  robust  methods  have  been 
developed  for  unsteady  inviscid  flow  which  can 
capture  strong  discontinuities  in  only  a  few  steps. 
Of  particular  interest  here  are  the  methods  based 
on  Godunov's  scheme.  These  methods  treat  boundary 
points  as  well  as  interior  points  in  conservation 
form  using  a  control  volume  formulation.  Aside 
from  Increased  robustness,  application  of  such 
schemes  to  steady  flow  problems  may  improve 
resolution  of  wing  shocks  and  eliminate  the  nrohle" 
of  the  pressure  over-shoot  on  compression  surfaces. 
To  investigate  the  possible  application  of  robust 
schemes  to  the  steady  supersonic  prob lem, Godunov ' s 
method  has  been  extended  to  this  case.  Fig  .  13 
illustrates  the  ability  of  this  method  to  capture 
a  strong  shock  and  expansion  in  a  two  dimensional 
internal  duct  with  a  ramp.  Of  course  the  robust¬ 
ness  of  Godunov's  method  when  large  variations  of 
vorticity  are  present  or  its  ability  to  properly 
conve-.f  vorticity  downstream  have  yet  to  be  tested. 


b)  velocitv  vectors 


Fig.  13  Computed  flow  field  in  a  two  dimensional 
duct  using  an  extension  of  Godunov's 
method  to  steadv  flow  at  *  5. 
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1  Abstract 

N 

A  review  is  provided  of  the  state  or  tne  art 
of  methods  currently  employed  for  predicting  store 
separation  at  transonic  speeds.  Both  experiment¬ 
ally-  and  theoretically-based  methods  are  surveyed. 

A  discussion  of  the  various  underlying  aspects  of 
the  store  separation  problem,  in  particular,  those 
most  crucial  at  transonic  speeds  is  provided. 

Future  developments  required  for  these  methods  to 
become  usable  in  a  design  mode  are  identified,  and 
a  possible  next  plateau  of  theoretical  modeling 
development  is  suggested.  ^ 

"x 

Introduction 

The  safe  and  controllable  separation  of 
external  stores  from  modern  f i ghter-bomber  aircraft 
throughout  their  flight  envelope  is  a  problem  of 
current  significant  military  importance.  The 
ability  to  carry  and  deliver  externally-mounted 
weapons  with  a  minimum  of  detriment  to  speed  and 
performance  basically  defines  the  mission  effect¬ 
iveness  of  attack  aircraft.  Placement  of  external 
stores  on  aircraft  has  two  major  effects.  First, 
unless  attention  has  been  given  to  an  integrated 
design,  there  is  a  large  increase  in  drag  as  shown 
schematically  in  Fig.  1,  resulting  in  both  lower 
operating  and  delivery  speeds1.  Even  more 
important,  however,  is  the  necessity  of  imposing 
restrictive  operating  limitations  because  of 
dangerous  store  release  or  jettison  characteristics, 
thereby  compromising  the  entire  weapon  delivery 
capability2.  The  ability  to  establish  weapon 
system  designs  which  alleviate  these  effects 
depends  upon  the  development  and  use  of  accurate 
and  reliable  methods  of  predicting  store  separation 
characteristics. 

Mission  requirements  of  ever  higher  operation¬ 
al  and  delivery  speeds  have  resulted  in  the 
occurence  of  either  local  or  global  transonic 
environments  for  the  separating  external  store. 
Prediction  of  separation  character! sties  in  the 
linear  subsonic  and  supet  .onic  regimes  is  a  complex, 
diff(cult,  and  presently  incomplete  task.  “he 
correspond! ng  prediction  in  the  transonic  regime 
is  severely  compounded  by  the  essential  non¬ 
linearity  of  the  basic  flow  field.  Nevertheless, 
it  is  in  this  regime  that  separation  problems 
become  most  severe.  At  this  time,  much  effort 
both  experimental  1 y  and  analytically  has  lead  to 
advances  in  the  understanding  of  the  underlying 
physical  phenomena  and  in  the  preliminary  predic¬ 
tion  of  these  characteristics . 

The  purpose  of  this  paper  is  to  provide  a 
review  of  the  state  of  the  art  of  current  methods 
employed  for  predicting  store  separation  in  the 
transonic  regime.  As  a  prelude  to  that  discussion, 
we  provide  a  description  of  the  store  separation 


Senior  Research  Scientist,  Associate  Fellow  AIAA 


problem  in  general  including  a  brief  discussion  of 
the  various  factors  involved,  the  sequence  of 
operations  necessary  to  determine  a  store  trajectory 
and  some  particular  problems  created  by  a  trarsonic 
environment.  Next,  we  review  the  complete  problem 
of  store  separation  prediction,  some  of  the 
simplifications  generally  adopted,  and  the  predic¬ 
tive  methods  in  current  use.  Finally,  we  discuss 
some  future  developments  required  for  these  methods. 


The  Store  Separation  Problem 
Categories  of  and  Parameters  Effecting  Separation 

The  most  basic  subdivision  of  the  store 
separation  problem  arises  from  store  type-,  “his 
classifies  the  problem  into  the  following  three 
categories : 

•  Jettison 

•  Delivery 

•  Launch  Transient 

The  first  category  involves  those  classes  of  stores 
{fuel  tanks,  pods,  etc.)  which  are  released  uncer 
either  emergency  or  normal  conditions  with  no 
requirement  for  accurate  delivery  but  only  for  safe 
separation.  This  is  the  most  hazardous  of  the 
three  categories.  The  second  involves  stores  such 
as  unguided  general  purpose  bombs  and  munitions 
released  for  target  delivery,  and  requires  both  a 
safe  and  benign  separation  to  maintain  accuracy. 

The  third  category  involves  those  classes  of  stores 
(optically  guided  bombs,  radar  directed  missiles, 
etc.)  which  lock  onto  target  prior  to  release,  and 
usually  have  active  controls  during  launch  to  avoid 
target  breaklock.  These  are  the  most  difficult  to 
analyze,  but  they  normally  do  not  pose  a  danger  to 
the  launch  aircraft  in  either  the  jettison  or 
normal  launch  mode  unless  control  failure  results 
in  abnormal  control  deflection. 

Because  there  are  three  separate  geometric 
components  involved  (parent  aircraft,  ejector  rack, 
and  store)  having  a  first-order  influence  on 
separation  characteristics,  there  exists  a  large 
number  of  both  aerodynamic  and  physical  parameters 
that  must  be  accounted  for.  The  most  significant 
of  these2  are  depicted  in  Fig.  2.  All  of  these 
parameters  are  coupled  to  and  interact  with  each 
other  with  varying  degrees  of  importance.  Much 
work  has  been  done  to  investigate  the  relative 
importance  of  these  parameters  on  store  separation 
characteristics,  for  example,  ref.  3.  The  general 
conclusions  of  these  studies2  are  that  the  most 
significant  parameters  are: 

•  store  stability 

•  aircraft  flow  field  as  a  function  of  (M^.a^) 

•  aircraft  acceleration  at  release 

•  ejector  induced  moments 


1 


VA 


1 


Kv 

ft 


b 


K- 


P 


Complicating,  or  rather  adding  another  dimension  to 
these  parameters,  is  the  necessity  of  current 
military  aircraft  to  carry  a  variety  of  different 
weapons  in  a  multiplicity  of  combinations  and 
configurations.  Fig.  3  illustrates  just  several 
of  the  various  store  carriage  possibilities  for  an 
F-164. 


Particular  Problems  at  Transonic  Speeds 

At  transonic  speeds,  the  mutual  coupling 
between  the  various  aerodynamic  and  physical 
parameters  intensifies.  New  high-gradient  regions 
are  created  in  the  parent  aircraft  flow  field,  and 
those  already  existing  at  lower  speeds  usually 
become  more  severe.  The  store  itself  will  begin 
to  generate  its  own  transonic  effects,  and  these 
can  interact  with  and  itensify  those  of  the  parent. 
Additionally,  store  stability  generally  reaches  its 
minimum  in  this  regime.  Unsteady  effects  can  occur 
both  in  the  flow  field  (buffeting,  etc.)  and  in 
the  aircraft  structure  (flutter).  The  store 
separation  problem  in  general  reaches  its  most 
critical  stage  in  this  speed  regime.  This  is  due 
primarily  to  the  rapid  lateral  propogation  of 
disturbances  in  the  flow  field  which  enhances  the 
interaction  between  the  various  geometric  compon¬ 
ents  involved. 


Sequence  of  Operations  for  Store  Trajectory 
Calculation 

To  perform  a  store  trajectory  calculation,  a 
sequence  of  operations  is  required.  The  first  step 
is  the  simulation  and  description  of  the  flow  field 
about  the  parent  aircraft.  The  simulation  can  be 
accomplished  either  experimentally  in  a  wind  tunnel 
or  analytically  via  a  computational  model.  The 
resultant  description  can  be  provided  in  the  form 
of  local  velocity  components  or  more  commonly  in 
terms  of  flow  field  angulari  ties .  Next  is  the 
determination  of  the  forces/moments  acting  on  the 
store  in  this  nonuniform  flow  field.  This  also 
can  be  accomplished  either  directly  through  experi¬ 
mental  measurements  on  a  model  or  determined 
analytically  from  surface  pressures  predicted  from 
a  flow  field  simulation  or  by  using  a  sectional 
loading  procedure.  Finally,  using  the  determined 
aerodynamic  forces  acting  on  the  store  together 
with  gravitational  and  any  other  forces  (ejector 
impulse,  engine  thrust),  the  si  x-degree-of- freedom 
rigid  body  Euler  equations  of  motion  of  the  store 
are  integrated  to  determine  the  trajectory.  By 
far  the  most  time  consuming  and  expensive  operation 
is  the  definition  of  the  parent  aircraft  flow  field. 


Transonic  Store  Separation  Prediction 
The  General  Problem 

In  order  to  solve  the  complete  transonic  store 
separation  problem,  it  would  be  necessary  to 
describe  the  unsteady,  nonlinear,  three-dimensional 
interference  flow  field  about  such  formidably 
complex  parent  aircraft/multiple  store  configura¬ 
tions  such  as  shown  in  Fig.  3,  simultaneously 
accounting  for  all  of  the  aerodynamic  and  physical 
parameters  indicated  in  Fig.  2.  Even  at  the 
inviscid,  steady,  small-disturbance  level,  this  is 
not  presently  possible.  Fortunately,  for  most 
separation  applications  such  a  complete  description 


is  not  necessary.  Many  features  of  store  trajectory 
calculations  can  be  well  approximated  by  relatively 
simple  analytic  considerations.  The  essential  art 
in  these  applications  is  to  identify  those  aspects 
most  critical  for  a  particular  problem  and,  because 
of  the  requirement  for  many  repetitive  calculations, 
to  simulate  them  with  as  simple  an  analytical  model 
as  possible  while  retaining  the  required  accuracy. 


Rational  Simplifications  Possible 

Perhaps  the  most  important  simplification 
usually  introduced  into  the  separation  problem  is 
the  time-dependent  quasilinearization  or  quasi¬ 
steady  assumption.  This  replaces  consideration 
of  the  store's  unsteady  motion  through  the  nonuniform 
flow  field  with  a  sequence  of  steady  states.  The 
quasi -steady  approach  is  valid  only  if  the  time 
variation  of  forces  acting  on  the  store  occurs 
sufficiently  slowly  when  compared  to  the  character¬ 
istic  time  associated  with  the  store's  motion  so 
as  to  be  negligible.  The  characteristic  time  of 
the  store's  motion  can  be  taken  as  the  store  length 
divided  by  its  instantaneous  speed.  If  this 
variable  time  increment  is  used  in  the  trajectory 
calculation  and  is  short  compared  to  that  taken  for 
the  force  variations  on  the  store  to  occur,  then 
the  quasi-steady  assumption  is  valid.  The  crucial 
force  variations  on  the  store  inevitably  occur 
during  release,  and  this  is  when  the  sensitivity  to 
time  steps  in  the  trajectory  calculation  is  greatest. 
Fig.  4  illustrates  the  effect  of  selecting  an 
improper  time  step  in  the  initial  portion  of  a  store 
trajectory  (dashed  line)  compared  with  corresponding 
results  for  the  proper  time  step5.  In  that  figure, 
store  inclination  has  been  plotted  versus  flight 
time,  and  the  result  of  too  large  of  a  time  step 
along  the  dashed  portion  of  curve  1  results  in  the 
prediction  of  the  store  alternatively  undergoing 
large  pitch-up/pitch-down  oscillations  which  result 
in  the  high-drag  deceleration  of  the  store  and  the 
prediction  of  a  much  reduced  flight  time  and  range 
than  for  the  correct  result  indicated  by  the 
completely  solid  line  of  curve  2. 

In  addition  to  the  quasi-steady  assumption, 
the  remainder  of  the  important  simplifications 
relate  to  the  treatment  of  the  various  interference 
effects  on  the  separating  store.  In  terms  of 
decreasing  importance,  these  effects  classify  as 
follows  5 : 

•  1st  order  -  steady  interference  on  the 
attached  store  due  to  the  parent  aircraft, 
ejector  rack,  and  adjacent  attached  stores 

•  2nd  order  -  store  motion  and  aircraft  motion 
effects  on  the  effective  angles  of  attack 
and  sideslip  (a,s)  incident  on  the  store 

•  3rd  order  -  unsteady  effects  on  store  due 
to  motion  of  nearby  stores  during  multiple 
release/jettison 

•  higher  order  -  mutual  interference  on  the 
separated  store  due  to  reciprocal  interaction 
of  the  store  with  the  parent 

An  ideal  inteference  procedure  would  solve  the 
quasi-steady  motion  of  the  store,  accounting  for 
all  of  the  above  interference  effects  at  each  time 
step  along  the  trajectory.  This  would  require  a 
new  determination  of  the  3-D  mul ti -component  inter¬ 
ference  flow  field  at  each  of  those  steps.  Since 


typical  trajectory  calculations  require  several 
hundred  time  steps,  such  a  procedure  is  not 
practical . 

Various  approximations  to  this  procedure  have 
been  proposed  and  developed  to  various  degrees. 

In  what  can  be  considered  indicative  of  the  current 
state  of  the  art  realization  of  the  ideal  method 
(although  restricted  to  subcritical  speeds),  NWC6 
is  currently  extending  a  method  originally  devel¬ 
oped  by  DilleniuS,  et.  al.7  which  will  ultimately 
embody  the  following  interference  effects:  1st 
order  effects  due  to  parent  aircraft,  ejector  rack, 
and  other  attached  stores,  2nd  order  effects  of 
store  motion  on  effective  store  (a,B),  and  higher 
order  mutual  interference  on  the  store  due  to 
reciprocal  interactions  between  store,  wing  pylon, 
triple  ejector  rack,  and  the  other  attached  stores. 
The  effects  neglected  include:  flow  field  changes 
as  store  is  displaced  through  it,  unsteady  aircraft 
motions,  and  unsteady  effects  of  nearby  stores 
during  multiple  release. 

The  most  important  of  the  effects  neglected 
in  that  method6  as  well  as  all  other  separation 
methods  commonly  in  use  is  the  assumption  that 
the  pa  rent- gene  rated  nonuniform  flow  field  so 
determined,  as  shown  in  Fig.  5,  remains  unchanged 
as  the  store  is  released  and  displaces  through  it. 
Within  this  assumption,  there  are  two  alternative 
approximations.  In  the  first,  the  parent-generated 
flow  field  is  determined  with  the  store  whose 
trajectory  is  to  be  tracked  mounted  in  the  carriage 
position.  In  the  second  alternative,  the  parent 
flow  field  is  determined  with  the  store  to  be 
tracked  absent.  This  approach  assumes  that  the 
flow  field  through  which  the  store  moves  is  gener¬ 
ated  only  by  the  adjacent  stores  and  parent 
aircraft  structure.  Neither  alternative  is  correct. 
The  first  properly  accounts  for  mutual  interference 
between  the  store  and  the  parent  with  the  store  in 
the  carriage  position,  but  not  thereafter.  The 
second  neglects  this  mutual  interference  altogether. 
To  date,  these  two  alternatives  have  not  been 
systematically  compared  against  each  other.  The 
one  currently  favored  is  the  first,  since  it  is 
known  that  the  store/parent.mutual  interference  is 
strongest  in  the  carriage  position  and  then  rapidly 
decays  as  the  store  moves  away. 

The  final  simplification  of  the  trajectory 
calculation  concerns  the  determination  of  the  aero¬ 
dynamic  loads  acting  on  the  store.  The  obvious 
choice  of  determining  and  then  integrating  surface 
pressures  over  the  store  at  each  time  increment 
along  the  trajectory  can  easily  be  the  most  time 
consuming  operation  of  the  entire  trajectory 
calculation7.  Many  of  the  currently  based  schemes, 
therefore,  employ  a  sectional  loading  concept  as 
illustrated  in  Fig.  6  whereby  loads  along  segments 
of  the  store  are  determined  based  upon  the  local 
flow  angles  at  that  section.  The  number  of 
sections  employed  in  these  procedures  vary  from  as 
few  as  two8,  to  the  order  of  TO5-3  ,  to  the  contin¬ 
uous  loading  distribution  methods7.  Both  experi¬ 
mental  and  analytical  flow  fields  have  been 
employed  with  the  sectional  loading  concept. 

Since  the  methods  are  all  similar  in  concept,  we 
briefly  consider  the  continuous  loading  distribu¬ 
tion  methods  described  in  detail  in  ref.  7,  With 
the  parent  generated  flow  field  with  store  absent 
available  (Figs.  5,  6),  the  store  loading 
distribution  is  determined  by  locally  applying 
apparent  mass  concepts  to  individual  cross 


sectional  slices  of  the  store  together  with  :ne 
nonuniform  parent-generated  crossflow  veloc;t/ 
components  at  the  locus  of  points  corresponding  to 
the  position  that  the  longitudinal  axis  of  :he 
store  would  occupy  in  the  flow  as  shown  ir,  Fig.  7. 

The  procedure  can  directly  account  for  buoyancy 
due  to  streamline  curvature  as  well  as  local  slender- 
body  loading,  and  a  viscous  crossflow  correction  to 
account  for  vortex  separation  can  also  be  easily 
included.  Such  procedures  avoid  the  computationally 
expensive  integration  of  surface  pressures  at  each 
time  increment,  and  have  proven  to  be  quite 
accurate  for  the  many  subsonic  applications  carried 
out  to  date  ■  >  1<:‘:5  .  At  transonic  speeds,  these 
concepts  must  be  modified  in  order  to  account  for 
the  presence  of  shock  waves  on  the  store16. 


Methods  Currently  In  Use 

The  methods  currently  available  for  predicting 
store  separation  characteristics  at  transonic 
speeds  can  be  broadly  categorized  according  to 
whether  they  are  primarily  experimentally  or 
theoretically  based.  Several  of  these  methods, 
however,  such  as  the  influence  function  method  have 
been  used  with  both  experimental  and  theoretical 
flow  field  results,  and  could  be  placed  into  either 
classification. 

In  this  country,  for  the  prediction  of  store 
separation  characteristics  there  has  been  and 
continues  to  be  a  broad  reliance  by  government 
agencies  on  experimental  methods  based  on  wind 
tunnel  results.  In  particular,  the  flow  angularity 
method®  in  conjunction  with  wind  tunnel  data  for 
parent  aircraft  flow  fields  is  heavily  used  in 
store  certi fication  programs  by  the  U.S.  Air  Force. 
European  approaches  also  currently  favor  the  flow 
angularity  method  but  usually  coupled  with  theore¬ 
tically  predicted  aircraft  flow  fields5.  A  major 
incentive  to  develop  theoretical  methods  caoaole  of 
accurate  transonic  store  separation  simulation  occurs 
at  the  preliminary  conceptual  design  stage  where 
tunnel  testing  is  often  not  practical.  Understand¬ 
ably,  much  of  the  current  transonic  method 
development  detailed  below  is  occurring  in  the 
industrial  arena.  In  the  following  subsections, 
we  provide  a  summary  of  those  experimental  and 
theoretical  techniques  in  current  use. 


Experimentally  Based 

There  are  four  major  experimental  techniques 
used  today  to  predict  store  separation  character¬ 
istics.  These  are2 

•  Captive  Trajectory  System 

•  Grid 

•  Flow  Angularity 

•  Freedrop 

A  fifth,  the  influence  function  method  mentioned 
previously,  is  under  current  development.  Although 
it  has  not  yet  reached  the  stage  of  completeness 
of  the  other  methods,  we  discuss  it  here  in  view  of 
its  future  potential  as  an  alternative  method. 

Detailed  descriptions  of  the  first  four 
methods  have  been  provided  in  the  open  literature, 
for  example  refs.  17-20.  Here  we  provide  a  summary 
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d.scussion  of  these  methods  to  provide  background 
for  the  theoretically-based  methods  to  follow. 

The  Captive  Trajectory  System  (CTS)  is  consi¬ 
dered  the  most  versatile  and  accurate  of  all  the 
experimental ly-based  methods  and  is  often  used  as 
a  benchmark  for  evaluating  the  other  techniques. 

The  operation  of  the  CTS  method,  as  shown  in  a 
typical  installation  in  Fig.  8,  proceeds  as  follows. 
Using  the  wind  tunnel  flow  about  the  parent  model 
together  with  a  six-degree-of-freedom  store  model 
support  system  controlled  by  a  closed-loop  computer 
system,  it  solves  the  Euler  equations  of  motion 
using  the  measured  aerodynamic  forces  and  the  mass, 
inertia  and  other  characteristics  of  the  store. 

Based  on  these  solutions  at  a  particular  time 
increment,  the  store  is  moved  to  its  next  position 
along  the  trajectory  where  the  process  is  repeated. 
The  principle  advantage  of  the  CTS  method  is 
accuracy,  while  its  main  disadvantage  is  cost. 

In  addition  to  cost,  however,  other  factors 
have  led  to  consideration  of  alternative  methods. 

For  example,  the  continuing  trend  to  develop  guided 
weapons  having  autopilot  and  control  systems  that 
are  active  during  launch  has  provided  a  major 
incentive  for  developing  the  grid  method.  Since 
it  is  not  feasible  to  remotely  control  and  accurate¬ 
ly  model  the  control  surfaces  of  store  models  this 
size,  some  technique  for  simulating  the  trajectories 
of  guided  weapons  having  active  controls  during  the 
launch  sequence  was  necessary.  The  grid  method 
accomplishes  this  by  using  the  CTS  to  traverse  the 
store  through  a  predetermined  grid  in  the  vicinity 
of  the  store  carriage  location.  The  forces /moments 
acting  on  the  store  are  then  measured.  This  infor¬ 
mation,  obtained  as  a  function  of  Mach  number  and 
parent  aircraft  attitude,  is  then  used  off-line  in 
six-degree-of-freedom  trajectory  simulations  Of  the 
weapon  which  incorporate  the  characteristics  of  the 
weapon  flight  control  system2.  It  has  been  found 
that  in  many  circumstances  18,21,22  the  primary 
dependence  of  the  store  aerodynamic  coefficients  is 
with  vertical  displacement  with  weak  dependence  on 
lateral  and  longitudinal  displacement.  This  has 
lead  to  use  of  the  ‘limited  grid'  concept  in  which 
data  is  obtained  only  as  a  function  of  vertical 
displacement,  Mach  number,  and  aircraft  attitude. 
Comparisons22'24  with  CTS  and  full  scale  results 
have  indicated  that  reasonably  accurate  correla¬ 
tions  can  be  obtained  in  certain  flight  regimes. 

The  primary  advantages  of  the  grid  method  are 
tunnel  time  savings  and  the  ability  to  simulate 
trajectories  for  conditions  beyond  those  obtained 
in  the  tunnel,  such  as  simulation  of  store  active 
controls  and  s*ore  release  while  the  parent  air¬ 
craft  is  in  a  climb/dive  or  accelerated  flight 
condition.  However,  grid  results  are  limited  to 
the  particular  store  configuration  tested.  Appli¬ 
cations  to  other  stores  require  the  local  flow 
angularities  to  be  inferred  from  force/moment  data 
and  this  is  not  always  accurate. 

The  flow  field  or  flow  angularity  method  was 
evolved  primarily  to  eliminate  this  configuration 
dependence.  With  the  flow  angularity  technique, 
a  data  bank  of  local  flow  angles  is  obtained  for 
a  particular  aircraft  as  a  function  of  Mach  number 
and  attitude  over  a  predetermined  grid  in  the 
vicinity  of  the  carriage  station  of  interest. 

Next,  using  the  free  stream  aerodynamics  of  the 
store,  interference  aerodynamic  coefficients  are 
determined  for  the  various  forces/moments  acting 
on  the  store,  separately  accounting  for  the  local 


flow  angles  acting  at  the  center  of  pressure  of  the 
body  and  fins.  Those  interference  coefficients  are 
then  used  together  with  the  flow  angularity  data 
and  the  free  stream  characteristics  of  the  store 
in  a  six-degree-of-freedom  calculation  of  the 
trajectory.  Although  of  all  the  preceding  methods, 
the  flow  angularity  method  is  the  least  accurate, 
comparisons®  with  CTS  and  full  scale  flight  tests 
have  generally  been  reasonably  good.  The  method's 
main  advantage  is  that  it  can  be  used  to  predict 
trajectories  for  weapon  configurations  not  tested. 

The  freedrop  method  involves  the  release  or 
ejection  of  dynamically  scaled  store  models  from 
the  parent,  and  the  subsequent  determination  of 
separation  characteristics  by  photographic  means. 
Three  different  scaling  laws,  termed  ‘heavy’, 
'light',  and  'Froude',  are  currently  in  use  and 
differ  depending  upon  how  the  aerodynamic,  static, 
and  inertial  characteristics  of  the  store  are 
scaled17/20/23'26  •  Unlike  the  previous  methods, 
the  freedrop  technique  can  be  employed  to  study 
long  trajectories  of  simultaneous  multiple  releases 
without  sting  interference  effects.  However,  while 
it  is  well  suited  to  flow-down  tunnels,  it  Is  much 
slower  than  the  other  methods  for  continuous  flow 
tunnels. 

The  influence  function  method9.27'29  is  the  most 
recently  developed  store  separation  technique. 

The  method  employs  conventional  grid  survey  force/ 
moment  data  to  identify  the  local  flow  angularities. 
As  illustrated  in  Fig.  9,  the  method  proceeds  by 
assuming  that  the  normal  force  and  pitching  moment 
coefficients  of  any  store  can  be  expressed  as  a 
linear  combination  of  local  influence  function 
coefficients  associated  with  finite  axial  segments 
of  the  store  multiplied  by  the  local  flow  angles 
acting  on  each  of  those  segments,  together  with 
the  zero-lift  angle  of  attack  ct0  and  zero-lift 
pitching  moment  coefficient  C^.  The  local 

influence  coefficients  and  (o„,  Cm  )  are  determined 

0  'nQ 

by  placing  the  store  in  a  known  calibration  flow 
field.  With  that  information,  the  local  angle  of 
attack  along  the  grid  survey  is  identified  in  a 
least-squared  sense.  With  the  flow  angularity 
known,  the  force/moment  characteristics  for  any 
other  store  in  that  parent  flow  field  can  then  be 
determined  once  that  store's  influence  coefficients 
and  (oQ,  Cm  )  are  known. 

The  method  was  originally  developed  for  super¬ 
sonic  flows9/27*28  for  which  the  calibration  flow 
field  used  to  determine  the  influence  function 
coefficients  were  simple  wedge  flows.  The  method 
has  since  been  applied  to  subsonic/transonic 
flows29  and  has  employed  both  experimental  and 
theoretical  PANAIR  flow  fields9  to  determine  the 
influence  coefficients.  The  method  has  not  yet 
incorporated  side  force/moment  characteristics  nor 
has  it  been  employed  in  a  complete  trajectory 
determination.  Consequently,  final  comparison  of 
the  method  with  other  techniques  cannot  be  made 
at  this  time.  In  Fig.  10,  comparisons  are  shown 
of  normal  force  coefficient  results  and  data  along 
a  fuselage  centerline  location  at  Z/D  *  A. 67  for  a 
GBU-15  store  in  the  presence  of  an  F-15  at 
M^  *  0.95  and  display  reasonably  good  agreement29. 
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Historically,  due  to  the  absence  of  reliable 
3-0  transonic  solvers,  the  initial  theoretical 
transonic  store  separation  predictions  were  based 
on  panel  method  flow  field  simulations .  The  methods 
used  and  applications  reported  have  included  among 
others  the  following: 


•  NEAR  subsonic/supersonic  codes31-33 

•  MM 8  codes5 

•  PANAIR  derivative  codes28 

•  Nortnrop/NEAR  codes32 


Although  it  was  recognized  that  deficiencies 
existed  in  the  predictions  due  to  neglected  non¬ 
linear  effects,  many  features  of  these  calculations 
were  found  to  compare  favorably  with  data  -  for 
example,  the  extensive  comparisons  of  store  loading 
d i s tri butions  made  in  ref.  31  -  and  were  correct 
for  reasons  that  will  be  discussed  below.  As  an 
example  of  these  results  for  a  trajectory  calcula¬ 
tion,  Fig.  11  displays  comparisons  of  panel  method 
results  using  the  Northrop/NEAR  subsonic  code33 
with  data  for  the  normal  force  coefficient  for  an 
MK-83  bomb  separating  from  an  outboard  wing/pylon 
location  of  an  F-18  at  the  transonic  flight 
condition,  M^  *  0.95.  These  comparisons  are 
reasonably  typical  of  panel  method  results  at 
transonic  conditions  in  that  trends  are  generally 
predicted  but  magnitudes  and  displacement  of 
maxima/minima  peaks  are  usually  in  error.  Conse¬ 
quently,  use  of  panel  methods,  which  are  widely 
available,  for  initial  transonic  calculations 
continues,  with  the  results  used  as  guidelines  for 
certain  preliminary  analyses.  Clearly,  however, 
accurate  simulation  of  store  separation  character¬ 
istics  at  transonic  speeds  can  only  be  realized 
with  full  3-D  nonlinear  transonic  flow  methods. 
Those  nonlinear  methods  currently  under  development 
are  identi fied  below. 


The  earliest  systematic  investigations30' 31 
aimed  at  establishing  a  routinely-usable  predictive 
method  capable  of  determining  the  nonlinear  tran¬ 
sonic  separation  characteristics  of  stores  from 
fighter-bomber  aircraft  are  summarized  by  Stahara 
in  ref.  32.  One  of  the  primary  objectives  of  the 
study  reported  in  ref.  32  was  to  investigate  methods 
that  were  capable  of  predicting  with  sufficient 
accuracy  the  essential  nonlinearities  of  the  non- 
uniform  parent-generated  3-0  transonic  flow  field 
surrounding  the  store,  while  requiring  a  minimum 
of  computational  resources.  Three  different 
methods  summarized  below 


•  Classical  transonic  equivalence  rule 

•  Extended  transonic  equivalence  rule 

•  Nonlinear  3-D  correction  procedure 


At  least  one  nonlinear  3-D  finite-difference 
solution  is  required  to  simulate  such  effects, 
although  it  is  not  necessary  for  that  solution  to 
be  for  the  complete  geometrical ly  complex  config¬ 
uration.  In  the  nonlinear  3-D  correction  method 
proposed,  the  effect  of  the  wing  pylons  is 
simulated  by  invoking  the  hypothesis  that  the 
addition  of  geometric  complexities  to  a  basic 
configuration  can  be  treated  with  differences 
between  appropriate  3-D  paneling  method  solutions. 
The  primary  nonlinear  transonic  effects  generated 
by  these  configurations  are  due  to  the  wing  and 
can  be  adequately  accounted  for  by  computing  the 
3-D  transonic  small-disturbance  (TSD)  flow  about 
a  simpler  basic  configuration.  For  pylon  addition 
to  a  basic  wing-body,  we  then  have 


where  5yBp  and  denote  linear  paneling  method 

solutions  for  the  wing-body/pylon  and  wing-body 

alone  configurations,  and  denotes  a  nonlinear 

3-D  TSD  finite-difference  solution  for  the  wing- 
body  alone. 

The  basis  for  this  hypothesis  was  derived  from 
extensive  comparisons  of  3-D  paneling  method 
solutions  with  the  data34'35  from  this  program  at 
flow  conditions  throughout  the  transonic  range. 

It  was  found  that  surprisingly  good  predictions 
of  the  lateral  velocity  components  (upwash  and 
sidewash),  but  not  the  axial  component,  could  be 
obtained  from  paneling  method  solutions  for  these 
configurations  at  Mach  numbers  throughout  the 
transonic  regime  even  in  the  vicinity  of  shock 
waves.  A  similar  solution  decomposition  has  been 
employed  with  success  in  ref.  36  to  model  geometric¬ 
ally  complex  fuselage  effects  on  wing  pressures  of 
the  F-lll  at  transonic  speeds.  The  primary  point 
is  that  as  long  as  detailed  transonic  effects  are 
not  required  on  the  modeled  component,  then  such 
a  procedure  is  capable  of  providing  good  represen¬ 
tations  of  the  primary  lift  and  volume  effects  of 
the  modeled  component  upon  the  remainder  of  the 
flow. 

In  Fig.  13,  we  illustrate  the  effect  of  the  3-D 
nonlinear  correction  where  a  comparison  is  provided 
of  theoretical  and  experimental  results  for  local 
upwash  and  sidewash  for  the  wing-body  of  Fig.  12 
with  wing  pylon  at  a  flow  survey  location  directly 
under  the  wing  pylon.  The  theoretical  result  with 
the  nonlinear  correction  is  shown  as  the  solid 
curve,  while  the  corresponding  paneling  method 
result  is  shown  as  the  dashed  curve.  Both  predic¬ 
tions  compare  quite  well  with  data,  with  the 
nonlinear  results  somewhat  superior 


were  investigated  and  compared  with  data  from  an 
extensive  parallel  experimental  program31*  5 
involving  the  simplified  F-16  wing-body/pylon/'tore 
configuration  shown  in  Fig.  12.  The  conclusions 
drawn  were  that  neither  the  classical  equivalence 
rule  nor  the  extendec  version  in  which  the  classi¬ 
cal  2-0  crossflow  solutions  are  replaced  by  3-0 
linear  paneling  method  solutions  are  capable  of 
adequately  predicting  the  3-0  spanwise  variations 
of  shocks  or  other  high-gradient  regions  that  occur 
near  the  wing  trailing  edges  of  these  confi gui ations . 


The  importance  of  these  favoraule  lateral 
velocity  component  predictions  to  the  store  loading 
determination  is  paramount.  The  loading  distribu¬ 
tion  on  external  stores  in  the  presence  of  parent 
aircraft  depends  primarily  on  the  lateral  velocity 
components  (see  Fig.  7)  and  secondarily  on  the 
axial  velocity  component.  The  exception  is  regions 
where  parent-generated  shocks  or  other  high- 
gradient  regions  impinge  on  the  store.  These 
effects  are  illustrated  in  Fig.  14  where  normal 
force  loading  distribution  results  based  on  the 
procedure  described  in  Fig.  7  are  provided  based 
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on  the  flow  field  results  given  previously  in  Fig. 
13.  The  theoretical  results  indicate  little 
difference  in  loading  when  employing  the  3-D  non¬ 
linear  corrected  flow  field  or  the  linear  paneling 
method  flow  field  -  presumably  since  the  loading 
method  only  makes  use  of  the  lateral  velocity 
components  for  which  Fig.  13  indicated  no  substan¬ 
tial  differences.  Comparison  of  the  theoretical 
results  with  data  indicates  generally  good  agreement 
except  in  the  vicinity  of  the  large  axial  gradient 
near  the  pylon  trailing  edge. 


store  separation  applications  was  suggested. 

In  ref.  38,  a  similar  fine  mesh/coarse  mesh  is 
employed  for  the  wing-body  but  with  the  addition  of 
a  third  mesh  about  the  store  to  facilitate  treat¬ 
ment  of  store  fins.  Preliminary  results  have  been 
reported38  for  several  isolated  stores,  and  also 
for  a  F-16  wing-body  and  B- 1 6  store  combination 
for  which  the  wing  pylon  has  not  yet  been  incor¬ 
porated.  Future  work  is  being  directed  toward 
pylon  addition  and  separation  simulation. 


These  loading  comparisons  serve  to  identify 
two  deficiencies  of  the  loading  calculation  proce¬ 
dure  outlined  in  Fig.  7:  (1)  the  procedure  as 

constituted  cannot  accurately  handle  steep  axial 
gradients  in  the  parent-generated  flow  field,  and 
(2)  the  method  does  not  account  for  store-induced 
transonic  effects.  A  modification  to  the  loading 
calculation  method  that  is  capable  of  accounting 
for  both  of  these  effects  has  been  reported  in 
ref.  16.  The  method  proceeds  by  applying  the 
transonic  equivalence  rule  to  the  store  alone  and 
accounting  for  store-induced  transonic  effects  on 
the  crossflow  velocity  components.  Details  of  the 
procedure  are  given  in  ref.  16  together  with  results 
for  a  variety  different  body  shapes  at  conditions 
throughout  the  transonic  regime. 

An  indication  of  the  magnitude  of  this 
improvement  is  given  in  Fig.  15  which  displays  a 
comparison  of  the  difference  in  the  pitching-moment 
coefficient  Cm  variation  throughout  the  transonic 
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regime  when  including  and  not  including  store¬ 
generated  transonic  effects.  The  results  indicated 
in  the  bottom  plot  are  for  an  ogive/cylinder  store 
similar  to  that  shown  in  Fig.  14,  but  of  5  caliber 
rather  than  8.5  caliber  length.  These  results  were 
carried  out  for  free  air  flow  past  the  store  alone, 
for  which  the  loading  method  shown  in  Fig.  7  with¬ 
out  parent-generated  flow  field  curvature  reduces 
to  the  slender-body  result.  The  effect  of  the 
improvement  to  the  loading  calculation  has  an  even 
more  dramatic  effect  when  boattailing  (and/or  fins) 
are  employed  on  the  rear  of  the  store.  That  change 
in  pitching  moment  for  a  boattail  addition  is  also 
indicated  in  Fig.  15  for  a  1/2  caliber  7°  conical 
boattail . 

In  addition  to  the  3-D  methods  described  in 
refs.  30-32,  3-D  TSD  simulations  of  the  combined 
parent  plus  store  have  been  reported  in  refs.  37 
and  38.  Both  of  those  methods  are  based  on  the 
modified  transonic  3-D  small-disturbance  potential 
equation  solver  of  Ballhaus,  et  al39  later  refined 
by  Mason ,  et  al 40 .  In  ref.  37,  the  flow  field  about 
a  simple  fuselage-wing-pylon-store  configuration 
is  discretized  about  convenient  computational 
support  surfaces,  as  shown  in  Fig.  16.  A  fine 
grid  is  employed  about  a  rectangular  region  encom¬ 
passing  the  computational  configuration  with  a 
coarser  grid  exterior  to  that  region.  Image  points 
are  used  to  simulate  the  boundary  conditions  on  the 
pylon  and  store  computational  surfaces.  Wing 
surface  pressure  results  for  a  modified  F-5  wing/ 
pylon/store  configuration  have  been  determined  and 
compared  with  the  clean  wing,  as  shown  in  Fig.  17, 
and  provide  a  preliminary  validation  of  the  proce¬ 
dure.  Additionally,  a  parametric  study  of  a  wing- 
fuselage-pylon-store  configuration  has  been  made. 
Both  results  are  for  the  store  in  the  carriage 
position.  No  trajectory  calculations  have  yet 
been  reported,  but  a  sectional  load  procedure  for 


Future  Developments  and  Concluding  Remarks 


With  the  continuing  advances  in  3-D  computa¬ 
tional  flow  simulations,  theoretical ly-based  method 
development  is  capable  of  contributing  significantly 
to  reducing  the  cost/time  involved  in  both  wind 
tunnel  and  full  scale  store  certification  programs. 
Because  primary  usage  of  theoretical  store  separa¬ 
tion  methods  will  be  in  a  high-frequency  repetitive 
use  environment,  any  basic  procedure  must  be 
capable  of  both  accurately  simulating  the  flow  and 
providing  some  means  of  performing  repetitive 
calculations  without  major  computational  demands. 


Broadly  speaking,  the  improvements  and 
advancements  necessary  for  such  methods  to  become 
a  usable  design  tool  can  be  categorized  under  two 
major  subdivisions: 


1.  Improved  realism  of  simulation 

*  Parent  related 

Noncircular  fuselages 
Inlets 

Multiple  pylons 
TER  8  MER's 

*  Store  related 

Canards 
Tail  fins 
Blunt  noses 

*  Combined  parent/store 

Mutual  interference 


II.  Computational  efficiency 

Rapid  3-D  solvers 
Combination  with  nonlinear 
approximation  methods 

Increasing  the  realism  of  the  simulation  by 
more  accurate  modeling  of  the  geometric  details  of 
the  parent  and  store  is  clearly  achievable  with 
the  current  state  of  computational  procedures.  Of 
the  various  components  listed  above  related  to 
parent,  store,  and  combined  parent/store,  all  can 
be  accounted  for  at  the  TSD  level  given  the 
development  effort.  Increasing  the  level  of 
solution  accuracy  beyond  smal 1 -di sturbance  does 
not  appear  to  be  warranted  at  this  time.  Perhaps 
the  "ingle,  most  serious  impediment  to  the  use  of 
these  methods  is  their  potential  massive  computa¬ 
tional  demands  when  used  in  the  design  mode. 

Before  these  methods  will  be  accepted  for  routine 
use,  some  means  must  be  available  to  reduce  sub¬ 
stantially  their  computational  requirements.  In 
this  regard,  an  important  technique  has  recently 
been  developed  which  can  be  coupled  with  the 
nonlinear  3-D  parent  flow  field  solvers  to  provide 
such  a  means.  The  technique  is  a  rapid 
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approximation  method  for  predicting  nonlinear  flows 
and  allows  minimization  of  the  actual  number  of  3-0 
nonlinear  finite-difference  solutions  required  to 
perform  a  store  separation  certification  study. 

The  method  has  been  applied  to  a  variety  of  2-  and 
3-0  transonic  problems41;42  and  ref.  42  provides 
a  summary  of  a  large  number  of  nonlinear  transonic 
flow  applications . 

In  relation  to  the  store  separation  problem, 
Fig.  18  displays  an  application  of  the  method  to 
prediction  of  3-0  transonic  flow  fields  about  the 
simplified  F-16  wing-body/pylon  combination  for 
which  results  were  previously  provided  in  Fig.  13. 

In  Fig.  18,  we  have  used  the  3-0  nonlinear  correc¬ 
tion  solutions  [see  Eq.  (1)]  for  the  local  upwash 
j.  at  M  =  0.95  and  a  «  0°  and  5°,  given  by  the 

L  00 

dashed  and  dash-dot  curves,  respectively,  to  predict 
the  corresponding  result  throughout  a  range  of 
angles  of  attack  without  need  for  further  finite- 
difference  solutions.  The  predicted  result  for 
a  =  2°  is  given  by  the  solid  curve  and  is  meant  to 
be  compared  with  the  data  points  indicated  by  the 
crosses.  Agreement  is  excellent. 

Given  the  present  status  of  computational 
technology  and  theoretical  store  separation  method¬ 
ology,  together  with  the  current  and  future  needs 
for  predictive  transonic  store  separation  methods, 
it  is  of  interest  to  project  the  next  plateau  of 
theoretical  modeling  development  in  this  area.  In 
what  follows,  we  describe  a  possible  near-term 
transonic  store  separation  computational  model 
applicable  to  externally-carried  stores  that  is 
both  achievable  within  present  technology  and 
configured  so  as  to  be  usable  in  the  design 
environment. 

The  primary  simplifications  discussed  in 
Section  3.2,  i.e.,  quasi-steady  motion,  parent  flow 
field  invariance  to  store  displacement,  and  store 
continuous  sectional  loading  concept  are  employed. 
The  parent  aircraft  flow  field  will  be  obtained  via 
a  3-D  TSD  solver,  with  separate  computational  boxes 
surrounding  the  fuselage  and  the  various  pylon/ 
stores  as  sketched  below. 
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These  separate  boxes  will  allow  either  more  or  less 
accuracy  at  more  or  less  computation  expense  to  be 
attained  in  the  simulation  of  the  particular 
component  (store,  pod,  etc.)  under  study.  At  each 
computational  box,  then,  the  boundary  conditions 
imposed  will  be  optionally  approximated  by  either 
(1)  transferral  of  the  boundary  condition  from  the 
actual  component  surface  to  the  computational  box 
using  slender-body  methods37;40  ,  or  more  accurately 
by  (2)  use  of  local ly-normal  lateral  velocity 
components  at  the  box  obtained  from  a  separate  3-D 
linear  panel  method  solution  for  the  actual 
geometrical ly- complete  pa  rent /store  configuration36. 


For  a  given  parent/store  configuration,  a 
series  of  these  3-D  TSD  calculations  with  the  store 
in  the  carriage  location  will  be  determined  as  a 
function  of  to  fill  a  certain  sparse  data 

base  matrix  (defined  below)  of  these  parent  flow 
fields.  Those  flow  field  results  throughout  the 
spacial  volume  encompassing  the  anticipated  flight 
corridor  of  the  store  would  then  be  archived  in  a 
data  bank. 

The  store  loading  procedure  would  employ  a 
transonic  modification16  of  the  continuous 
sectional  loading  concept7;  and  would  simultaneously 
account  for  high  axial -gradi ent  flow  field  effects 
on  the  store  due  to  the  parent  flow  field  and 
store-generated  transonic  effects.  Since  this 
procedure  would  involve,  as  a  component  calculation, 
several  axisymmetric  TSD  finite-difference  calcu¬ 
lations  about  the  store  alone  at  various  M„'s, 
those  finite-difference  results  on  the  surface  of 
the  store  would  also  be  archived. 

Next,  with  the  3-D  nonlinear  approximation 
method  of  refs,  ai-42  configured  so  as  to  account 
for  simultaneous  changes  in  (M„,a„),  that  method 
together  with  the  archived  parent  aircraft  flow 
field  results  would  be  used  to  predict  aircraft 
flow  fields  throughout  the  entire  (M=,a„)  flight 
range  desired.  If  the  flow  topology  within  the 
desired  (M„,a.J  range  does  not  change  fundament¬ 
ally,  then  only  three  independent  parent-aircraft 
flow  field  solutions  are  needed  to  determine  all 
the  required  flow  fields.  If  the  flow  topology 
does  change,  for  example  if  additional  shock  waves 
are  generated  or  other  high  gradient  regions 
created,  then  additional  parent  flow  field  solutions 
are  needed,  generally  one  for  each  topology  change. 
For  the  axisymmetric  TSD  store-alone  component 
solutions  required  in  the  loading  determination, 
the  2-D  version  of  the  approximation  method  would 
also  be  used  with  the  archived  store-alone  results 
to  predict  those  required  solutions.  This 
combined  parent  aircraft/store  loading  solution 
procedure  would  then  provide  the  aerodynamic 
forces /moments  acting  on  the  store  as  input  to  the 
six-degree-of-freedom  store  trajectory  calculations 
throughout  the  (M  .a  )  flight  range. 
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Abstract 

Recent  papers  have  reported  the  application 
of  the  thin-layer  Parabolized  Navier-Stokes  (PNS) 
computational  technique  to  predict  the  flow  over 
spinning  shell  at  supersonic  speeds.  This  paper 
reports  the  results  of  a  computational  study  using 
thin  layer  Navier-Stokes  codes  to  examine  the 
effects  of  shell  nose  tip  and  afterbody  geometry 
The  geometries  considered  include  sharp,  hemi¬ 
sphere  cap,  and  flattened  nose  configurations  and 
a  parametric  variation  of  boattail  shape.  The 
results  are  presented  primarily  as  the  aerodynamic 
coefficient  versus  Mach  number  for  1.5  <  M  <  5. 
The  Magnus  effect  is  shown  to  be  strongly  influ¬ 
enced  by  nose  bluntness  as  well  as  the  geometry  of 
the  shell  afterbody. 


normalized  by  a„ 

U,V,W  =  contravariant  velocity  components 

x,y,z  =  physical  Cartesian  coordinate  axes 

a  =  angle  of  attack 

y  =  ratio  of  specific  heats 

<  *  coefficient  of  thermal  conductivity, 

normalized  by  free- stream  value  k 

v  =  coefficient  of  viscosity,  normalized 

by  free- stream  value  u^ 

E,n,;  =  computational  coordinates  in  the 

axial,  circumferential,  and  radial 
directions  (Fig.  1) 

p  =  density,  normalized  by  free- stream 

density 


Subscripts 


Nomenclature 

a  =  speed  of  sound 

CP  *  center  of  pressure  for  normal  force 

CPY  =  center  of  pressure  for  Magnus  force 

Cp,  =  pitching  moment  coefficient 

CH  *  d 2C n/ [ d (— ^ ) *da],  slope  of  Magnus 

pa  moment  coefficient  evaluated  at 

PD/V  =  0,  a  *  0 

Cn  =  Magnus  (yawing)  moment  coefficient 

Cfj  =  normal  force  coefficient 

Cy  =  Magnus  (side)  force 

D  =  diameter  of  model 

e  =  total  energy  per  unit  volume  of 

fluid,  normalized  by  P„a.,2 

E.E..F.G  *  flux  vectors  of  transformed  gasdynamic 
equation 

J  =  Jacobian  of  transformation  between 

physical  and  computational 
coordinates 

L  *  reference  length 

M  =  Mach  number 

p  *  pressure  normalized  by  P.a^2 

Pr  *  Prandtl  number,  umcp/Km 

PD/V  *  non-dimensional  spin  rate  about  model 
axis 

Re  »  Reynolds  number,  pJJ.L/u. 

S  *  viscous  flux  vector 

u,v,w  *  Cart  slan  velocity  components  along 
tiie  x,  y,  z  axis,  respectively, 


«  *  free- stream  conditions 

aw  =  adiabatic  wall 

w  »  body  surface  values 

x  =  based  on  axial  distance  from  nose 


I.  Introduction 

Recent  papers1’2, 3  have  reported  the  develop¬ 
ment  and  application  of  the  thin-layer  Parabolized 
Navier-Stokes  computational  technique  to  predict 
the  flow  about  slender  bodies  of  revolution  at 
supersonic  velocities.  Reference  3  showed  the 
technique  to  be  a  viable  computational  tool  for 
predicting  Magnus  effects  for  a  six-caliber  slen¬ 
der  shell  with  a  one-caliber,  7°  boattail  as  veri¬ 
fied  by  comparison  to  wind  tunnel  force  measure¬ 
ments.  The  results  of  Reference  3  represent  the 
first  successful  efforts  to  compute  the  Magnus 
effect  for  boattailed  shell  using  sophisticated 
numerical  computational  techniques.  In  this 
paper,  the  ability  of  the  PNS  computational  tech¬ 
nique  to  predict  normal  and  Magnus  forces  at 
angles  of  attack  up  to  10-degrees  and  the  effects 
of  nose  and  afterbody  geometry  on  the  aerodynamics 
of  shell  are  examined.  The  Influence  of  nose 
bluntness  is  determined  using  a  starting  solution 
generated  by  the  unsteady  Navier-Stokes  (time 
marching)  computational  technique  and  then  using 
the  PNS  (space  marching)  code  to  compute  the  flow 
over  the  remainder  of  the  shell. 
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The  numerical  algorithm  used  to  march  Eq. 
(1)  downstream  is  an  approximately- factored,  fully 
implicit,  finite-difference  scheme.  The  algorithm 
is  conservative  and  of  second-order  accuracy  in 
the  marching  direction.  A  two-layer,  algebraic 
eddy  viscosity  model4  is  included  for  the  computa¬ 
tion  of  turbulent  flows.  Details  of  the  Parabol¬ 
ized  Navier-Stokes  assumption  and  the  derivation 
of  the  algorithm  are  included  in  Reference  1. 

The  computations  are  started  from  a 
converged  conical  solution  near  the  tip  of  the 
projectile.  The  full  solution  is  then  obtained  by 
marching  over  the  body  in  the  streamwise  (axial) 
direction.  This  marching  technique  is  depicted  in 
Figure  1  along  with  the  coordinate  system.  A 
logarithmic  stretching  is  used  to  achieve  adequate 
grid  resolution  of  the  turbulent  viscous  layer. 
The  grid  generator  employs  an  adaptive  capability 
which  insures  that  adequate  resolution  of  the 
viscous  layer  is  maintained  over  the  full  length 
of  the  model.  The  streamwise  marching  stepsize 
was  adjusted  to  yield  500  to  800  computational 
steps  for  the  full  length  of  the  shell.  The  com¬ 
putational  grid  consisted  of  36  stations  about  the 
circumference  of  the  model  (a»  *  10°)  and  50 
points  between  the  body  and  the  outer  boundary. 

b.  Blunt  Nose  Solution 


PW 

puW+CxP 
G  =  J*1  PvW+  CyP 

pwW+CzP 

(e  +  p)w 

The  vector  q(p,  pu,  pv,  pw,  e)  contains  the  depen¬ 
dent  variables.  Variations  of  body  geometry  are 
included  in  Eq.  (1)  through  the  presence  of  the 

metric  terms  n  ,  n  ,  u  ,  etc.,  which  appear  in  the 
x  y  z 

flux  vectors.  The  thin-layer  viscous  term,  valid 
for  high  Reynolds  No.  flow,  is 
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mUH+Cz)uc  +  (P/3)UxY5yVWCx 

u(;Synz)v;  +  (^K  WSV5zwc)cy 
u(cx^y+5z)wt  +  (N/3)UxySVCA)cz 

{Ux+?5+cz)  [(u/2)(u2*v2+w2)4 
+  KPr"1(y-l)”1(aZ)4]  +  (u/3)Uxu 


+  Cyv  +  AzW^i’xuC  +  CyVt  +  !ZWC^} 


Equation  1  is  parabolic-like  with  respect  to  5  and 
can  thus  be  marched  downstream  in  the  5  direction 
from  an  Initial  data  plane  (subject  to  appropriate 
body  and  free  stream  boundary  conditions)  under 
those  conditions  where  the  local  flow  is  super¬ 
sonic. 


The  solution  for  the  flow  over  the  blunt 
nose  of  the  shell  has  been  obtained  using  the 
three  dimensional  thin-layer  Navier-Stokes  solver 
recently  reported  by  Chaussee,  Kutler  and 
Pulliam®.  This  is  a  fully  implicit  computational 
technique  which  solves  for  the  entire  flow  field 
by  converging  to  a  steady  flow  solution.  The 
outer  boundary  for  this  code  employes  a  shock- 
fitting  scheme.  Since  the  solution  is  obtained 
for  only  a  small  flow  field  region  near  the  nose, 
good  grid  resolution  has  been  achieved.  The  grid 
used  consisted  of  30  points  from  the  body  to  the 
outer  boundary,  20  points  axially  along  the  sur¬ 
face  of  the  shell,  and  36  points  circumferentially 
around  the  shell. 

The  nose  region  has  initially  been  model¬ 
ed  as  a  hemisphere  cone.  The  conical  extension  is 
of  sufficient  length  to  achieve  a  well  established 
supersonic  conical  flow  in  order  to  apply  the  zero 
gradient  outflow  boundary  condition  with  confi¬ 
dence.  This  modeling  of  the  nose  region  is  depic¬ 
ted  schematically  in  Figure  2.  The  bluntness 
ratio  is  defined  to  be  the  ratio  of  the  diameter 
of  the  cone  at  the  forward  tangency  point  to  the 
maximum  diameter  of  the  shell. 

In  addition  to  the  hemisphere  blunt  nose, 
several  cases  have  been  run  for  a  flattened  nose. 
The  Intent  is  to  model  as  closely  as  possible  the 
meplate  (flat  fare)  configuration  of  typical  Army 
shell. 

The  time- dependent  thin-layer  Navier- 
Stokes  equations  can  be  written  in  strong 
conservation- law  form  as 


ia  +  ii  +  i£  +  i2-_Lii 

3t  35  3n  35  ‘  ^  35 


(2) 


where  i  =  t  is  the  time  (marching) 
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T 


I  1  u 

!# 


fl 


C  =  5(t,  x,  y,  z)  is  the  longitudinal 
coordinate 

n  =  n(t,  x,  y,  z)  is  the  circumferential 
coordinate 

t  =  t( t ,  x,  y,  z)  is  the  near  normal 
coordinate 


The  inviscid  flux  vectors  are  E,  F,  G  and  contain 
terms  for  the  conservation  of  mass,  momentum,  and 
energy  in  the  three  coordinate  directions.  The 

vector  q(p,  pu,  pv,  pw,  e)  contains  the  dependent 

variables.  The  S  matrix  contains  the  viscous 
terms  which  are  valid  for  high-Reynolds  number 
flows. 

The  contravarient  velocity  components  are 

U  =  C  u  +  C  v  +  £  w 
a  y  z 

V  =  n  u  +  n  v  +  n  w 
x  y  z 

W  =  C  u  +  t  v  +  t  w. 
x  y  z 


Variations  of  body  geometry  are  included  in 
Equation  (2)  through  the  presence  of  metric  terms 
(C  ,  nx>  etc.)  and  the  Jacobian  J,  which  appear  in 

the  flux  vectors  and  contravariant  velocities.  A 
two-layer  algebraic  eddy  viscosity  model  is  used 
for  the  turbulent  viscous  solutions. 


HI.  Results 

a.  Comparisons  to  Aerodynamic  Force 
Measurements 

In  Reference  3  a  series  of  results 
obtained  for  a  *  2°  were  compared  to  experimental 
measurements  (Reference  6)  of  aerodynamic  forces 
for  2  <  M  <  4.  The  model  configuration  for  this 
study  is  shown  In  Figure  3.  The  sign  convention 
for  the  aerodynamic  forces  Is  shown  in  Figure  4. 
The  results  in  Reference  3  indicated  that  the 
thin-layer  PNS  computational  technique  achieved 
excellent  agreement  in  comparison  to  experimental 
measurements  of  aerodynamic  forces  Including  the 
Magnus  effect.  Comparisons  of  the  PNS  computed 
results  to  experiment  have  now  been  carried  out 
for  a  <,  10°.  Computed  results  were  obtained  for 
o  ■  2°  ,  4°  ,  6°  ,  and  10°  . 

Comparisons  between  computation  and 
experiment  are  shown  as  a  function  of  angle  of 
attack  for  normal  force  for  M  =■  2  and  M  *  3  in 
Figures  5  and  6,  respectively.  Results  for  two 
boattail  configurations  are  shown.  The  notation 
SOCBT  depicts  the  7°,  one  c. liber  boattail  model 
in  Figure  3.  The  notation  SOC  depicts  a  model 
with  a  0°  boattail.  Excellent  agreement  is 
achieved  for  o  <  10°  for  magnitude  as  well  as  the 
non-linear  behavior  of  the  normal  force 
coefficient. 

A  similar  comparison  is  shown  for  Magnus 
force  for  M  »  2  and  M  »  3  in  Figures  7  and  8, 
respectively.  These  results  indicate  very  good 
agreement  between  computation  and  experiment  for 


a  <  6°.  However,  the  computed  results  for  a  =  10° 
are  not  in  close  agreement  with  the  trend  of  the 
experimental  data  for  a  >  6°.  This  is  more  clear¬ 
ly  indicated  in  Figure  8.  This  discrepancy  is  not 
unexpected  since,  as  shown  in  Reference  2  where 
comparisons  between  computation  and  experiment  for 
surface  pressure  were  made,  good  agreement  was 
achieved  at  a  =  6.3°  and  significantly  less  satis¬ 
factory  agreement  was  obtained  at  a  =  10.4°.  The 
discrepancy  at  a  =  10.4°  was  attributed  to  the 
inability  of  the  computational  technique  to  accur¬ 
ately  model  the  significant  development  of  lee- 
side  vortical  flow. 

The  ability  of  the  computational  techni¬ 
que  to  accurately  predict  Magnus  for  a  <  6°  does 
represent  a  significant  capability.  This  demon¬ 
strates  that  useful  engineering  results  can  be 
achieved  for  highly  three-dimensional  flow  fields 
using  a  very  simple  turbulence  model. 

b.  Effect  of  Boattail  Geometry 


1.  Scope  of  Computational  Effort 


A  series  of  computations  have  been 
accomplished  for  a  parametric  variation  of  boat- 
tail  configuration.  The  geometries  are  shown  in 
Figure  9  and  include  boattail  lengths  of  one  and 
two  calibers  for  boattail  angles  of  0°,  5°,  7- 
1/2°,  and  10°.  This  range  of  boattail  length  and 
angle  effectively  spans  the  range  for  practical 
shell  application. 

The  computations  were  accomplished 
for  standard  atmospheric  and  wall  temperature 
conditions  commonly  encountered  In  projectile 
firing  tests.  These  conditions  are  summarized  in 
Table  1. 


TABLE  1.  Summary  of  Boundary  Conditions  for 
Parametric  Computations 


MACH 

a. 

T.. 

P-. 

Tw» 

No. 

degrees  PD/V  °K 

atm 

°K 

2 

2 

.19  294 

1 

239,294,325 

3 

2 

.19  294 

1 

239,294,325 

4 

2 

.19  294 

1 

239,294,325 

MACH 

No. 

FREE 

STREAM  REYNOLDS 

NO. 

2 

3 

4.53  x  107/m 
6.80  *  107/m 

4 

9.06  *  107/m 

2.  Aerodynamic  Forces  versus  Axial 

p^i  ^  0h 

-  The  development  of  the  normal  force 
as  a  function  of  axial  position  is  shown  in  Figure 
10  for  boattail  angles  of  0°  and  7-1/2°.  The 
normal  force  increases  monotonically  for  the  0° 
boattail  in  contrast  to  the  behavior  for  the  7- 
1/2°  boattails  where  the  normal  force  reaches  a 


3 


maximum  and  then  decreases  as  the  boattall  length 
Increases. 

The  development  of  the  Magnus  force 
as  a  function  of  axial  position  is  shown  in 
Figures  11  and  12  comparing  the  effects  of  boat- 
tail  length  (Figure  11)  and  boattail  angle  (Figure 
12).  Figure  11  shows  that  the  length  of  the  boat- 
tail  strongly  affects  the  magnitude  of  the  Magnus 
force.  Figure  12  shows  that  the  Magnus  force 
increases  monotonically  for  Increasing  boattail 
angle  for  the  cases  considered  here. 

3. 


Parametric  comparisons  for  pitch  and 
yaw  plane  aerodynamic  parameters  are  shown  in 
Figures  13  and  14.  These  examples  illustrate  the 
ability  of  the  computational  technique  to  develop 
data  which  reflect  the  effects  of  body  configura¬ 
tion  and  Mach  number. 

The  effect  of  boattail  angle  and 
length  for  the  slope  of  the  pitching  moment  ( CG  » 
3.6  calibers)  is  shown  in  Figure  13.  These 
results  show  that  both  boattail  length  and  angle 
have  a  significant  effect  on  the  pitching  moment. 
The  trends  indicate  that  CH  is  Increased  for 

a 

increasing  boattail  angle  and  boattail  length. 
This  trend  is  accentuated  for  flow  velocities  near 
Mach  =  2. 

The  slope  of  the  Magnus  moment  coef¬ 
ficient  (CG  =  3.6  calibers)  is  shown  in  Figure  14. 
The  effect  of  boattail  length  is  seen  to  strongly 
affect  the  Magnus  moment  coefficient.  The  trend 
Illustrated  is  that  CM  is  increased  as  boattail 

pa 

length  and  angle  are  increased, 
c.  Effects  of  Nose  Bluntness 

A  spark  shadowgraph  of  an  artillery  shell 
at  a  speed  of  approximately  Mach  *  2.25  taken  in 
the  BRl  Transonic  Range  is  shown  in  Figure  15. 
This  shadowgraph  shows  the  deteched  bow  shock  that 
occurs  for  supersonic  flow  over  artillery  shell. 
Note  the  presence  of  a  shock  at  the  sharp  corner 
of  the  flattened  nose.  This  shock  is  caused  by 
the  local  flow  separation  that  is  Induced  by  the 
strong  expansion  at  the  sharp  corner. 

A  recent  wind  tunnel  test7  was  performed 
in  which  aerodynamic  force  measurements  were  made 
for  spinning  models  with  sharp,  hemisphere,  and 
flattened  nose  tips.  A  Schlieren  photograph  of 
the  flow  over  these  nose  tips  at  Mach  «  3  is  shown 
In  Figure  16.  It  is  obvious  that  the  bow  shock 
pattern  is  different  for  each  of  these  configura¬ 
tions.  The  inner  shock  at  the  nose  tip  that  Is 
very  distinct  in  Figure  15  also  occurs  at  the 
sharp  corner  of  the  flattened  nose  In  Figure  16. 
This  shock  is  not  visible  for  the  hemisphere  nose. 
The  shock  waves  starting  about  one  diameter  down¬ 
stream  of  the  model  nose  are  generated  by  a  bound¬ 
ary  layer  trip. 

In  this  portion  of  t  e  study,  the  signi¬ 
ficance  of  the  technique  for  modeling  the  nose 
region  of  spinning  shell  on  the  predicted  aerody¬ 
namic  behavior  at  supersonic  velocities  is 
examined.  The  model  geometry  used  is  the  ogive- 
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cylinder-boattai 1  (SOCBT)  shape  shown  in  Figure  3. 
Figure  2  shows  the  nose  tip  geometries  in  detail. 
Flow  field  computations  have  been  obtained  for 
wind  tunnel  test  conditions  and  for  free  flight 
atmospheric  conditions.  The  wall  temperature 
boundary  condition  has  been  modeled  as  an  adiabat¬ 
ic  wall  for  the  wind  tunnel  tests  and  as  a  con¬ 
stant  wall  temperature  equal  to  the  atmospheric 
temperature  for  the  atmospheric  flight  conditions. 

Examples  of  u-velocity  profiles  at  the 
starting  plane  for  sharp  and  blunt  noses  are  shown 
in  Figure  17.  The  profile  for  the  blunt  nose 
cases  are  significantly  distorted  in  the  inviscid 
flow  region  compared  to  the  sharp  nose  case  which 
has  a  compari ti vely  flat  profile.  An  interestng 
comparison  is  shown  in  Figure  18  which  illustrates 
Mach  contours  for  the  blunt  starting  solutions. 
The  more  severe  flow  expansion  around  the  flatten¬ 
ed  nose  compared  to  the  hemisphere  nose  is  clearly 
illustrated.  Figures  19  and  20  show  the  distribu¬ 
tion  of  surface  pressure  for  windward  and  leeward 
rays  for  the  two  blunt  nose  shapes. 

Additional  examples  of  u-velocity  pro¬ 
files  for  the  different  nose  configurations  are 
shown  in  Figure  21  for  a  longitudinal  station  near 
the  start  of  the  boattail.  Small  but  distinct 
differences  are  apparent  upon  comparison  of  these 
profiles  indicating  that  the  effect  of  the  initial 
conditions  does  not  wash  out  rapidly. 

The  wind  tunnel  test7  conducted  recently 
for  the  BRL  at  the  Naval  Surface  Weapons  Center, 
White  Oak  Laboratory  obtained  measurements  of  the 
aerodynamic  forces  on  the  slender  shell  with 
sharp,  hemisphere,  and  flattened  nose  configura¬ 
tions.  Force  balance  measurements  were  obtained 
for  pitch  plane  and  Magnus  forces.  Computational 
results  for  sharp  and  hemisphere  nose  geometries 
have  been  obtained  for  comparison  to  these  data. 
The  computational  and  experimental  results  for 
Magnus  force  are  compared  in  Figure  22.  The 
experimental  data  Indicate  an  increasing  Magnus 
force  for  Increasing  nose  flatness.  The  agreement 
between  computation  and  experiment  for  the  sharp 
and  hemisphere  nose  configurations  is  quite  good. 
However,  there  is  substantial  disagreement  between 
computation  and  experiment  for  the  flattened  nose 
geometry.  The  computation  for  the  hemisphere  and 
the  flattened  nose  yielded  virtually  Identical 
results.  This  is  in  sharp  contrast  to  the  experi¬ 
mental  results  which  yielded  a  substantially 
greater  Magnus  force  for  the  flat  nose  case  than 
that  for  the  hemisphere  cap.  Further  computations 
for  which  the  boundary  layer  on  the  nose  cap  was 
laminar  yielded  results  that  were  virtually 
identical  to  the  results  for  which  the  boundary 
layer  on  the  nose  cap  was  turbulent.  A  possible 
cause  for  the  discrepancy  is  the  difference 
between  the  flatness  of  the  nose  for  the  computa¬ 
tional  model  and  the  model  used  in  the  wind  tunnel 
test.  As  shown  in  Figure  2,  the  flat  part  of  the 
nose  does  not  extend  to  the  full  r'ameter  of  the 
meplate.  Additional  computations  are  planned  in 
which  the  actual  flatness  of  the  fuze  configura¬ 
tion  will  be  modeled  more  closely.  It  would  also 
be  useful  to  have  experimental  data  for  a  wider 
range  of  free  stream  Mach  number  for  comparison  to 
the  computations. 
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An  example  is  shown  in  Figure  23  of  the 
development  of  the  Magnus  force  as  a  function  of 
axial  position  comparing  computational  results  for 


f 

[  sharp,  hemisphere,  and  flattened  nose  configura- 

’  tions  for  atmospheric  flight  conditions.  The 

results  indicate  a  significant  increase  in  the 
Magnus  force  for  the  blunt  noses.  The  trend  of 
increasing  Magnus  force  for  increasing  nose  flat- 
[  tness  is  observed.  Examples  of  the  Magnus  force 

l  as  a  function  of  Mach  number  for  the  sharp  and 

hemisphere  blunt  noses  are  shown  in  Figure  24. 
The  blunt  case  is  consistently  greater  in  absolute 
magnitude  than  the  sharp  case. 

The  slope  of  the  Magnus  moment  coeffi¬ 
cient  as  a  function  of  Mach  number  is  shown  in 
t  Figure  25  comparing  results  for  sharp  and  hemi- 

•  sphere  noses.  Again,  the  blunt  nose  results  are 

•  consistently  greater  than  those  for  the  sharp 

>  nose.  The  results  also  predict  a  greater 

influence  of  nose  bluntness  as  the  Mach  number 
decreases.  The  behavior  of  the  Magnus  center  of 
pressure  is  shown  in  Figure  26.  These  results 
indicate  that  the  Magnus  center  of  pressure  is: 
i  (1)  located  well  downstream  of  the  CG  location 

i  (3.6  calibers);  (2)  weakly  sensitive  to  Mach 

number;  and  (3)  not  highly  sensitive  to  the  nose 
bluntness. 

The  slope  of  the  pitching  moment  coeffi¬ 
cient  as  a  function  of  Mach  number  is  shown  in 
Figure  27.  These  results  indicate  that  the  pitch¬ 
ing  moment  is  not  sensitive  to  small  nose  blunt¬ 
ness  typical  of  artillery  shell 


IV.  Summary 

A  computational  study  has  been  described  in 
which  thin-layer  Navler-Stokes  computational  tech¬ 
niques  have  been  employed  to  predict  the  aerody¬ 
namics  of  slender,  spinning  shell  at  supersonic 
velocit 

Results  have  been  discussed  which  Illustrate 
the  ability  of  the  computational  technique  to 
accurately  predict  Magnus  and  normal  forces  for 
angles  of  attack  up  to  six  degrees.  Parametric 
results  showing  the  effects  of  boattail  length  and 
boattail  ingle  were  discussed  for  pitching  moment 
and  Magnus  moment. 

Comparisons  have  been  shown  between  results 
obtained  in  which  the  nose  tip  of  the  shell  has 
been  modeled  as  a  sharp  cone,  a  hemisphere- cone, 
and  a  truncated  cone.  The  results  Indicate  that 
small  nose  bluntness,  typical  of  artillery  shell, 
can  significantly  increase  the  Magnus  moment.  The 
results  further  indicate  that  the  pitching  moment 
is  not  strongly  affected  by  the  small  nose  blunt¬ 
ness  considered  in  this  study. 
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6.  Nor <14 1  Force  Coefficient  versus  Angle  of 
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Force  Measurements,  M  =  3,  Re  =  2.11  *  107/m 
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DEVELOPMENT  OF  BOUNDARY  LAYERS  AND  SEPARA¬ 
TION  PATTERNS  ON  A  BODY  OF  REVOLUTION  AT 
INCIDENCE 


Meier,  H.U.*;  Kreplin,  H.-P.*;  Vollmers,  H.* 

DEUTSCHE  FORSCHUNGS-  UND  VERSUCHSANSTALT 
FUR  LUFT-  UND  RAUMFAHRT  E.V. 
AERODYNAMISCHE  VERSUCHSANSTALT  GOTTINGEN 

*)  Institut  fiir  Experimen telle  Stromungs- 
mechanik 

**)  Institut  fur  Theoretische  Stromungs- 
mechanik 


'  Detailed  measurements  in  three-dimensional 
boundary  layers  and  separated  flow  fields, 
developing  on  a  prolate  spheroid,  are  pre¬ 
sented.  The  discussion  is  concentrated  on 
the  possible  topological  structure  of  sepa¬ 
ration  patterns  resulting  from  laminar  or 
turbulent  boundary  layer  flows.  A  hypothesis 
about  the  transition  from  an  unsteady  two- 
dimensional  axisymmetric  flow  separation 
into  a  steady  three-dimensional  vortex  flow 
is  established.^ 


I.  Introduction 

The  calculation  of  the  viscous  subsonic 
flow  around  bodies  of  revolution  at  inci¬ 
dence  has  attracted  much  interest  during 
the  past.  Most  of  the  research  activities 
have  been  concentrated  on  the  calculation 
of  three-dimensional  laminar  and  turbulent 
boundary  layers  up  to  a  region  where  the 
boundary  layer  concept  is  no  longer  valid. 
In  this  region  e.g.  the  static  pressure 
variation  normal  to  the  surface  implies 
that  such  a  shear  layer  cannot  be  des¬ 
cribed  by  parabolic  equations.  Therefore 
the  determination  of  the  "separation  line" 
is  not  unequivocal  because  it  may  not  be 
related  to  real  physics.  However,  for  low 
angles  of  incidence  (a  <  10°)  the  agree¬ 
ment  between  "separation  lines"  determined 
from  calculations  and  experiments  agree 
quite  well.  A  detailed  description  of  the 
state  of  the  art  as  far  as  three-dimensio¬ 
nal  boundary  layer  calculations  are  con¬ 
cerned  is  given  by  T.  Cebeci  et  al.  in 
Ref.  [11. 

Methods  which  approximate  the  Navier 
Stokes  equations  encounter  similar  problems 
as  long  as  the  equations  are  parabolized. 

To  date  solutions  of  the  full  Navier  Stokes 
equations  require  computer  time  and  storage 
which  are  not  acceptable.  In  addition  to 
the  problems  discussed,  the  modelling  of 
the  turbulence  in  three-dimenional  shear 
layers  has  not  been  investigated  suffi¬ 
ciently  -  neither  by  experiment  nor  theory 
-  in  order  to  develop  generally  applicable 
calculation  procedures. 


The  objectives  concerning  activities  of 
the  DFVLR ,  Institute  for  Experimental  Fluid 
Mechanics,  Gottingen,  in  this  field  of 
research  are: 

-  to  determine  the  laminar  to  turbulent 
boundary  layer  transition  on  bodies  of 
revolution  at  incidence,  which  cannot  be 
calculated  at  the  present  time, 

-  to  provide  experimental  data  for  the  exa¬ 
mination  of  calculation  procedures  and 
physical  models, 

-  to  investigate  by  means  of  mean  velocity 
distributions  in  three-dimensional  boun¬ 
dary  layers,  separated  flow  fields,  and 
flow  visualizations  the  separation  patterns 
on  bodies  of  revolution  at  various  angles 
of  incidence  and  Reynolds  numbers. 

In  this  contribution  we  shall  concentrate 
on  physical  aspects  of  the  development  of 
three-dimensional  boundary  layers,  and  the 
corresponding  separation  pattern  if  these 
laminar,  transitional  or  turbulent  boundary 
layers  leave  the  surface  and  create  vortex 
flows.  It  will  be  investigated  whether  the 
laminar  or  turbulent  boundary  layer  separa¬ 
tion  on  an  axisymmetric  body  of  revolution 
at  zero  incidence  can  lead  to  a  meaningful 
interpretation  of  the  separation  pattern 
observed  in  the  three-dimensional  case. 


II.  Description  of  the  Experiments 

The  model  investigated  in  the  3m  x  3m 
Low  Speed  Wind  Tunnel  of  the  DFVLR  Gdttin- 
gen  is  a  sting-mounted  prolate  snheroid 
1  :  6  (Fig.  1) .  The  wind  tunnel  model  was 


Fig.  1 

Model  and  boundary  layer  co-ordinate  system. 


especially  designed  for  the  investigation 
of  three-dimensional  boundary  layers  and 
separated  flow  fields.  The  measuring  tech¬ 
niques  used,  which  are  described  in  detail 
in  Refs.  [2,  3,  4],  enable  us  to  measure 
the  following  quantities  at  the  surface 

-  pressure, 

-  shear  stress  (magnitude,  direction  and 

fluctuations) , 

and  in  the  boundary  layer  or  separated  flow 
field 

-  components  of  the  local  velocity  vectors. 

The  measurements  of  the  velocity  distri¬ 
bution  in  the  inviscid  flow  field  were  car¬ 
ried  out  by  the  HNW* ,  cf.  Ref.  [5].  For  flow 
field  measurements  the  3m  x  3m  Low  Speed 
Wind  Tunnel  is  equipped  with  a  ten-hole- 
pressure  probe  mounted  on  a  traversing 
mechanism,  which  is  placed  well  outside  of 
the  open  wind  tunnel  test  section.  The 
probe  allows  measurement  of 

Total  pressure  ( 1  hole) 

Static  pressure  (4  holes) 

Two  directions  of  the  flow  (4  holes) 

Reverse  flow  (1  hole). 

Two  of  the  four  pressure  tappings  for 
the  detection  of  the  flow  direction  were 
connected  to  an  electronic  circuit.  This 
arrangement  allowed  an  automatic  alignment 
of  the  probe  in  the  (x,z) -plane  of  the 
wind  tunnel  Cartesian  co-ordinate  system 
(x  =  free  stream  flow  direction) .  For  each 
test  run  the  position  of  the  probe,  the 
velocity  of  the  probe  displacement,  and 
the  integration  time  of  the  measurement 
were  computer  controlled  and  programmed  in 
advance.  The  probe,  together  with  the  tra¬ 
versing  mechanism,  enabled  us  to  determine 
3  velocitv  components  in  an  arbitrary  flow 
field  at  defined  positions.  Despite  the 
finite  size  (d  =  6  mm)  and  the  automatic 
alignment  of  the  probe  in  one  plane,  errors 
due  to  strong  velocity  gradients  in  the 
neighbourhood  of  vortex  cores  or  probe  dis¬ 
placement  effects  cannot  be  avoided  or  cor¬ 
rected,  because  comparative  measurements 
using  non-intrusive  methods  were  not  avai¬ 
lable.  The  boundary  layer  measurements  were 
carried  out  applying  a  three-hole-direction 
probe,  which  allows  the  determination  of 
the  magnitude  and  the  direction  of  the 
local  velocity  in  the  (x,z) -plane.  The  cali¬ 
bration  and  data  reduction  procedure  is 
descrJ'-ed  in  detail  in  Ref.  [6]  . 

These  quantitative  measurements  were  supp¬ 
lemented  by  different  flow  visualization 
techniques  like  oil  flow  patterns.  Laser 

*)  HNW  *  DFVLR  Hauptabteilung  Niederge- 

schwindigkeitswindkanaie  (Depart¬ 
ment  for  Low  Speed  Wind  Tunnels) 


light  sheets  and  the  hydrogen  bubble  method 
in  a  water  towing  tank. 


III.  Results 

The  purpose  of  the  qualitative  flow  inves¬ 
tigations  was  to  achieve  a  better  insight  into 
the  development  of  three-dimensional  boun¬ 
dary  layers  and  the  topology  of  the  flow 
separation  on  such  a  body  of  revolution  and 
to  enable  us  to  interpret  the  quantitative 
measurements.  As  an  example  the  following 
test  result  is  presented: 

As  found  from  surface  hot  film  measure¬ 
ments,  Ref.  [4),  the  boundary  layer  flow 
over  the  prolate  spheroid  is  completely 
laminar  at  an  angle  of  incidence  a  =  10° 
and  a  free  stream  velocity  of  U  =  10  m/s. 

As  demonstrated  in  [4]  one  can  calculate 
wall  streamlines  from  measured  wall  shear 
st  ess  vectors.  In  Fig .  2  the  derived  wall 
streamlines  and  a  typical  example  of  wall 


wall  streamlines  calculated  from  measured 
wall  shear  stress  values  in  12  cross  sec¬ 
tions.  The  wall  shear  stress  vectors  for 
laminar  boundary  layer  flow  in  the  cross 
section  Xg/L  a  0.64  are  shown  as  an  example. 

shear  stress  vectors  measured  in  the  cross 
section  x./2a  »  0.64  for  this  flow  case 
are  shown. 

This  result  clearly  indicates  two  facts: 

1)  One  obtains  converging  streamlines 
which  merge  to  an  envelope. 

2)  In  the  regime  of  the  enveloping  stream¬ 
line  the  wall  shear  stress  reaches  a 
minimum  and  its  circumferential  component 
vanishes,  if  the  co-ordinate  system  of 
Fig.  1  is  applied. 
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This  wall  streamline  pattern  is  difficult 
to  understand  if  the  corresponding  wall 
pressure  distribution  (Fig.  3)  is  conside¬ 
red.  At  a  first  glance  the  differences 


Fig.  3 

Measured  surface  pressure  distributions  in 
comparison  with  calculated  values  based  on 
potential  flow  theory  (laminar  boundary 
layer  flow) . 

between  the  measured  and  the  potential 
flow  pressure  distributions  do  not  lead 
to  the  supposition  that  a  vortex  flow  is 
created.  The  wall  pressure  measurements 
were  carried  out  by  means  of  pressure 
transducers  (SETRA  D239  SS)  with  a  suffi¬ 
ciently  high  resolution  at  a  range  of 
*  ~>0  N/m2.  On  the  other  hand,  for  a  three- 
dimensional  laminar  boundary  layer,  all 
viscous  effects  are  directly  coupled  with 
the  difference  between  the  actual  and 
potential  pressure  field.  In  order  to  ob¬ 
tain  more  detailed  information  about  the 
measured  viscous  wall  pressure  distribution, 
the  first  derivatives  of  the  surface  pres¬ 
sure  with  respect  to  the  circumferential 
angle  and  the  direction  xQ  were  calcu¬ 
lated.  In  Figs.  4  a,b  pressure  gradients 
3cD/3ipand  Sc'^Xg  derived  from  measurements 

are  plotted  tor  different  cross-sections 
(x„  =  const.).  They  show  small  but  syste¬ 
matic  differences  compared  to  those  cal¬ 
culated  from  the  potential  flow.  It  is 
clearly  indicated  that  in  the  regime 
where  negative  deviations  between  the 
derivatives  (8c  /3vp)  and  Oc  /3vp) 

p  exp.  p  Y'pot. 

occur,  an  enveloped  limiting  streamline 
was  found.  That  means,  two  different  mea¬ 
surements  -  pressure  and  wall  shear  stress  - 
lead  to  similar  results.  It  can  be  conclu¬ 
ded  that  at  least  a  weak  viscous-inviscid 
interaction  exists.  This  implies  that  the 
cross  flows  induced  from  the  vortex  flow 
are  still  small  compared  to  the  longitu¬ 
dinal  velocity  component  at  this  angle 
of  incidence  and  Reynolds  number.  To 
check  this  result  an  oil  flow  pattern  was 
performed  at  a  =  10°.  Because  a  laminar  boun¬ 
dary  layer  flow  on  the  2.4  m  long  model  could 
only  be  established  at  very  low  free  stream 
velocities  (U»  z  10  m/s)  ,  a  smaller  model 
(scale  1  :  5)  was  built  in  order  to  allow 
flow  visualisations  by  means  of  oil  flow 


<c/-J  - - 


Fig.  4a, b 

Derivatives  jC^/Oip  and  3Cp/3xQfor  cross- 

section  xn/L  =  const,  (a  =  10°,  U  = 

10  m/s.)  u 

patterns  at  50  m/s  in  the  1m  Low  Speed 
Wind  Tunnel  of  the  DFVLR  GSttingen.  The 
oil  flow  pattern  obtained  is  in  excellent 
agreement  with  the  wall  streamlines  derived 
from  measured  wall  shear  stress  values 
(Fig.  5 ) .  For  comparison,  the  calculated 


Fig.  5 

Oil  flow  pattern  for  laminar  boundary  layer 
flow  (a  =  10°,  =  50  m/s,  model  length 

L  =  50  cm  —  Re  =  1  6  x  106)  . 
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line  of  boundary  layer  "separation''*)  is 
shown  in  Fig.  6.  This  result  published 
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fl  Reserved  Flow 


Fig.  6 

Calculated  "Separation  Line"  for  laminar 
boundary  layer  flow  at  a  =  10°  (Ref.  7). 


CROSS  SECTION® 


in  Ref.  [7]  would  differ  only  slightly 
if  other  calculation  methods  (Refs.  [1] 
and  [8]  to  [10])  were  applied.  Differences 
in  the  calculated  separation  lines  would 
mainly  be  caused  by  different  numerical 
methods  which  result  in  different  break 
downs  of  the  calculations.  The  reason  for 
the  good  agreement  between  the  laminar 
boundary  layer  calculations  -  all  based 
on  the  potential  pressure  distributions  - 
with  the  experiment  is  simply  due  to 
the  small  differences  in  the  potential 
and  measured  pressure  distributions. 

In  order  to  obtain  some  more  detailed 
information  about  the  topology  of  the 
separated  flow  field  the  Laser  light  sheet 
technique  in  the  1m  Wind  Tunnel  and  the 
hydrogen  bubble  method  in  the  DFVLR  Water 
Towing  Tank  [11]  were  applied.  Both  flow 
visualization  techniques  lead  to  a  flow 
pattern  on  the  leeward  side  of  the  prolate 
spheroid  which  is  shown  in  a  systematical 
sketch  in  Fig.  7.  In  an  attempt  to  describe 


cross  sec'on  «i 


“R"  Reattachment 

(Pos  tive  Bifurcation ) 

"S"  Separation 

(Negative  Bifurcation ) 


Fig.  7 

Topological  considerations  of  the  separation  pattern  on  an  inclined 
prolate  spheroid. 

‘)  We  put  this  word  in  quotation  marks, 
because  a  proper  definition  of  three- 
dimensional  boundary  layer  separation 
is  not  yet  offered  here. 
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three-dimensional  separated  flows  unambi¬ 
guously,  Hornung  and  Perry  [12]  intro¬ 
duce  the  concepts  of  streamsurface  and 
streamsurface  bifurcation.  In  this  manner 
they  avoid  using  the  terminology  of  two- 
dimensional  separation  for  three-dimensio¬ 
nal  flow,  in  which  streamsurfaces  (rather 
than  streamlines)  constitute  the  boundaries 
between  distinct  regions  of  space.  As  indi¬ 
cated  in  Fig.  7,  Detail  ®  ,  two  wall  sheets 
result  in  one  free  sheet  at  a  negative 
streamsurface  bifurcation.  The  bifurcation 
line  AB  terminates  at  A  ,  and  does  not 
form  a  closed  curve.  This  pattern  is  defi¬ 
ned  in  Ref.  [12]  as  an  open  negative 
streamsurface  bifurcation  which  is  referred 
to  as  a  separation  line  in  the  literature. 
The  streamsurface  S1  rolls  up  into  a  vor¬ 
tex  which  induces  a  velocity  field  near 
the  surface  whose  cross-flow  component 
is  opposite  to  that  on  the  other  side  of 
the  bifurcation  line.  A  consequence  of  this 
is  that  a  second  streamsurface  bifurcates 
positively  at  the  wall  and  creates  a  surface 
streamline  pattern  which  is  known  as  a 
reattachment  line.  The  corresponding 
possible  crossflow  pattern  is  shown  in  the 
schematic  sketch  of  "Cross  Section (af  in 
Fig.  7  which  describes  a  symmetric  pair 
of  open  negative  bifurcations  in  this  plane. 
In  Detail  ®  it  was  tried  to  show  the  bi¬ 
furcation  of  surface  sheets  in  a  perspec¬ 
tive  view,  which  can  be  interpreted  in  the 
following  manner:  The  free  vortex  sheet  S. 
snown  in  Detail  ®-  issuing  from  the  nega¬ 
tive  bifurcation  line  AB  -  and  a  similar 
symmetric  one  on  the  other  side  of  the  axi- 
symmetric  body  roll  up  into  two  vortices 
S  *i.  These  vortices  induce  a  velocity 
field  in  the  region  of  the  plane  of  sym¬ 
metry  which  results  in  two  special  stream- 
surfaces  S,  which  bifurcate  along  the  open 
free  double  bifurcation  line  CD  (D  corres¬ 
ponds  to  the  saddle  point  shown  in  the 
"Cross  Section  (a)").  CD  is  a  double  bifur¬ 
cation  line  because  sheets  S.  and  S_  have 
to  issue  from  the  same  line.  Due  to3symme- 
try  conditions  the  sheet  S4  has  to  be 
perpendicular  to  the  sheetq  and  conse¬ 
quently  does  not  roll  up.  We  will  give 
some  experimental  evidence  for  that  later. 

S,  is  the  free  sheet  of  a  subsequent  open 
positive  bifurcation  along  the  line  CE. 
Considering  bifurcation  lines  on  the  sur¬ 
face,  the  free  vortex  sheet  S,  issues 
from  the  negative  bifurcation  line  FG.  The 
virtual  origins  of  the  lines  CD,  CE,  and 
FG  are  drawn  as  the  points  C,  F,  although 
they  are,  in  general,  regions  of  finite 
extent . 

Due  to  the  induced  velocity  field  on  the 
leeward  surface  a  secondary  boundary  layer 
separation  occurs.  An  oil  flow  pattern 
would  indicate  for  such  a  flow  case  a 
reattachment  line  in  the  leeward  line  of 
symmetry  and  a  separation  line  resulting 
from  the  positive  and  negative  streamsur¬ 
face  bifurcations.  In  order  to  avoid  a 
free  shear  layer  in  the  flow  field  it  is 

*)  Due  to  the  symmetry  conditions  the 
streamsurfaces  are  only  named  on  one 
side . 


necessary  to  introduce  a  third  vertex  V,. 
The  corresponding  system  of  straamsur f See 
bifurcations  shewn  in  Fig.  7  is  similar  to 
that  descrioed  in  Detail  (S) .  As  indicated 
in  the  "Cross  Section  (b) "  we  have  in  addi¬ 
tion  to  the  saddle  point  in  the  plane  of 
symmetry  one  saddle  point  on  each  side  due 
to  the  vertices  V7  and  V^. 

The  schematic  flow  pattern  of  "Cross 
Section  'b/  "  is  confirmed  by  experiments 
shown  in  Figs.  6a  and  Sb,  where  measured 


Fig.  8 

a)  Cross  flow  velocity  components  in  the 
y0~ZQ-plane  of  the  leeside  flow  field 
on  an  inclined  prolate  spheroid.  (Tur¬ 
bulent  boundary  layer  separation  in  the 
cross  section  xn/L  =  0.72  at  a  =  30°, 

U„  =  45  m/s.) 

velocity  vectors  in  the  (yg-z.) -plane  at 
x./L  *  0.72  are  shown.  Themeasurements 
were  carried  out  on  the  prolate  spheroid 
at  a  free  stream  velocity  of  U„  =  45  m/s 
for  an  angle  of  incidence  a  =  30°  with 
the  ten-hole-probe.  As  demonstrated  in 
Ref.  [3]  the  three-dimensional  boundary 
layer  is  fully  turbulent  for  the  given 
flow  conditions  before  separation.  The 
measured  velocity  field  (Fig.  8a)  clearly 
indicates  a  strong  vortex  with  a  core  at 
about  4>  *  200°.  An  enlargement  of  the 
details  ''etween  =  210°  and  ^  =  240° 
(Fig.  8u)  elucidates  the  existence  of 
two  additional  vortices.  The  directions 
of  rotation  are  identical  with  those  shown 
in  Fig.  7.  Even  a  free  saddle  point  is 
indicated,  so  that  the  supposed  topology 
of  the  separation  is  clearly  supported  by 
experimental  evidence.  Unfortunately,  we 
could  not  determine  the  velocity  field 
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Fig.  9 

Measured  surface  pressure  distributions 
in  comparison  with  calculated  values  based 
on  potential  flow  theory  (laminar,  transi¬ 
tional  and  turbulent  boundary  layer  flow) . 

In  Fig.  10  the  development  of  the  limiting 
wall  streamlines  indicates  a  convergence 
only  at  the  rear  part.  Following  again  the 
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Fig .  8 

b)  Detail (A) of  Fig.  8a)  indicating  two 
vortices  and  a  saddle  point,  a  topolo¬ 
gical  structure  as  described  in  Fig.  7. 

for  the  laminar  case  (a  =  10°,  U»s 10  m/s. 
Figs.  3-6)  by  means  of  the  ten-hole-probe. 
However,  the  expected  result  should  have 
led  to  a  similar  topological  structure, 
as  we  concluded  from  the  limiting  wall 
streamline  pattern  obtained  by  flow  visua¬ 
lizations  and  wall  shear  stress  measure¬ 
ments  (Fig.  5  and  2) .  These  wall  stream¬ 
line  patterns  are  in  fact  very  similar 
for  the  laminar  and  turbulent  boundary 
layer  flow  (cf.  Ref.  [4]),  even  if  the 
pressure  distribution  in  the  turbulent  case 
differs  considerably  from  corresponding 
values  calculated  by  potential  theory 
(Fig.  9) .  This  implies  that  we  have, 
in  contrast  to  the  laminar  flow  separation, 
a  strong  inviscid-viscous  interaction  on 
the  leeward  side  flow  field  but  a  compa¬ 
rable  topology  of  the  separated  flow  field. 

If  we  increase  the  free  stream  velocity 
U*  to  45  m/s,  at  an  angle  of  incidence 
a  «  10°  we  can  expect  to  have  a  separation 
of  a  three-dimensional  turbulent  boundary 
layer  in  the  cross  section  x./2a  =  0.64 
(compare  Ref.  [4]).  The  surface  pressure 
distribution  for  this  flow  condition  is 
very  similar  to  that  shown  in  Fig.  3.  How¬ 
ever,  the  topological  structure  of  the 
flow  separation  seems  to  differ  considerab¬ 
ly  from  that  we  found  for  the  laminar  case. 
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Fig.  10 

Wall  streamlines  calculated  from  measured 
wall  shear  stress  values  in  12  cross  sec¬ 
tions.  The  wall  shear  stress  vectors  for 
laminar,  transitional  and  turbulent  bounda 
ry  layer  flow  in  the  cross  section  xQ/L  = 
0.64  are  shown  as  an  example. 

interpretation  of  the  streamsurface  bifur¬ 
cation, Ref.  [12],  the  surface  flow  pattern 
leads  to  a  negative  streamsurface  bifur¬ 
cation  of  the  form  shown  in  Fig.  7,  Detail 
(b) .  That  means  we  have  only  one  pair  of 
vortices  at  the  rear  part  of  the  prolate 


spheroid.  These  vortices  do  not  cause  a 
secondary  boundary  layer  separation  as  it 
was  determined  in  the  laminar  case  (Fig.  2)  . 
In  the  body-orientated  co-ordinate  system 
(Fig.  1)  the  limiting  streamlines  which 
are  nothing  else  but  skin  friction  lines 
indicate  in  the  cross  section  X../L  =0.64 
a  change  of  sign  for  the  circumferential 
shear  stress  component  at  as  140°. 

Measured  boundary  layer  profiles  of  the 
velocity  components  u,v  at  the  angles 
4>  =  120°,  140°  and  160°  indicate  the 
change  of  sign  of  the  crossflows  close 
to  the  surface  (Fig .  11) .  As  far  as  the 
boundary  layer  separation  is  concerned 


Fig.  11 

Profiles  of  the  velocity  components  u,v 
in  three-dimensional  turbulent  boundary 
layers  (a  =  10°,  U®  =  55  m/s). 

Comparison  of  measurements  with  calcula¬ 
tions  by  T.  Cebeci  [Ref.  13]. 

these  boundary  layer  measurements  do  not 
lead  to  an  answer  as  to  where  a  negative 
streamsurface  bifurcation  occurs.  The 
negative  crossflow  is  certainly  not  an 
unequivocal  identification  of  a  flow 
separation,  because  its  location  depends 
only  on  the  co-ordinate  system  chosen  for 
the  data  reduction  procedure.  Consequently 
for  the  identification  of  separation  other 
criteria  should  be  applied  which  have  to 
be  independent  of  co-ordinate  systems. 

These  may  be  obtained  by  calculating  the 
divergence  of  the  wall  shear  stress  and/or 
determinating  the  eigen-values  of  the 
Jacobian  matrix  of  the  velocity  field. 

The  measured  boundary  layer  data  are  com¬ 
pared  with  calculated  results  obtained  by 
T.  Cebeci  [13].  The  calculations,  based 
on  the  potential  pressure  distribution, 
agree  quite  well  with  the  measured  results. 


IV.  A  possible  interpretation  of  the  flow 


separation 

at  small 

angles  of  incidence 

So  far  we  have  considered  the  three  flow 
cases  summarized  in 

Case  No. 

ot[°] 

U®  [m/s] 

Boundary  Layer 
Separation 

0 

10 

10 

laminar 

© 

30 

45 

turbulent 

© 

10 

45 

turbulent 

One  fundamental  result  obtained  was  the 
similar  topological  structure  of  the  sepa¬ 
ration  patterns  in  cases  No.  (?)  and  ©  , 
which  differ  clearly  from  case  No.  (5)  . 

To  study  the  Reynolds  number  effect  at 
small  angles  of  incidence  we  investigated 
the  axisymmetric  flow  case  by  means  of  oil 
flow  patterns.  For  this  purpose  a  smaller 
model  with  a  =  240  mm  was  investigated  in 
the  1m  Low  Speed  Wind  Tunnel.  At  a  free- 
stream  velocity  of  50  m/s  (Re  1 .6  x  10°) 
and  axisymmetric  flow  conditions  the 
boundary  layer  is  fully  laminar  up  to 
separation.  This  is  confirmed  by  surface 
hot  film  measurements  on  the  2.4  m  long 
prolate  spheroid,  [3],  as  well  as  by 
calculations  applying  J.C.  Rotta's 
boundary  layer  programme  [14], 


The  corresponding  oil  flow  pattern 
obtained  at  a  *  0°,  (Fig.  12a)  indicates 


(5)  Separation 
(R)  Reattachment 

Fig.  12 

a)  Oil  flow  pattern  at  a  =  0°  for  a  laminar 
boundary  layer  separation. 

b)  Possible  topological  structure  for  an 
unsteady  laminar  two-dimensional  boun¬ 
dary  layer  separation. 
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a  separation  line  at  xQ/2a  =  0.86.  (The 
streamline  deflection  in  this  region  is 
simply  due  to  the  extremely  low  wall  shear 
compared  to  the  gravity  forces) .  A  second 
separation  line  can  be  seen  at  xQ/2a  =  0.93. 
Behind  that  line  we  observed  reverse  flow. 

In  this  region  the  colour  dried  out  much 
faster  compared  to  the  region  between  the 
first  and  second  separation  line.  The 
latter  fact  indicates  that  the  flow  is 
laminar  in  the  first  separated  flow  region 
and  turbulent  after  the  second  separation 
line.  Such  flow  conditions  at  the  surface 
possibly  can  result  from  a  separation 
pattern  as  described  in  Fig.  12b.  This 
flow  has  to  be  unsteady  because  fluid  is 
entrained  in  the  vortices  so  that  they 
grow  and  are  transported  downstream.  This 
is  not  necessarily  a  periodic  process 
because  the  exchange  of  the  flow  can  be 
turbulent,  too. 

If  we  force  the  boundary  layer  flow 
to  become  turbulent  by  introducing  an  arti¬ 
ficial  disturbance  at  Xg/L  =  0.3  the  boun¬ 
dary  layer  separates  at  the  very  rear  part 
of  the  prolate  spheroid  (Xg/L  =  0.98) 

(Fig,  :3a) .  This  leads  to  simple  separation 
patterns  as  it  is  described  in  Fig.  13b. 


(?)  Separation 
'p')  R*attachm*nt 


a)  Oil  flow  pattern  at  a  =  O'  for  turbulent 
boundary  layer  separation. 

b)  Possible  topological  structure  for  an 
unsteady  turbulent  two-dimensional 
boundary  layer  separation. 


At  high  Reynolds  number  it  appears  to  be 
true  that  separation  is  either  unsteady  or 
three-dimensional.  On  the  other  hand,  a 
three-dimensional  separated  flow  can  be 
steady,  because  the  entrained  fluid  is 
transported  downstream  by  longitudinal  vor¬ 
tices.  If  this  consideration  is  accepted 
we  can  establish  a  hypothesis  about  the 
transition  of  an  unsteady  two-dimensional 
boundary  layer  flew  separation  into  a 
steady  three-dimensional  one  as  the  angle 
of  incidence  is  increased  from  zero.  The 
possible  topological  descriptions  of  the 
boundary  layer  separation  in  Figs. 12b  and 
13b  are  similar  to  those  shown  as  crossflow 
patterns  in  Fig.  7  (Cross  Sections  (a)  and 
(b) ) .  Therefore  it  seems  to  be  possible 
that  the  first  axisymmetric  separation  line 
(Fig.  12b)  changes  into  a  negative  three- 
dimensional  streamsurface  bifurcation  line 
if  the  body  of  revolution  is  inclined  to  a 
small  angle  of  incidence.  In  a  series  of 
oil  flow  patterns  obtained  on  the  small 
model  we  found  a  systematical  change  of  the 
location  cf  the  negative  bifurcation  line 
(Fig.  14) ,  if  we  increase  the  angle  of 


Negative  bifurcation  lines  derived  from  oil 
flow  patterns  of  laminar  boundary  layers. 

incidence  up  to  a  =  10°.  At  small  angles 
of  incidence  (a  <  10°)  we  found  similar 
surface  streamline  patterns  as  we  had  found 
at  a  =  10°  (Figs.  2  and  5)  but  the  spatial 
resolution  was  too  poor  to  identify  bifurca¬ 
tion  lines.  All  these  observations  lead  to 
the  supposition  that  the  unsteady  two-dimen¬ 
sional  boundary  layer  separation  is  preser¬ 
ved  in  its  fundamental  topological  structure 
if  the  prolate  spheroid  is  inclined.  The 
main  change  in  the  separation  pattern  is 
the  transition  of  an  unsteady  two-dimensio¬ 
nal  separation  to  a  steadv  three-dimensional 
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vort-ax  flow  pattern.  This  consideration  is 
underlined  if  we  consider  the  turbulent, 
separation  at  a  =  0°  and  1C°  (Figs.  1C  3nd 
13).  The  unsteady  two-dimensional  turbulent 
boundary  layer  separation  changes  only  at 
the  very  rear  part  of  the  model  into  a 
negative  streamsurface  bifurcation  winch 
forms  one  vortex  on  each  side . 


The  investigations  lead  to  the  follo¬ 
wing  results  and  conclusions: 

-  The  topological  structure  of  the  separa¬ 
tion  patterns  on  the  prolate  spheroid 
indicates  considerable  differences  at 

an  angle  of  incidence  a  =  10°  between 
laminar  and  turbulent  three-dimensional 
boundary  layer  flow. 

-  The  viscous-inviscid  interaction  at 

a  =  10°  is  weak,  thus  only  small  cross 
flows  compared  to  the  longitudinal  velo¬ 
city  components  occur.  For  this  reason 
differences  between  the  measured  and  the 
calculated  potential  flow  surface  pres¬ 
sure  c  ,  which  would  indicate  a  flow  sepa¬ 
ration?  are  not  recognizable.  The  corres¬ 
ponding  derivatives  and  Ic^/lx^ 

lead  to  systematical  deviacions  in  a 
region  where  flow  visualizations  and  wall 
shear  stress  measurements  indicate  nega¬ 
tive  streamsurface  bifurcations. 

-  The  topological  structure  of  the  separa¬ 
tion  pattern  at  an  angle  of  incidence 

a  *  10°  for  laminar  boundary  layer  flow 
is  similar  to  that  observed  at  a  *  30° 
where  a  turbulent  boundary  layer  separa¬ 
tion  occurs.  This  separation  pattern  is 
discussed  in  detail  and  compared  with 
experimental  results. 

-  Based  on  some  experimental  evidence  it  is 
shown  how  the  transition  from  an  unsteady 
two-dimensional  axisymmetric  flow  separa¬ 
tion  to  a  steady  three-dimensional  vortex 
flow  could  be  explained. 
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Abstract 

t 

Three-dimensional  boundary  layers  on  a  6:1 
spheroid  at  an  incidence  of  10  degrees  have  been 
calculated  at  two  Reynolds  numbers  and  comparisons 
have  been  made  with  the  corresponding  data  of 
Meier  et  al .  The  results  clearly  demonstrate  the 
capabilities  and  limitations  of  first-order 
boundary- layer  theory. 

At  the  lower  Reynolds  number,  the  laminar 
boundary- layer  calculations  are  in  good  agreement 
with  the  data  on  the  windward  side  of  the  body  and 
separation  is  predicted  in  the  region  where  the 

experiments  indicated  near  zero  wall  shear  stress 
just  before  transition  to  turbulent  flow.  The 
solutions  have  been  interpreted  in  the  light  of 
previous  proposals  concerning  the  topology  of 
three-dimensional  flow  separation.  Although  the 
results  support  several  alternative  possibilities, 
it  is  concluded  that  boundary-layer  calculations, 
by  themselves,  are  insufficient  to  identify  a 
clear  choice. ^ 

The  calculations  at  the  higher  Reynolds 
number  involve  laminar,  transitional  and  turbulent 
flow.  The  results  indicate  the  need  for 

improvements  in  the  turbulence  model  to  better 

describe  transitional  flow.  However,  when  the 
boundary  layer  is  fully  turbulent  and  thin,  the 
calculations  are  in  good  agreement  with 
experiments.  Finally,  the  solutions  with 
potential -flow  as  well  as  measured  pressure 
distributions  fail  to  provide  an  adequate 
description  of  the  development  of  the  vortical 
flow  in  the  thick  turbulent  boundary  layer  on  the 
leeside  even  though  the  flow  is  far  from 

separation.  This  Is  attributed  to  the  neglect  of 
the  strong  viscous-inviscid  interaction  due  to  the 
thick  boundary  layer. 


I.  Introduction 

The  three-dimensional  Incompressible  boundary 
layer  on  bodies  of  revolution  has  been  the  subject 
of  many  recent  investigations.  Among  the 

experimental  studies  are  those  of  Werle  [1], 
Wilson  [2],  Peake,  Rainblrd  and  Atraghjl  [3],  Han 
and  Patel  [4],  Ramaprian,  Patel  and  Choi  [5], 
Hayashita  [6]  and  Meier  et  al.  [7-10].  Most  of 
the  early  studies  were  restricted  to  flow 
visualization  and,  to  date,  much  of  the  available 
infor  .dtion  Is  concerned  with  flow  at  or  close  to 
the  surface.  Measurements  within  the  boundary 
layer  are  quite  limited  [Refs.  5,  6-8].  On  the 
other  hand,  there  is  an  increasing  number  of 
numerical  studies  (see,  for  example,  Refs.  [11- 
22])  in  which  different  methods  are  used  to  solve 
the  boundary- layer  equations  for  laminar  as  well 
as  turbulent  flows.  These  are  of  course  able  to 
generate  much  more  information  than  can  be 


extracted  from  even  the  most  detailed 
experiments.  In  a  few  Instances  where  the  results 
of  the  calculations  have  been  compared  with 
experimental  data  (e.g.,  Refs  [15,18,21,22]),  it 
is  found  that  some  of  the  observed  features  of  the 
flow  can  be  reproduced  quite  successfully  while 
others  remain  unexplained.  In  particular, 
experiments  on  bodies  of  revolution  as  well  as 
other  shapes  indicate  different  types  of  flow 
separation  resulting  in  a  wide  variety  of  flow 
patterns,  whereas  most  calculations  terminate  at 
an  ill-defined  separation  point  or  line. 
Frequently,  separation  is  said  to  occur  when  the 
particular  boundary- layer  calculation  method  meets 
with  some  numerical  irregularity  or  catastrophe. 
Thus,  the  problem  of  identifying  the  type  and 
location  of  separation  of  a  three-dimensional 
boundary  layer  by  numerical  means  remains 
controversial.  This  paper  attempts  to  address 
this  issue  by  means  of  detailed  comparisons 
between  boundary-layer  calculations  and 
experimental  data. 

The  calculation  method  employed  here  has  been 
described  previously  [15,  23]  in  some  detail.  For 
the  present  purposes,  it  suffices  to  note  the 
major  features.  The  method  solves  the  usual  thin 
boundary-layer  equations  in  the  body-fitted 
orthogonal  coordinates  shown  in  Figure  1  using  an 
ADI  (Alternating-Direction-Implicit)  numerical 
scheme.  The  turbulence  model  is  based  on  the 
turbulent  kinetic-energy  equation,  a  prescribed 
turbulence  length-scale  distribution  and  the 
assumption  that  the  directions  of  the  stress  and 
rate-of-strain  vectors  are  coincident.  The  method 
Is  capable  of  calculating  laminar  as  well  as 
turbulent  boundary  layers,  transition  being 
simulated  by  'switching-on'  the  turbulence  model 
along  a  prescribed  transition  line.  No  attempt 
has  yet  been  made  to  tailor  the  model  constants  or 
functions  for  better  representation  of  the 
development  of  turbulence  over  a  finite  transition 
length.  Finally,  for  turbulent  as  well  as  laminar 
flow,  the  equations  are  solved  numerically  upto 
the  wall  without  using  any  'wall  functions'. 


L-«*« 


Figure  1.  Notation 

In  the  following,  we  shall  consider  the  flow 
over  a  prolate  spheroid  of  axes-ratlo  6:1  which 
has  been  used  In  the  detailed  experimental 
investigations  of  Meier  et  al .  [7-10]. 
Furthermore,  we  shall  confine  our  attention  to  a 
moderate  incidence  of  10  degrees  since  it  has  been 
explored  in  greatest  detail.  The  experimental 
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Figure  2  Indicates  several  interesting 
differences  among  the  three  pressure 
distributions.  Over  the  windward  side  of  the  body 
the  measured  pressure  distributions  resemble  that 
in  notential  flow  but  are  consistently  higher. 

This  is  presumably  due  to  a  'negative  blockage' 

usually  encountered  in  an  open-jet  wind  tunnel. 
As  shown  in  Figures  2(b)  and  2(c),  however,  the 
influence  of  these  differences  on  the  pressure 
gradients,  which  enter  the  boundary-layer 
equations,  are  quite  small  uptc  X/L  «  0.65. 

At  the  lower  Reynolds  number,  the  measured 
pressure  distribution  and  gradients  show  marked 
departures  from  potential  flow  starting  at 
approximately  X/L  »  0.25  in  the  region  120°  <  9  < 

150°  and  spreading  to  80°  <  9  <  180°  by  X/L  * 

0.75.  The  development  of  a  short  circumferential 
plateau  of  constant  pressure  at  and  beyond  X/L  = 
0.36  is  reflected  in  the  positive  (adverse) 
longitudinal  and  circumferential  pressure 
gradients.  The  plateau  is  followed  by  a  pressure 
rise  towards  the  leeward  side  and  associated  with 
this  are  somewhat  larger  pressure  gradients  than 
in  potential  flow. 

At  the  higher  Reynolds  number.  Figure  2(a) 
shows  that  there  is  no  constant-pressure  plateau 
but  there  is  a  gradual  reduction  in  the  pressure 
coefficient  on  the  leeward  side,  starting 
at  9  *  180°  near  X/L  *  0.40  and  spreading  to  105° 
<  9  <  180°  by  X/L  =  0.75.  Significant  departures 
of  the  experimental  pressure  gradients  from 
potential  flow  are  also  not  evident  until  about 
X/L  =  0.65. 

The  observed  pressure  distributions  have  been 
described  here  in  some  detail  since  they  are 

indicative  of  the  level  and  extent  of  viscous- 
inviscid  interactions  and  consequently  of  the 
limits  of  validity  of  the  first-order  boundary- 
layer  approximations.  Secondly,  they  will  be  used 
to  confirm  or  support  the  occurrence  of  certain 
flow  phenomena  observed  experimentally  or 
indicated  by  calculations. 

The  measured  wall  shear-stress  vectors  at  the 
two  Reynolds  numbers  are  shown  in  Figures  3  and 
4.  At  the  lower  Reynolds  number  (Figure  3),  we 
can  distinguish  a  narrow  region,  starting 
at  9  ~  125°  at  X/L  ■  0.395  and  extending 

to  e  -  90°  at  X/L  =  0.825,  of  rather  small  near¬ 
zero  wall  shear  stress.  The  relationship  between 
this  and  flow  separation  will  be  discussed 
later.  Just  beyond  the  near-zero  stress  region, 
in  the  circumferential  direction,  is  a  growing 
wedge  of  much  larger  stresses.  This  is  believed 
to  be  due  to  transition  to  turbulent  flow.  The 
wedge  grows  from  140°  <  9  <  160°  at  X/L  *  0.395  to 
105°  <  9  <  180°  at  X/L  *  0.825.  The  lower 
stresses  along  the  leeward  plane  of 
symmetry  (9  *  180°)  upto  XA  -  0.74  indicate  that 
the  flow  continues  to  be  laminar  over  a 
diminishing  region  on  the  leeside  upto  that 
station. 

The  shear-stress  measurements  at  the  higher 
Reynolds  number,  shown  in  Figure  4,  are  quite 
different  since  the  flow  over  a  large  part  of  the 
body  is  turbulent.  The  location  of  the  zone  of 
transition  from  laminar  to  turbulent  flow  can  be 
inferred  from  the  relative  magnitudes  of  the 


stresses  and  is  in  accordance  with  the 
observations  of  Meier  and  Kreplin  [7]  on  the  basis 
of  the  surface  hot-film  signals.  For  later 
reference,  the  position  of  the  transition  line 
determined  by  Meier  and  Kreplin  at  this  Reynolds 
number  is  shown  in  Figure  5.  Finally,  Figure  4 
indicates  a  zone  of  near-zero  stress  at  X/L  « 
0.936,  which  is  close  to  the  sting  used  to  support 
the  model  in  the  wind  tunnel. 

As  noted  earlier,  mean-velocity  profiles  were 
measured  at  several  circumferential  positions  at 
X/L  =  0.64  and  0.71  at  the  higher  Reynolds 
number.  From  Figures  4  and  5  it  is  evident  that 
the  flow  at  these  axial  positions  is  turbulent 
although  it  may  still  be  recovering  from  the 
delayed  transition  on  the  windward  side. 

The  foregoing  review  of  the  available 
experimental  information  indicates  the 
complexities  of  the  flows  to  be  addressed 
computationally.  It  is  clear  that  the  two  cases 
provide  ample  opportunities  to  explore  the 
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Figure  3.  Measured  Mall  Shear  Stress, 
Re  »  1.6  x  106 
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Figure  5.  Transition  Line  at  Re  *  7.Z  x  10® 


performance  and  limitations  of  three-dimensional 
boundary-layer  calculation  methods. 

Ill,  numerical  Solutions 

The  calculations  were  started  just  downstream 
of  the  axial  position  containing  the  potential- 
flow  stagnation  point  using  the  procedure 
described  in  Ref.  [15],  The  number  of  grid  points 
across  the  boundary  layer  is  21.  Some  earlier 
solutions,  reported  in  Ref.  [22],  were  obtained 
with  a  circumferential  step  size  49  =  15°.  The 
results  to  be  presented  here  were  obtained  with  a 


step  size  of  7.5°,  primarily  for  better  resolution 
of  the  flow  in  certain  key  areas.  Detailed 
comparison-  between  the  two  sets  of  calculations, 
with  respect  to  the  integral  parameters  as  well  as 
the  velocity  profiles,  indicated  grid  dependence 
and  lack  of  numerical  convergence  in  regions  where 
the  magnitude  of  the  wall  shear  stress  became  very 
small  (typically  |cf|  <  0.0001).  Although  we 
shall  discuss  the  possible  reasons  for  this,  it 
should  be  emphasized  that  such  regions  have  been 
excluded  from  the  results  presented  in  this 
section. 

In  view  of  the  differences  noted  earlier 
between  the  potential-flow  and  experimental 
pressure  distributions  and  pressure  gradients, 
calculations  have  been  performed  using  both. 
Since  the  experimental  pressure  distributions  in 
the  nose  region  indicated  more  scatter,  the 
calculations  in  these  cases  were  started  at  X/L  = 
0.127  using  the  solutions  with  the  potential-flow 
pressures  and  scaling  the  velocity  profiles  for 
the  difference  between  the  measured  and 
theoretical  pressure  coefficients.  Note  that  the 
boundary  layer  is  laminar  at  X/L  =  0,127  at  both 
Reynolds  numbers.  The  subsequent  solutions 
utilized  the  experimental  pressures  and  gradients 
shown  in  Figure  2. 


(a)  Re  =  1.6  x  106 


For  this  case,  calculations  were  performed 
assuming  laminar  flow.  Although  these  solutions 
were  continued  almost  upto  the  tail  of  the  body, 
we  shall  show  the  results  only  upto  X/L  =  0.4 
since  numerical  problems  were  first  encountered 
just  downstream  of  this  position  over  a  region  on 
the  body  roughly  coincident  with  a  line  along 
which  the  wall  shear  stress  became  very  small  and 
the  leeward  plane  of  symmetry. 

The  main  results  of  the  calculations,  with 
potenti al -f 1 ow  and  measured  pressure 
distributions,  are  shown  in  Figures  6  through  8. 
To  facilitate  comparison  with  the  experimental 
wall  shear-stress  data  of  Figure  3,  the  same 
scales  have  been  used  for  the  computed  results  in 
Figure  6,  and  calculations  are  shown  at  the  axial 
locations  corresponding  to  the  measurement 
stations.  Figure  7  shows  the  resultant  of  the 
circumferential  (W)  and  normal  (V)  components  of 
the  velocity  vector.  For  clarity,  these  profiles 
are  shown  only  in  the  region  75  <  e  180°,  and 
the  vertical  scale  has  been  expanded  by  a  factor 
of  five.  The  corresponding  axial  component  of 
velocity  is  shown  in  Figure  8. 

Consider  first  the  calculated  results  by 
themselves.  Figure  7  shows  the  development  of  a 
zone  of  circumferentially  reversed  flow  starting 
on  the  leeward  plane  of  symmetry  just  downstream 
of  X/L  »  0.16  and  spreading  outwards  from  there 
until,  at  X/L  *  0.4,  it  occupies  120°  <  a  <  180° 
in  the  calculations  with  potentia  flow  pressure 
distribution,  and  135°  <  a  <  180°  in  those  with 
the  experimental  pressure  distribution.  The 
boundary  layer  in  this  region  is  relatively 
thick.  It  is  also  possible  to  identify  this 
region  in  Figure  6  from  the  changes  in  the 
direction  of  the  wall  shear  stress  relative  to  the 
axis  of  the  body,  and  define  a  line  on  the  body 
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that  demarkates  circumferential  flow- reversal  (CFR 
line).  This  line  starts  on  the  leeward  symmetry 
plane  and  proceeds  to  more  windward  positions 
further  downstream.  Note  that  such  a  line  is 
'geometric'  Insofar  as  it  is  defined  with  respect 
to  the  geometry  of  the  body  and  not  that  of  the 
flow.  Since  the  flow  outside  the  boundary  layer 
is  known  by  virtue  of  the  assumed  pressure 
distribution,  it  is  also  possible  to  determine 
another  line,  namely  the  crossflow  reversal  line 
(XFR  line,  say),  which  indicates  the  reversal  of 
the  direction  of  wall  shear  stress  relative  to 
that  of  the  external  flow.  This  line  lies  a  few 
degrees  to  the  windward  side  of  the  CFR  line. 


Calculations  with  both  pressure  distributions 
Indicate  that  there  exists  a  point  at  X/t  = 
0.4  (9  *  120°  and  135°  in  Figures  6(a)  and  (b), 
respectively)  at  which  the  direction  of  the  wall 
shear  stress  changes  abruptly  and  its  magnitude 
becomes  very  small.  Within  the  resolution  of  the 
numerical  grid,  this  point  coincides  with  almost 
explosive  growth  in  boundary  layer  thickness  (see 
Figures  7  and  8)  and  with  the  beginning  of  the 
numerical  difficulties  noted  earlier. 

A  comparison  between  the  solutions  obtained 
with  the  two  pressure  distributions  indicates  that 
they  are  qualitatively  similar.  The  major 
difference  lies  in  the  extent  of  the 
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Figure  6.  Calculated  Mall  Shear  Stress,  Re  •  1.6  x  10® 

(a)  Potential-Flow  Pressure  Distribution 

(b)  Experimental  Pressure  Distribution 
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Figure  7.  Velocity  Vectors  In  the  y-e  Plane,  Re  »  1.6  x  10 

(a)  Potential -Flow  Pressure  Distribution 

(b)  Experimental  Pressure  Distribution 


Figure  8.  Axial  velocity  Profiles,  Re  ■  1.6  x  10® 

(a)  Potential -Flow  Pressure  Distribution 

(b)  Experimental  Pressure  Distribution 
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circumferential  flow  reversal  zone  and  the 
location  of  the  point  of  minimum  wall  shear  stress 
and  abrupt  changes  in  its  direction.  Both  occur 
closer  to  the  leeward  plane  of  symmetry  with  the 
experimental  pressure  distribution. 


correlated  with  the  zone  of  small  wall  shear  and 
rapid  boundary- layer  growth. 


(b)  Re  *  7.2  x  IP6 


Finally,  a  comparison  can  be  made  between  the 
calculations  shown  in  Figure  6  and  the 
corresponding  experimental  data  of  Figure  3.  The 
following  observations  can  be  made.  (a)  In  the 
laminar  flow  upto  X/L  =  0.3,  the  calculations  with 
potential-flow  pressure  distribution  agree  well 
with  the  data  with  respect  to  magnitude  as  well  as 
direction  (see  also  Figure  12)  except  in  a  small 
region  around  the  CFR  line,  where  the  predicted 
stresses  are  larger,  (b)  As  may  be  expected  from 
the  relief  of  the  measured  pressure  gradients  in 
this  region,  the  use  of  the  experimental  pressure 
distribution  leads  to  even  higher  stresses  and 
therefore  somewhat  poorer  agreement  with  the 
data,  (c)  Beyond  X/L  =  0.3,  the  two  calculations 
agree  over  a  large  region  (9  <  100°)  on  the 
windward  side  of  the  body  with  the  measured  stress 
directions  but  the  predicted  magnitudes  are 
higher.  However,  the  corresponding  data  indicate 
some  irregularities  in  magnitude.  (d)  At  X/L  = 
0.4,  the  experiments  indicate  transition  just 
beyond  the  stress  minimum  and  the  CFR  line.  In 
this  region  both  calculations  predict  very  small 
stresses.  However,  the  accompanying  abrupt 
changes  in  the  direction  of  the  wall  shear  stress 
are  not  observed  in  the  experiment,  (e)  The  point 
of  minimum  stress  in  the  experiment  is  located 
at  e  »  127°,  whereas  the  calculations  with 
potential -flow  and  measured  pressure  distributions 
predict  near-zero  stress  at  9  s  122°  and  136° , 
respectively.  (f)  The  calculated  shear  stress 
along  the  leeward  plane  of  symmetry,  9  1  180°, 
continues  to  agree  well  with  the  data  upto  X/L  * 
0.4,  indicating  laminar  flow  along  that  line, 
(g)  Figures  6,  7,  8  and  2  show  that  the  observed 
changes  in  the  pressure  distribution  are 


For  this  case,  the  laminar  boundary-layer 
calculations  were  continued  upto  the 
experimentally  observed  transition  line  shown  in 
Figure  5  and  the  turbulence  model  was  activated  as 
this  line  was  crossed  along  each  meridian.  Thus, 
for  example,  at  X/L  *  0.3  (see  Figures  4  and  5), 
the  computation  domain  includes  laminar  flow  over 
the  windward  side,  transitional  and  turbulent  flow 
over  the  middle,  and  again  laminar  flow  near  the 
leeward  plane  of  symmetry.  The  flow  becomes 
turbulent  over  the  entire  circumference  only 
beyond  X/L  *  0.56  where  the  transition  line 

crosses  the  windward  symmetry  plane. 

These  calculations  also  indicated 
circumferential  flow  reversal  in  the  upstream 
laminar  boundary  layer  but  due  to  transition  to 
turbulent  flow  numerical  difficulties  were  not 
encountered  at  X/L  =  0.4  as  in  the  previous 
case.  The  solutions  failed  to  converge  within  the 
maximum  10  iterations  allowed  in  the  ADI  cycles 
only  beyond  X/L  =  0.88. 

The  results  of  the  calculations  with  the 
potential-flow  and  measured  pressure  distributions 
are  shown  in  Figures  9-11.  As  pointed  out  earlier 
in  Figure  2,  the  measured  pressure  gradients  at 
this  higher  Reynolds  number  are  in  substantial 
agreement  with  those  in  potential  flow  over  a 
large  region  on  the  windward  side  of  the  body. 
Consequently,  the  two  sets  of  calculations  are 
essentially  the  same  in  this  region.  The 
calculated  wall  shear-stress  plots  of  Figure  9, 
the  cross-stream  velocity  vectors  of  Figure  10  and 
the  detailed  axial  and  circumferential  velocity 
profiles  of  Figure  11  indicate  that  significant 
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differences  between  the  results  with  potential  - 
flow  and  measured  pressure  distributions  are 
observed,  as  expected,  on  the  leeward  side.  Also, 
as  in  the  laminar  case,  the  region  of 
circumferential-flow  reversal  is  smaller  with  the 
experimental  pressure  distribution. 

Comparison  of  Figure  9  with  Figure  4  shows 
that  the  calculations  reproduce  the  major  features 
observed  in  the  experiments  except  in  the 
neighborhood  of  transition.  The  agreement  in  this 
region  can  be  improved  by  incorporating  a  damping 
or  intermittency  function  in  the  turbulence  model 
in  order  to  accomplish  a  more  gradual  change  from 
laminar  to  turbulent  flow.  The  calculated  shear 
stresses  in  the  turbulent  flow  just  after 
transition  tend  to  be  lower  than  those  measured. 
This  again  may  be  due  to  the  inadequacy  of  the 
turbulence  model  for  transitional  flows.  Further 
downstream,  where  the  flow  has  recovered  from 
transition,  both  calculations  show  good  agreement 
with  the  data  over  a  large  portion  of  the  body  on 
the  windward  side  and  over  a  somewhat  smaller 


region  near  the  leeward  plane  of  symmetry. 
However,  substantial  differences  are  observed  in 
the  region  where  the  experimental  data  show  a 
stress  minimum,  the  calculated  magnitudes  being 
higher.  Note  that  the  data  indicate  almost  zero 
stress  at  X/L  =  0.883,  e  -  120°  and  at  X/L  = 
0.936,  90°  <  e  <  130°  ,  and  the  flow  features  are 
somewhat  similar  to  those  observed  in  the  lower 
Reynolds-number  case.  As  noted  above,  the  present 
calculations  indicated  the  first  signs  of 
numerical  difficulties  just  beyond  X/L  =  0.88. 

The  reasons  for  the  poor  performance  of  the 
calculations  in  the  zone  of  the  stress  minimum  are 
not  entirely  evident  from  the  wall  shear 
stresses.  The  cross-stream  velocity  vectors  shown 
in  Figure  10  provide  some  explanation.  It  should 
be  pointed  out  that,  unlike  the  corresponding  plot 
of  Figure  7  for  laminar  flow,  the  vertical  and 
horizontal  length  scales  are  nearly  the  same  in 
Figure  10  and  therefore  it  provides  a  picture  of 
the  variation  of  the  boundary- layer  thickness  in 
the  circumferential  direction.  Thus,  for  example. 
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Figure  9.  Mali  Shear  Stress  Vectors,  Re  *  7.2  x  106 

(a)  Potential -Flow  Pressure  Distribution 

(b)  Experimental  Pressure  Distribution 
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Figure  10.  Velocity  Vectors  In  the  y-e  Plane,  Re  ■  7.2  x  106 

(a)  Potential -FI oh  Pressure  Distribution 

(b)  Experlaental  Pressure  Distribution 


at  K/L  =  0.75,  the  ratio  of  the  maximum  boundary- 
layer  thickness,  which  occurs  at  9  -  157.5° ,  to 
the  local  body  radius  is  approximately  0.67.  The 
rapid  thickening  of  the  boundary  layer  and  the 
development  of  a  vortical  flow  on  the  leeside  is 
associated  with  the  convergence  of  near-wall 
streamlines  from  both  sides.  The  thick  boundary 
layer  Implies  a  strong  vlscous-invlscld 
interaction  even  in  the  absence  of  separation,  and 
it  is  not  surprising  that  the  use  of  the  measured 
surface  pressure  distribution  does  not  guarantee 
Improved  agreement  with  experiment  in  all 
respects. 

The  detailed  velocity-profile  comparisons  of 
Figure  11  show  that  there  is  little  to  choose 
between  the  two  sets  of  calculations  except  in  the 
region  of  viscous-inviscid  interaction.  At  X/L  ■ 
0.64,  the  calculations  are  in  good  agreement  with 
the  data  everywhere  except  In  the 
zone  135°  <  e  <  165°,  where  Figure  2  first  shows 
substantial  differences  in  the  pressure  gradients 
and  where  Figure  10  indicates  a  thickening  of  the 
boundary  layer.  However,  the  measured  boundary 
layer  is  thinner  than  that  predicted  by  either 
calculation.  The  situation  at  X/L  *  0.71  is  quite 
similar  but  with  one  important  di ffere’^e,  namely 
the  measured  velocity  components  at  the  edge  of 
the  boundary  layer  do  not  agree  with  those 
calculated  with  either  the  potential -flow  or  the 
experimental  pressure  distribution  over  a 
circumferential  extent  much  larger  than  that  In 
which  the  boundary  layer  is  thick.  In  other 
words,  the  measured  velocities  and  directions  in 


the  external  flow  are  not  compatible  with  the 
pressure  distribution  measured  at  the  surface.  If 
systematic  experimental  errors  of  this  magnitude 
are  discounted,  the  differences  Imply  not  only  a 
variation  of  pressure  across  the  thick  boundary 
layer  but  also  significant  changes  in  the 
direction  of  the  external  flow  over  regions  quite 
remote  from  that  where  the  boundary  layer  is 
thick.  Thus,  the  peak  In  the  displacement 
thickness  associated  with  the  thick  boundary  layer 
is  responsible  for  a  reorientation  of  the  external 
flow  over  the  entire  circumference.  The  observed 
decrease  in  the  measured  transverse  component  of 
velocity  on  the  windward  side  is  compatible  with 
this  explanation. 

Two  other  aspects  of  the  calculations  are 
also  noteworthy.  The  first  is  that  the  boundary 
layer  along  the  leeward  plane  of  symmetry  is 
predicted  quite  well,  especially  with  the  measured 
pressure  distribution,  almost  upto  X/L  *  0.71. 
Secondly,  the  calculated  axial  or  primary 
conponent  of  the  mean  velocity  in  the  wall  region 
is  In  good  agreement  with  the  measurements.  These 
suggest  that  the  turbulence  model  employed  here  is 
not  a  major  source  of  the  disagreements  observed 
in  the  outer  part  of  the  boundary  layer.  Since 
the  calculated  distributions  of  the  turbulent 
kinetic  energy  and  the  Reynolds  stresses  are 
readily  available  it  would  be  informative  to 
compare  them  with  corresponding  turbulence 
measurements  in  progress  at  the  OFVLR. 
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We  shall  now  explore  the  reasons  for,  and  the 
implications  of,  the  numerical  problems 

encountered  in  the  laminar  boundary -layer 
calculations  at  the  lower  Reynolds  number. 
Continuation  of  the  present  calculations  beyond 
X/L  *  0.4  showed  well  behaved  solutions  over  a 
diminishing  domain  on  the  windward  side  of  the 

body  upto  a  line  just  beyond  the  CFR  line.  As 
this  line  was  approached,  the  magnitude  of  the 
wall  shear  stress  became  very  small  and  its 

direction  changed  rapidly,  the  angle  between  the 
stress  vector  and  the  body  axis  changing  from  zero 
at  the  CFR  line  to  values  so  large  (~  75°)  that 
the  wall  crossflow  angle  (i.e.,  the  angle  between 
the  wall  shear  stress  and  the  external  flow) 
became  90°.  Note  that  the  latter  criterion  is 

often  invoked  to  pronounce  separation,  especially 
in  integral  calculation  methods. 


Solution  features  similar  to  those  noted 
above  have  also  been  observed  in  previous 

calculations  (see,  for  example,  Wang  [12,  13], 
Patel  and  Choi  [15],  Cebeci,  Khattab  and 

Stewartson  [18],  and  Ragab  [21]).  It  is  generally 
agreed  that  the  flow  on  the  windward  side,  at 
least  upto  the  CFR  line,  can  be  calculated  with 

some  confidence  using  a  variety  of  numerical 
schemes  since  there  is  no  difficulty  in 

identifying  the  corresponding  zone  of  dependence 
for  this  region.  It  is  also  acknowledged  that  the 
behaviour  of  the  solutions  in  the  neighborhood  of 
the  CFR  line  is  related  in  some  way  to  the 
imminence  of  separation.  Another  point  of 
agreement  is  that  the  convergence  of  skin-friction 
lines,  or  the  limiting  streamlines  at  the  wall, 
from  both  sides  is  a  symptom  of  separation. 

Unfortunately,  there  is  little  concensus  among 
researchers  on  the  precise  definition  of 

separation. 


Figure  12  shows  the  magnitude  of  the  wall 
shear  stress  according  to  the  present  calculations 
with  the  potential-flow  pressure  distribution. 
This  is  the  same  information  as  in  Figure  4(a) 
except  that  typical  solutions  beyond  X/L  *  0.4 
have  been  added  and  it  is  now  possible  to  make  a 
direct  comparison  with  the  data.  In  order  to 
explore  the  detailed  behavior  of  the  calculations. 
Figure  13(a)  shows  the  variation  of  C f.  The 
recent  results  of  Cebeci,  Khattab  and  Stewartson 
[18]  for  a  4:1  spheroid  at  a  *  6°  are  presented  in 
the  same  format  in  Figure  13(b)  to  show  the 
remarkable  similarity  between  the  two  sets  of 
calculations  for  different  spheroids  and 
incidences. 


It  is  evident  from  Figures  12  and  13(a)  that, 
in  the  present  case,  the  resultant  wall  shear 
stress  approaches  zero,  within  the  uncertainties 
of  numerical  analysis,  at  X/L  *  0.4  and  9  -  122°. 
In  fact,  Figure  13(a)  shows  that  Cf  vanishes  as 
the  square-root  of  the  distance  from  this  point 
from  both  sides  but  at  different  rates,  suggesting 
the  presence  of  a  Goldstein  type  of  singularity 
(see  also  Cebeci  et  al.  [18]).  Thus,  it  Is  not 
surprising  that  numerical  difficulties  are  first 
encountered  there.  It  Is  reasonable  to  infer  that 
this  is  the  most  upstream  point  on  the  separation 
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Figure  12.  Wall  Shear-Stress  Magnitude, 
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line,  regardless  of  how  that  line  is  defined  or 
the  shape  it  takes  further  downstream. 

The  solutions  beyond  X/L  *  0.4  are  quite  well 
behaved  on  the  windward  side  and  show  a  very  rapid 
decrease  in  the  wall  shear  stress  magnitude  beyond 
the  CFR  line.  It  is  tempting  to  infer,  by  very 
short  extrapolations  from  the  windward  side,  that 
the  shear  stress  vanishes  along  some  line  lying  a 
short  distance  to  the  lee  of  the  CFR  line. 
Although  this  would  provide  an  unambiguous 
definition  of  separation,  the  numerical  evidence 
is  not  sufficiently  conclusive.  Furthermore,  such 
a  definition  would  not  be  general  enough  to 
encompass  certain  special  cases,  such  as  the 
separation  on  an  infinite  swept  wing.  However, 
the  present  solutions,  like  those  of  Cebeci  et  al. 
and  others,  indicate  a  singular  behavior  in  the 
boundary-layer  equations  and  consequently  we 
conclude  that  it  is  not  possible  to  determine  the 
flow  properties  at  the  line  of  separation  from 
boundary- layer  equations  alone,  regardless  of  the 
numerical  scheme  used  to  approach  the  separation 
line.  Finally,  it  is  interesting  to  r  te  that 
between  the  CFR  line  and  the  extrapola.ed  zero- 
stress  line  is  a  line  that  demarkates  the 

vanishing  of  the  streamwise  component  of  wall 
shear-stress,  which,  as  noted  earlier,  has  often 
been  used  as  a  separation  criterion. 
Unfortunately,  it  is  also  known  to  fail  in  the 

simple  case  of  an  infinite  swept  wing. 
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Figure  13.  Transverse  Variation  of  Cf2 


Yet  another  controversy  concerns  the  origin 
of  the  separation  line.  The  basic  issue  is 
whether  the  separation  line  on  the  windward  side 
originates  at  the  most  upstream  singular  point, 
discussed  above,  or  continues  downstream  on  the 
leeward  side.  Wang  [12,  13,  24]  maintains  that 
both  possibilities  exist,  with  the  former 
occurring  at  higher  Incidences  and  the  latter  at 

lower  incidences.  From  their  solutions  marching 
out  of  the  leeward  plane  of  symmetry,  Cebeci  et 
al.  deduced  a  limiting  line  of  'accessibility'  (to 
the  upstream  flow)  and  suggested  that  this  is  a 
continuation,  on  the  leeside,  of  the  separation 
line  on  the  windward  side  (which  they  defined  on 
the  basis  of  certain  irregularities  in  the 
numerical  solutions).  At  the  lower  incidences 

they  infer  that  this  line  is  closed  and  terminates 
at  the  well-defined  saddle  point  of  separation  on 
the  leeward  plane  of  symmetry.  This  is  in 
agreement  with  the  suggestion  of  Wang  and  the 

experiments  of  Han  and  Patel  [4],  At  the  higher 
incidences,  a  *  15°  and  30°,  Cebeci  et  al.  suggest 
that  the  separation  line  also  continues  on  the 
leeside  but  the  problem  of  whether  it  is  closed  or 
open  could  not  be  resolved  since  the  line  of 
accessibility  lay  upstream  of  separation. 

However,  the  notion  that  the  separation  line 
continues  on  the  leeward  side  appears  to 
contradict  the  concept  of  'open  separation'  of 
Wang  [24],  who  maintains  that  the  windward 
separation  line  can  originate  at  a  point  on  the 
body  and  does  not  need  to  bend  back  towards  the 
leeside. 

Figure  14  summarizes  the  various 
possibilities  concerning  the  behavior  of  the  skin- 
friction  lines  in  the  neighborhood  of  the  origin 


of  separation.  Of  the  three  possibilities 
attributed  to  Cebeci  et  al.,  they  favor  the 
version  (b).  The  fundamental  differences  between 
these  and  the  open-separation  idea  of  (a)  due  to 
Wang  are  quite  obvious.  Also  shown  in  this  figure 
is  another  possibility  proposed  originally  by 
Legendre  [25]  and  supported  by  Peake  and  Tobak 

[26]  on  the  basis  of  the  suggestion  of  Lighthill 

[27]  that  separation  lines  must  originate  at  a 
saddle  singularity. 

The  problem  of  determining  which  of  these 
possibilities  actually  exists  in  a  particular  case 
is  not  a  simple  one  since  the  available 
experimental  evidence  may  be  interpreted  to 

support  each  pattern.  The  present  calculations 
for  laminar  flow  on  a  6:1  spheroid  at  a  *  10° 
suggest  that  the  most  upstream  point  on  the 
separation  line  is  a  singular  point.  According  to 
Lighthill,  this  singularity  must  be  connected  to 

other  singular  points  on  the  body.  There  are  two 
possibilities.  It  may  be  connected  to  the  saddle 
point  of  separation  on  the  leeward  plane  of 
synvnetry,  by  a  continuation  of  the  separation  line 
on  the  leeside,  thus  producing  a  closed  separation 
line,  in  agreement  with  Wang's  suggestion  and 
Cebeci  et  al.'s  conclusion  for  low  incidences 
(a  ~  6°  for  a  4:1  spheroid).  The  second  is  that 
the  point  in  question  is  itself  a  saddle  point  and 
is  connected  with  another  singularity,  such  as  a 
spiral  node  or  'focus',  as  in  Figure  14(c). 
According  to  Wang  [24],  this  would  constitute  a 
special  case  of  an  open  separation  since  it  does 
not  require  the  separation  line  to  encircle  the 

body.  Also,  this  possibility  is  not  at  variance 
with  the  results  of  Cebeci  et  al.  since  the  line 
of  accessibility  would  lie  ahead  of  the  separation 
line.  The  directions  of  the  calculated  limiting 
streamlines  at  X/L  =  0.4  shown  in  Figure  6  and  the 
corresponding  velocity  field  a  way  from  the  body 
shown  in  Figure  7  and  8  are  also  compatible  with 
the  two  possibilities  discussed  above  and  sketched 
in  Figure  14(b)  and  (e)  but  they  are  not 

sufficient  to  enable  a  clear  choice  between 

them.  The  present  results  do  not  confirm  the  open 
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Figure  14.  Possible  Wall -St reamline  Configurations 
at  Origin  of  Separation  Line  (L*) 

(a)  Wang;  (b),(c),(d)  Cebeci  et  al.  (ejLegshdre 
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separation  as  shown  in  Figure  14(a)  and  further 
calculations  are  required  at  high  incidences  to 
verify  that  such  a  possibility  exists. 

It  is  clear  from  the  foregoing  discussion 
that  several  Issues  concerning  the  topology  of 
separation  lines  remain  unresolved.  It  Is 
unlikely  that  these  can  be  settled  on  the  basis  of 
boundary- layer  calculations  alone  since  the 
irregularities  observed  in  the  solutions  indicate 
singularities  in  the  equations  themselves.  Note 
that  the  use  of  the  experimental  pressure 
distribution  in  the  first-order  boundary- layer 
equations  leads  to  essentially  the  same 
behavior.  Thus,  further  progress  can  be  made  only 
with  the  use  of  higher-order  equations  which  take 
into  account  viscous-inviscid  interaction  and 
numerical  techniques  that  can  handle  massive  flow 
reversals.  Secondly,  experimental  information 
which  provides  only  the  foot-print  of  the  flow  on 
the  body,  e.g.,  direction  of  the  limiting 
streamlines  on  the  surface  without  the  magnitude 
of  the  wall  shear  stress,  cannot  by  itself  resolve 
the  issues  involved.  In  the  one  experiment  where 
the  stresses  were  measured  (Figure  3  and  4)  the 
flow  became  turbulent  just  beyond  the  line  of  very 
small  stresses.  Similar  experiments  are  obviously 
needed  at  Reynolds  numbers  low  enough  for  the  flow 
to  remain  laminar  beyond  separation. 


V.  Conclusions 

The  calculations  of  the  laminar  boundary 
layer  on  a  6:1  spheroid  at  an  incidence  of  10° 
reproduce  many  of  the  features  observed  in  the  low 
Reynolds  number  experiments  of  Meier  et  al.  [7- 
10J.  The  solutions  fail  close  to  and  beyond  a 
separation  line  on  the  body.  In  the  experiments, 
separation  is  followed  by  transition  to  turbulent 
flow  but  no  attempt  has  been  made  here  to  model 
this  part  of  the  flow. 

The  most  upstream  point  on  the  separation 
line  is  identified  by  the  vanishing  of  the  wall 
shear  stress  but  the  flow  features  at  the  line  of 
separation  could  not  be  defined.  Also,  whether 
the  separation  line  on  the  windward  side  continues 
on  the  leeside  to  become  closed,  or  remains  open 

either  by  originating  at  a  point  or  at  additional 
singularities,  remains  an  issue  open  to  debate. 
However,  possible  topological  features  of  the  flow 
associated  with  these  alternatives  have  been 
examined  and  a  few  plausible  ones  have  been 
identified.  He  believe  that  a  clear  choice  among 
these  cannot  be  made  on  the  basis  of  boundary- 
layer  calculations  alone. 

The  solutions  at  the  higher  Reynolds  number 
indicate  that  they  are  quite  successful  in 

predicting  the  observed  characteristics  of  the 

boundary  layer  over  a  large  part  of  the  body  where 
the  boundary  layer  is  thin.  Some  modifications  of 
the  turbulence  model  are  needed  to  improve  the 

^presentation  of  the  flow  in  the  neighborhood  of 
transition.  The  calculations  fail  to  provide  an 
adequate  description  of  the  flow  in  the  region  on 
the  leeside  where  the  boundary  layer  becomes 
thick.  This  region  is  quite  extensive  and  well 
removed  from  separation. 


The  calculations  using  the  potential -flow  as 
well  as  experimental  pressure  distributions 
clearly  demonstrate  the  limitations  of  first-order 
boundary-layer  theory.  In  particular,  it  is  shown 
that  knowledge  of  the  experimental  pressure 
distribution  on  the  surface  does  not  lead  to  a 
dramatic  improvement  in  the  prediction  of  either 
Separation  or  thick  boundary  layers.  The  latter 
observation  is  of  considerable  practical 
significance  since  extensive  regimes  of  thick 
boundary  layers  may  be  present  on  bodies  such  as 
aircraft  fuselages  and  ships  (Patel  [28])  without 
encountering  separation.  The  results  presented 
here  suggest  that  such  flows  can  be  calculated 
only  by  recourse  to  higher-order  equations  which 
allow  for  the  viscous-inviscid  interaction  through 
the  relaxation  of  the  pressure  field.  The  data  of 
Meier  et  al.  at  the  higher  Reynolds  number 
provides  an  excellent  test  case  for  the  validation 
of  such  calculation  methods. 
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Abstract 


This  paper  summarizes  the  findings  of  a 
research  conducted  on  the  behavior  of  turbulent 
shear  layers  around  the  aft-ends  of  ships  during  a 
recent  project  on  Propeller-Hull  Interactive  Vibra¬ 
tion  Excitation  (PHIVE)  jointly  undertaken  6y  the 
British  Ship  Research  Association  (BSRA)  and  the 
National  Maritime  Institute  (NMI). 

The  paper  commences  with  a  brief  description 
of  the  full  flow  study  within  the  PHIVE  project 
where  the  research  strategy  and  the  aims  are 
clearly  outlined.  To  provide  a  suitable  background 
a  selective  review  of  the  assumptions  commonly 
employed  In  turbulent  shear  flow  calculations  Is 
provided  and  a  critical  evaluation  of  some  coimonly 
used  turbulence  models  (e.g.  algebraic  eddy  viscos¬ 
ity,  k-c,  and  turbulent  kinetic  energy  models! 
is  made.  Next,  the  flow  around  the  aft-ends  of 
ships  is  introduced  as  an  example  of  nonhomogeneous 
and  anisotropic  complex  shear  flows  with  the  aid 
of  wind  tunnel  measurement  made  on  scaled  ship 
models  by  NMI.  A  brief  description  of  the  experi¬ 
mental  setup,  and  measurement  and  calibration  tech¬ 
niques  is  provided  in  an  appendix. 


To  provide  further  Insight  Into  the  flow  struc¬ 
ture,  relative  magnitudes  and  gradients  of  the  ele¬ 
ments  of  the  Reynolds  stress  terms  r  and  of  shear 


transport  velocities  as  well  as  typical  mixing 
length,  eddy  viscosity  and  integral  length  scale 
distributions  are  presented.  As  a  new  phenomenon 
the  concept  of  shear  separation  (see  Figure)  Is 
Introduced  and  its  differences  with  respect  to  free 
vortex  layer  separation  are  brought  out.  The  paper 
points  out  similar  flow  structures  also  exist  In 
boundary  layers  with  weak  shock-wave  interaction 
and  in  this  respect  a  discussion  Is  given  on  the 
roles  of  curvature  and  pressure  gradient  effects. 

The  following  part  of  the  paper  Is  devoted  to 
the  numerical  simulation  and  correlation  studies 
undertaken  by  BSRA.  Here  a  computer  program  suite 
developed  to  calculate  the  flow  around  the  aft-ends 
and  near  wakes  of  ships  is  briefly  described  and  a 
comparison  of  computed  results  with  experimental 
data  Is  presented.  Conceptual  and  numerical  dif¬ 
ficulties  associated  with  the  calculation  of  flows 
after  shear  separation  Is  discussed  and  a  possible 
memory  effect  on  the  wall  shear  velocity  Is  Intro¬ 
duced.  Initial  results  of  a  newly  developed  pro¬ 
cedure  are  presented. 

Finally  the  utility  and  usefulness  of  the 
results  obtained  so  far  are  sunmarlzed  and  the  need 
for  further  experimental  and  theoretical  research 
is  emphasized.  Certain  areas  are  offered  for 
Inmediate  attention. 
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Abstract 


A  comprehensive  set  of  experimental  pressure, 
velocity  and  turbulence  data  are  presented  for  two 
simple  three-dimensional  models  having  2:1  and  3:1 
elliptical  transverse  cross  sections.  The  Lighthill 
displacement  body  concept  is  used  to  predict  the 
pressure  distributions  over  the  models.  The  pre¬ 
dicted  pressure  distributions  are  in  good  agreement 
with  the  measured  pressure  distributions.  Around 
the  corner  regions  over  the  major  axes  of  the  models 
the  three-dimensional  boundary- layer  equations  do 
not  predict  well  the  measured  mean  velocity  distri¬ 
butions.  In  these  regions  the  boundary  layers  are 
much  thicker  than  the  cross  section  dimensions  and 
differences  in  curvatures  between  the  flow  and  body 
surface  are  very  large.  However,  over  large  areas 
of  relatively  flat  body  surfaces,  the  computed  and 
measured  mean  velocity  distributions  are  in  good 
agreement.  As  was  found  in  the  axisymmetric  case, 
the  measured- eddy  viscosity  and  mixing-length 
parameters!  in  the  stem  region  are  much  smaller 
than  those  of  a  thin  boundary  layer. 


I.  Introduction 


Many  single-screw  ship  propellers  operate  in¬ 
side  of  thick  stem  boundary  layers.  Satisfactory 
predictions  of  turbulent  boundary-layer  character¬ 
istics  can  be  made  for  the  forward  portions  of  a 
body  by  solving  the  boundary-layer  equations  in 
either  integral  or  differential  forms.  However,  at 
the  ship  stem,  the  thickness  of  the  boundary  layer 
increases  rapidly,  mainly  due  to  the  diminishing 
cross-sectional  area.  The  thickness  of  the  stem 
boundary  layer  usually  exceeds  the  thickness  of  the 
body.  Detailed  measurements  of  the  turbulent  bound¬ 
ary  layer  characteristics  in  the  thick  stern  bound¬ 
ary  layers  of  axisymmetric  bodies  have  been  made  by 
Huang  et  al.  [1,2]  in  order  to  gain  insight  into 
the  physics  of  thick  stem  boundary  layers.  These 
measurements  have  been  used  to  validate  the  dis¬ 
placement  body  concept  as  suggested  by  Lighthill 
[3]  for  solving  viscous- inviscld  flow  interaction 
and  to  obtain  an  improved  turbulence  model 
for  computing  thick  axisymmetric  boundary-layers  on 
two  convex  sterns  and  one  concave  stern  [1,2).  The 
present  work  is  an  initial  investigation  into  ex¬ 
tending  to  three-dimensions  the  previous  studies  on 
axisymmetric  bodies  by  Huang  et  al.  [1,2]. 

Experiments  have  been  made  to  measure  the  flow 
across  the  thick  stem  boundary  layers  of  two  simple 
three-dimensional  bodies  having  2:1  and  3:1  ellip¬ 
tical  transverse  cross  sections.  The  10.06  ft 
(3.07  m)  fiberglass  models  were  tested  in  the 
DTNSRDC  Anechoic  Flow  Facility  at  a  speed  of  100 
ft/sec  (30.48  m/s),  resulting  in  an  overall  Reynolds 
number  based  on  length  of  6,5  x  10&.  Pressure  taps, 
embedded  in  the  models,  were  used  to  measure  the 
pressure  distributions  on  the  surface.  Velocity 
and  turbulence  characteristics  were  measured  using 
a  two-element  hot-film  sensor  and  were  analyzed 
with  an  on-line  computer.  Measurements  include 
mean  velocity  profiles,  turbulence  intensities, 
Reynolds  stresses,  eddy  viscosity,  and  mixing-length. 


Several  experimental  quantities  are  compared 
with  data  from  existing  theoretical  methods  using 
an  iterative  scheme.  The  potential  flow  distribu¬ 
tion  on  the  body  surfaces  is  computed  using  an  up¬ 
dated  version  of  the  Hess-Smith  [4]  Potential  Flow 
Computer  Program,  known  as  the  XYZ  Potential  Flow 
(XYZPF)  computer  code  of  Dawson  and  Dean  [5]. 

Initial  boundary-layer  computations,  using  the 
McDonnell  Douglas  Corporation  [6],  Cebeci,  Chang, 
Kaups  (C^K)  computer  code,  are  made  using  the  first 
potential-flow  pressure  distribution  on0riginal  bodv 
The  potential  and  boundary-layer  flow  calculations 
are  repeated  once  for  a  modified  body  and  wake 
geometry,  formed  by  adding  the  computed  effective 
displacement  thickness.  Flow  separation  is  pre¬ 
dicted  for  both  models  by  the  C^K  code  at  axial 
locations  x  greater  than  89  percent  of  the  body 
length  L  and  angular  locations  greater  than  80 
degrees, based  on  the  pressure  distributions  of  the 
original  bodies.  Flow  separation  is  predicted  at 
x/L  *  0.93  for  the  2:1  elliptical  model  and  at  x/L 
«  0.91  for  the  3:1  elliptical  model  if  the  pressure 
distributions  of  the  displacement  bodies  are  used 
in  the  boundary-layer  calculations.  Flow  visual¬ 
ization  indicated  that  flow  separation  occurred  at 
x/L  =.  0.91  for  the  2:1  elliptical  model  and  at 
x/L  =  0.90  foiu  the  3:1  elliptical  model.  The 
region  of  separation  is  limited  to  angles  between 
80  and  90  degrees  (See  Figure  1  for  geometric  de¬ 
tails).  Comparison  of  predicted  and  measured  re¬ 
sults  shows  that  this  procedure  predicts  accurate 
values  of  pressure  over  most  of  the  bodies  and 
accurate  mean  velocity  profiles  in  locations  where 
the  boundary  layer  is  thin  compared  with  cross-sec¬ 
tional  area.  The  measured  eddy  viscosity  distri¬ 
bution  is  compared  with  the  thin  boundary-layer 
model  of  Cebeci  [6,7]  and  is  found  to  be  smaller 
than  predictions. 

In  the  following  sections,  the  experimental 
techniques  and  model  geometries  are  given  in  de¬ 
tail.  The  experimental  data  are  presented  and  com¬ 
pared  with  theoretical  predictions. 


II.  Wind  Tunnel  and  Model 


The  experimental  investigation  was  conducted 
in  the  DTNSRDC  Anechoic  Wind  Tunnel  Facility.  The 
wind  tunnel  has  a  closed  jet  test  section  that  is 
8  ft  (2.4  m)  square  and  13.75  ft  (4.19  m)  long. 

The  corners  have  fillets  which  are  carried  through 
the  contraction.  The  test  section  is  followed  by 
an  acoustically-lined  large  chamber  23.5  ft  (7.1b  m) 
long.  It  was  found  [  eviously,  by  Huang  et  al. 

[1]  that  the  ambient  free-stream  turbulence  levels 
are  0.075,  0.090,  0.100  and  from  0.12  and  0.15  for 
free-stream  velocities  UQ,  of  24.4,  30.5,  38.1,  and 
45.7  m/s,  respectively.  Integration  of  the  measured 
noise  spectrum  levels  in  the  test  section  from  10 
to  10,000  HZ  indicated  that  the  typical  background 
acoustic  noise  le'—ls  at  30.5  m/s  were  about  93  dB 
re  0.0002  dyne/cm2  (0.0002  Pa).  These  levels  of 
ambient  turbulence  and  acoustic  noise  were  con- 


l 


sidered  low  enough  so  as  not  to  unfavorably  affect 
the  measurement  of  boundary-layer  characteristics. 
The  maximum  air  speed  that  can  be  achieved  is  200 
ft/sec  (61  m/s);  in  the  present  experiments  the 
wind  tunnel  velocity  was  held  constant  at  100 
ft/sec  (30.48  m/s). 

Two  simple  three-dimensional  models  having 
2:1  and  3:1  elliptical  transverse  cross  sections 
were  chosen  for  investigation.  The  longitudinal 
distributions  of  the  transverse  cross-sectional 
areas  of  the  two  simple  three-dimensional  models 
are  equal  to  that  of  the  axisymmetrlc  body  1  of 
reference  1.  Thus,  the  three  models  have  the  same 
volume  and  longitudinal  distribution  of  buoyancy. 
However,  the  2:1  and  3:1  elliptical  models  have 
9%  and  232  more  wetted  surface  area,  respectively, 
than  the  axisymmetrlc  body.  The  two  models  have 
the  same  bow  entrance  length  of  1.667  ft  (50.8  cm) 
and  the  same  afterbody  length  of  3.949  ft  (120.4 
cm).  The  total  model  length  is  10.06  ft  (306.6  cm). 
The  length  of  parallel  middle  body  is  4.444  ft 
(135.4  cm).  The  2:1  elliptical  model  has  a  maximum 
major  axis  of  1.296  ft  (39.5  cm)  and  a  maximum 
minor  axis  of  0.648  ft  (19.8  cm).  The  3:1  ellip¬ 
tical  model  has  a  maximum  major  axis  of  1.588  ft 
(48.4  cm)  and  a  maximum  minor  axis  of  6.35  in 
(16.1  cm).  A  schematic  of  the  two  three-dimen¬ 
sional  afterbodies  with  the  2:1  and  3:1  elliptical 
cross  sections  is  shown  in  Figure  1.  The  major 
and  minor  elliptical  axes  are  shown  in  Figure  1  as 
a  and  b,  respectively. 

The  3:1  elliptical  model  was  initially  sup¬ 
ported  by  two  streamlined  struts  separated  by  one- 
third  of  the  model  length.  The  struts  are  0.5  in. 
(1.27  cm)  thick  with  a  1.5  in.  (3.81  cm)  chord  up¬ 
stream  and  2.25  in.  (5.72  cm)  thick  with  a  6.0  in. 
(15.24  cm)  chord  downstream.  The  model  is  designed 
to  rotate  90  degrees  radially  about  a  center  axis 
to  permit  vertical  traversing  normal  to  the  surface 
pressure  taps  (see  section  on  Instrumentation). 

The  disturbances  generated  by  the  supporting  struts 
were  within  the  region  below  the  horizontal  center- 
plane.  Therefore,  all  of  the  experimental  data 
were  taken  above  the  model  on  the  vertical  center- 
plane  along  the  upper  meridian  where  there  was  no 
effect  from  the  supporting  struts.  On  both  models, 
one-half  of  the  model  length  protruded  beyond  the 
closed  jet  working  section  into  the  open-jet 
section.  The  ambient  static  pressure  coefficients 
across  and  along  the  entire  open-jet  chamber  (7.2  m 
x  7.2  m  x  6.4  m)  were  found  to  vary  less  than  0.3 
percent  of  the  dynamic  pressure.  Tunnel  blockage 
and  longitudinal  pressure  gradient  effects  along 
the  tunnel  length  were  almost  completely  removed 
by  testing  the  afterbody  in  the  open-jet  section. 

A  portion  of  the  experiments  on  the  3:1  ellip¬ 
tical  model  were  repeated  with  a  second  model  sup¬ 
port  system.  This  second  support  system  was  also  used 
with  the  2:1  elliptical  model.  A 
streamlined  strut  located  one  foot  (30.5  cm)  down¬ 
stream  of  the  after  end  oc  the  model,  was  attached  to 
a  1.0-inch  (2.54  cm)  diarater  supporting  shaft 
which  ran  longitudinally  through  the  center  of  the 
model.  Three  streamline  guide  wires  were  attached 
to  the  same  shaft  inside  the  model  at  the  location 
x/L  *  4.52  from  the  nose  of  the  model.  The  diff¬ 
erences  in  the  measured  axial  velocity  and  the 
pressure  coefficients  between  the  two  supporting 
systems  were  found  to  be  less  than  the  experi¬ 
mental  accuracies  of  the  measurements  (one  percent) . 


The  disturbance  generated  by  the  supporting  system 
is  not  significant.  The  models  are  shown  in  the 
Anechoic  Wind  Tunnel  Facility  in  Figure  2. 

The  location  of  the  boundary-layer  transition 
from  laminar  to  turbulent  flow  was  artifically  in¬ 
duced  by  a  0,024  in.  (0.61  mm)  diameter  trip  wire 
located  at  x/L  *  0.05.  Huang  et  al.  [1]  found  that 
the  trip  wire  effectively  moved  the  location  of  the 
virtual  origin  to  x/L  =  0.015  for  axisymmetric 
models  at  a  length  Reynolds  number  of  5.9  x  10°. 

The  virtual  origin  [8]  for  the  turbulent  flow  is 
defined  such  that  the  sum  of  the  laminar  frictional 
drag  from  the  nose  to  the  trip  wire,  the  parasitic 
drag  of  the  trip  wire,  and  the  turbulent  frictional 
drag  aft  of  the  trip  wire  is  equal  to  the  sum  of 
the  laminar  frictional  drag  from  the  nose  to  the 
virtual  origin  and  the  turbulent  frictional  drag 
from  the  virtual  origin  to  the  after  end  of  the 
model.  The  virtual  origin  locations  for  the  three- 
dimensional  body  are  expected  to  be  different  for 
different  streamlines.  Due  to  the  limited  number 
of  grid  locations  used  in  the  present  calculations, 
the  location  of  the  transition  for  the  C^K  bound- 
ary-layer  calculation  is  set  at  a  constant  value 
of  x/L  »  0.030.  The  computed  differences  in 
velocities  using  x/L  «  0.01  and  x/L  «  0.03,  for 
axisymmetric  body  1,  [1,2]  are  found  to  be  less 
than  0.1  percent  of  the  free-stream  velocities  in 
the  tail  region.  Thus,  the  error  of  using  the 
constant  transition  location  of  x/L  »  0.03  for  the 
present  C^K  computation  is  expected  to  be  negli¬ 
gible. 


Ill,  Instrumentation 

A  series  of  0.031  in.  (0.8  mm)  diameter  pres¬ 
sure  taps  were  embedded  normal  to  the  surface  of 
the  stern  at  numerous  locations.  When  a  model 
was  rotated  about  its  axis,  the  pressure  taps  were 
at  the  upper  meridian  location.  Additional  taps 
were  added  for  model  alinement;  see  Figures  3a  and 
3b.  A  model  was  alined  by  balancing  the  surface 
static  pressure  about  a  line  of  symmetry.  From 
Figure  3b,  a  model  is  alined  when  symmetrically 
located  pressure  taps  at  c  and  d,  and  at  e  and  f  , 
give  equal  pressures,  l.e.,  p  (c)  «  p  (d),  and 
p  (e)  -  p  (f).  Each  model  was  rotated  to  the  test 
positions  and  the  alinement  was  checked  by  the 
pressure  balance  technique.  A  Preston  tube  using 
a  0.072  in.  (1.83  mm)  inside  diameter  was  attached 
and  alined  with  the  flow  at  the  pressure  taps  to 
measure  the  shear  stress.  The  Preston  tube  was 
calibrated  in  a  1-in.  (2.54  cm)  diameter  water-pipe 
flow  facility  described  by  Huang  and  von  Kerczek 
[9].  These  pressure  taps  were  connected  to  a 
multiple  pressure  scanlvalve  system  that  takes  one 
integral  pressure  transducer  with  its  zeroing  cir¬ 
cuit  and  measures  a  single  pressure  in  sequence 
along  the  stern  upper  meridian.  The  pressure  trans¬ 
ducer  was  designed  for  measuring  low  pressures  of 
up  to  1  psi  (6.895  x  10“*  Pa).  The  zero-drift 
linearity,  scanlvalve  hysteresis,  and  pressure 
transducer  zeroing  circuit  were  carefully  checked 
and  the  overall  accuracy  was  found  to  be  within 
0.5  percent  of  the  dynamic  pressure. 

The  mean  axial  and  radial  velocities  and  the 
\jrbulence  intensities  for  the  Reynolds  stress  cal¬ 
culations  were  measured  by  a  TSI,  Inc.  Model  1241- 
20  "X"  type  hot-film  probe.  The  probe  elements  are 
0.002  in.  (0.05  mm)  in  diameter  with  a  sensing 
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length  of  0.04  In.  (1.0  mm) .  The  spacing  between 
the  two  cross  elements  is  0.04  in.  (1.0  mm).  A 
two-channel  hot-wire  and  hot-film  anemometer  with 
linearizers  was  used  to  monitor  the  response  of  the 
hot-film  probe.  A  temperature  compensating  sensor 
(probe)  was  used  with  each  hot-film  element  to  re¬ 
gulate  the  operating  temperature  of  the  sensor  with 
changes  in  air  temperature.  The  "X"  hot  film  and 
its  temperature-compensated  sensor  were  calibrated 
together  through  the  expected  air  temperature- 
range  and  supplied  with  their  individual  linear¬ 
ization  polynomial  coefficients  at  the  factory. 

The  frequency  response  of  the  anemometer 
system,  for  reliable  measurements  claimed  by  the 
manufacturer,  is  0  to  100  kHz.  Calibration  of  the 
"X"  hot  film  was  made  before  and  after  each  set  of 
measurements.  It  was  found  that  the  hot-film 
anemometer  system  had  a  +  0.5  percent  accuracy, 

+  0.75  ft/sec  (+  0.23  m/s)  accuracy  at  the  free- 
stream  velocity  of  150  ft/sec  (45.72  m/s),  during 
the  entire  experiment.  An  estimate  was  made  of  the 
crossflow  velocity  by  yawing  the  "X"  hot-film  probe 
in  the  free  stream.  It  was  found  that  the  cross- 
flow  velocities  were  about  one  percent  of  the  free- 
stream  velocity. 

The  linearized  signals  were  fed  into  a  Time/ 
Data  Model  1923-C  real-time  analyzer.  Both  channels 
of  the  analog  signal  were  digitized  at  a  rate  of 
128  points  per  second  for  8  sec.  These  data  were 
immediately  analyzed  by  a  computer  to  obtain  the 
individual  components  of  mean  velocity,  turbulence 
fluctuation,  and  Reynolds  stress  on  a  real  time 
basis. 

A  traversing  system  with  a  streamlined  strut 
was  mounted  on  a  guide  place  that  permitted  the 
traverse  to  be  locked  in  various  stationary  posi¬ 
tions  parallel  to  the  longitudinal  model  axis. 


IV.  Viscous-Invlscld  Interaction 

Lighthill's  displacement  body  concept  [3]  was 
used  to  compute  the  viscous- inviscid  interaction 
of  the  two  simple  three-dimensional  models.  The 
potential  flow  is  calculated  by  the  Hess-Smith 
[4]  potential  flow  computer  program.  The  version 
used  is  the  XYZ  Potential  Flow  (XYZPF)  computer 
code  updated  by  Dawson  and  Dean  [5],  The  initial 
input  offsets  to  XYZPF  code  are  shown  in  Figure  1. 
The  three-dimensional  boundary  layer  over  the  body 
is  calculated  by  the  differential  method  of  Cebeci, 
Chang,  and  Kaups  (denoted  C^K)  [6], 


The  three-dimensional  displacement  thickness 
<$3D  derived  by  Lighthill  [3  ] , 
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is  used  to  calculate  the  boundary-layer  displace¬ 
ment  effect  on  the  body.  The  streamwise  and  trans¬ 
verse  "volume-flow  thickness"  5  and  6  are 
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and  (x,z)  form  any  orthogonal  system  of  coordinates 
on  the  surface,  such  that  the  distance  between  the 
point  (x,z)  and  (x  +  dx,  z)  is  hx  dx  while  that 
between(x,z)  and  (x,  z  +dz)  is  hz  dz,  y  is  taken  as 


normal  distance  from  the  surface.  The  velocities 
in  the  x.v,z  directions  are  u,v,w  and  the  values 
of  u  and  w  just  outside  the  boundary  layer  are  Ue 
and  We.  On  the  symmetric  lines  of  the  major  and 
minor  axes,  the  transverse  "volume-flow  thickness" 

6Z  is  zero. 

An  equivalent  body  of  revolution  is  constructed 
to  compute  the  displacement  wake  of  the  simple  3-D 
models.  The  computed  distributions  of  the  three- 
dimensional  values  of  C  and  the  local  values  of 
the  offset  at  each  meridian  are  used  as  the  distri¬ 
butions  of  Cp  and  radius  for  the  equivalent  body  of 
revolution.  The  integral  relations  of  Granville 
[10]  are  used  to  calculate  the  displacement  effect 
of  the  wake  following  the  computation  procedure 
given  by  Wang  and  Huang  [11].  The  differential 
equation  for  the  momentum  of  an  axisymmetric  wake 
is 
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At  far  wake  (x/L  >  2),  the  momentum  loss  of  the 
flow  should  be  equal  to  the  total  drag  on  the  body. 
Therefore,  the  momentum  area  at  far  wake,  is 

equal  to  CTS/2,  where  CT  is  the  computed  total  drag 
coefficient  and  S  is  the  surface  area  of  the  equiva¬ 
lent  body  of  revolution.  An  empirical  relation  of 
Granville  [10]  for  h 
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is  used.  Here,  U„  is  the  free  stream  velocity,  Ue 
and  Ut  are  the  edge  velocities  on  the  surface  of 
the  displacement  body  at  any  point  on  the  wake,  and 
at  the  tail,  respectively.  Equations  (3)  and  (4) 
can  then  be  used  to  calculate  D  and  A*  in  terms  of 
£1»  and  Ut.  The  wake  thickness  is  given  by 


In  the  near  wake  region  xu/L  <_  x/L  <_  x^/L,  where 
neither  the  computed  three-dimensional  displace¬ 
ment  surface  nor  the  equivalent  far  wake  equations 
(3)  and  (4)  are  accurate  enough  to  generate  a 
smooth  surface  for  potential  flow  calculation,  a 
fifth-degree  polynomial  is  used  to  connect  the  up¬ 
stream  and  downstream  displacement  surfaces. 
Usually,  xu/L  is  taken  to  be  0.93  and  xj/L  is  taken 
to  be  1.05.  However,  for  meridians  having  boundary 
layer  separation,  the  matching  points  xu/L  must  be 
moved  a  small  distance  upstream  of  the  predicted 
separation  point.  At  the  upstream  matching  point, 
the  offset  and  surface  slope  of  the  faired  dis¬ 
placement  surface  are  set  equal  to  their  respective 
values  for  the  computed  three-dimensional  displace¬ 
ment  surface,  while  these  values  at  the  downstream 
point  are  set  equal  to  the  computed  displacement 
wake.  The  iteration  process,  consisting  of  calcu¬ 
lating  the  pressure  distribution  over  successive 
displacement  bodies,  continues  until  a  given  con¬ 
vergence  criterion  is  met  or  until  the  prescribed 
number  of  iterations  is  exceeded.  In  the  present 
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computation,  only  one  iteration  is  used. 

2 

The  C  K  method  consists  of  using  Keller's 
two-point  finite  difference  method  [12]  and  Cebeci 
and  Stewartson's  procedure  [6]  for  computing  flows 
in  which  the  transverse  velocity  component  contains 
regions  of  reverse  flow  to  solve  three-dimensional 
boundary-layer  equations.  The  governing  equations 
for  three-dimensional  incompressible  laminar  and 
turbulent  flows  are  given  by 
Continuity  Equation 
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which  is  the  eddy  viscosity  in  the  inner  region 
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Jc  J  1  0 


u  .  w  3u  3u  „  2  —  2 

^  it  +  r2  t;  +  v  37  -  Kiu  cot  0  +  k2w 

csce  +  K  uw  ■  -  c?l  ?  + 

12  hj  3x 


cot  8  esc  9  3(p/p) 


3z 


+  (y  I?  -  (5b) 


z-Moraentum  Equation 
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The  characteristics  of  Lighthill's  [3]  three- 
dimensional  thickness  are  demonstrated  in  Figures 
4  and  5  for  the  2:1  elliptical  model  and  in  Fig¬ 
ures  6  and  7  for  the  3:1  elliptical  model.  Fig¬ 
ures  4  and  6  show  the  distributions  of  the  stream- 
wise  integration  of  5Z,  while  Figures  5  and  7 
show  the  three-dimensional  effect  in  terms  of  the 
ratios  of  the  displacement  thickness  associated 
with  the  transverse  "volume-flow  thickness"  <SZ 
to  the  streamwise  "volume-flow  thickness"  Sx. 

The  importance  of  the  three-dimensional  nature 
of  the  displacement  body  is  clearly  demonstrated 
in  Figures  4  through  7.  At  each  longitudinal 
station,  the  computed  distribution  of  the  three- 
dimensional  displacement  Sjp  over  the  transverse 
cross  section  is  used  to  generate  a  faired  dis¬ 
placement  body  for  the  next  potential-flow  com¬ 
putation.  Typical  displacement  surfaces  after 
one  Iteration  for  the  two  elliptical  models 
are  shown  in  Figure  1. 
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=  velocity  components  in  the  x, 
y,  and  z  directions,  respec¬ 
tively 

*  nonorthogonal  boundary- layer 
coordinates,  as  given  in 
Reference  6 

*  fluid  density 

*  pressure  on  the  body 

■  metric  coefficients 

=  geodesic  curvatures  of  the 
curves  z  -  constant  and  x  » 
constant,  respectively 

”  functions  of  the  geodesic 
curvatures  and  metric  coeffi¬ 
cients 

-  angle  between  the  coordinates 
x  and  z 

*  kinematic  viscosity  of  the 
fluid 

*  Reynolds  stresses 


The  eddy-viscosity  concept  is  used  to  relate 
the  Reynolds  stresses  to  the  mean  velocity  profiles 
by 
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V.  Comparison  of  Experimental  and  Theoretical 
Results 


All  data  are  presented  in  the  coordinate  system 
used  to  experimentally  measure  the  boundary-layer 
flow.  The  coordinate  system,  denoted  x-ne-6,  is 
given  in  Figures  1  and  3.  The  axial  coordinate  x 
is  measured  from  the  nose  of  the  body  and  passes 
through  the  center  of  the  elliptic  profile.  The 
coordinates  ne  and  0  are  defined  along  an  axial  cut 
normal  to  the  x-axis,  i.e.,  in  the  y-z  plane.  The 
normal  component  ne  measured  from  the  model  sur¬ 
face  and  is  normal  to  the  elliptic  surface.  The 
angular  coordinate  9  is  defined  as  the  angle,  in 
degrees,  measured  from  the  z-axis  to  the  line 
joining  the  surface  offset  and  elliptic  center. 

Pressure  Distribution 


The  steady  pressure  was  measured  along  the 
stem  surfaces  using  pressure  taps.  The  pressure 
coefficient  Cp  is  computed  from  the  measured  pres¬ 
sures  by  the  relationship 
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where  p  *  measured  local  static  pressure 

p  =  measured  ambient  pressure 

o 

Pt  *  measured  dynamic  total  pressure 


where  & 


-  measured  static  pressure 
0  *  mass  density  of  the  fluid 

UQ  ■  free-stream  velocity 

The  measured  values  of  the  pressure  coeffi¬ 
cients  are  compared  in  Figures  8  and  9  with  two 
analytically-predicted  distributions  of  pressure 
coefficient.  The  dashed  curve,  denoted  by  poten¬ 
tial  flow  theory,  represents  the  predictions  of 
the  XYZ  potential  flow  method  of  Dawson  and  Dean 
[5 )  before  using  the  displacement  body  concept. 
The  solid  curve  shows  C  on  the  displacement  body 
after  one  iteration  of  the  displacement  body  pro¬ 
cedure.  The  computed  pressure  coefficient  is 


where  Ue  is  the  computed  potential  flow  velocity 
on  the  displacement  body  and  UQ  is  the  free-stream 
velocity,  100  ft/sec  (30.48  m/s). 

After  one  iteration  of  the  displacement  pro¬ 
cedure,  overall  agreement  between  theoretical  and 
measured  values  of  the  pressure  coefficient  is 
considered  reasonably  good.  No  further  iterations 
of  the  displacement  method  have  been  implemented 
at  present. 

Measured  Mean  Velocity  and  Turbulence  Character- 
istics 


Mean  velocity  and  turbulence  measurements  were 
taken  with  an  "X"  hot-film  sensor  which  was  stepped 
away  from  the  body  in  the  ne  direction.  Measure¬ 
ments  of  velocity  in  the  axial  x  and  normal  ne 
directions,  ux  and  vn,  respectively,  were  taken 
with  the  probe  elements  alined  vertically.  The 
sensor  elements  were  rotated  90  degrees  to  the  hori¬ 
zontal  position  to  measure  the  mean  velocity  wg  in 
the  9  direction.  An  on-line  computer  was  used  to 
collect  data  at  a  sample  rate  of  1024  data  values 
in  8  sec.  The  root-mean-square  values  of  turbu¬ 
lence  velocity  were  recorded  at  each  probe  position 
and  the  eddy  viscosity  and  mixing  length  values 
were  computed  from  the  measured  Reynolds  stresses 
and  the  measured  mean  velocity  profiles. 

Figures  10,  11,  and  12  show  the  measured  and 
predicted  velocity  profiles  on  the  two  models.  The 
model  surfaces  are  relatively  flat  and  the  rate  of 
change  in  curvatures  are  small  over  the  region  of 
the  minor  axes  of  the  models  (9  *  0°).  The  bound¬ 
ary-layer  equations  are  good  approximations  of  the 
flow  in  this  region.  The  agreement  between  the 
measured  and  predicted  profiles  are  excellent  along 
9  »  0°  for  the  entire  length  of  the  two  models. 

The  good  agreement  extends  up  to  9  »  73°  for  the 
2:1  elliptical  model  and  up  to  9  ■  77°  for  the  3:1 
elliptical  model.  However,  around  the  corner  region 
over  the  major  axes  of  the  models  (9  *  90°),  the 
curvatures  of  the  surfaces  are  relatively  small  and 
the  curvatures  undergo  rapid  change.  The  boundary- 
layer  equations  are  not  good  approximations  of  the 
flow  in  this  corner  region.  The  poor  agreement 
between  the  measured  and  predicted  velocity  profiles 
are  anticipated.  Typical  discrepancy  of  the  mea¬ 
sured  and  predicted  profiles  is  illustrated  in 
Figure  17. 
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the  turbulence  characteristics  in  the  thick  bound¬ 
ary  layer.  The  mean-square  turbulent  veloci£v 
fluctuations  ux^  in  the  axial  direction  and  Vn^  in 
the  ne  direction,  and  the  Reynolds  stress  -u'xVn 
were  measured  with  the  "X"  hot-film  probe  elements 
alined  vertically.  The  probe  elements  were  rotated 
90  degrees  to  the  horizontal  position  to  measure 
both  the  turbulent  f luctuation v^£in  the  9  direc¬ 
tion  and  the  Reynolds  stress  -uC  w£ .  Linear  lnter- 
polation  was  used  to  approximate  w' 2  and  _u' wg  at 
the  same  off-body  positions  as  the  data  measured 
in  the  vertical  direction. 


Eddy  Viscosity  and  Mixing  Length 

The  values  of  eddy  viscosity  and  mixing  length 
are  not  measured  directly,  but  are  obtained,  as  in 
the  axisymmetric  case  [1,2]  from  the  measured  val¬ 
ues  of  the  Reynolds  stress  — u'  v^  and  the  mean  vel¬ 
ocity  gradient  3ux/3ne.  The  definitions  used  to 
compute  these  quantities  are 


When  the  values  of  Wg/ux  are  less  than  0.1  and  the 
value  of  9  is  90  degrees  for  the  present  measure¬ 
ments,  Equation  (9)  may  be  approximated  by 


A  spline  curve  is  used  to  fair  the  experimental 
data  before  the  velocity  gradient  is  obtained 
numerically. 

The  nondimensional  distributions  of  tr •  ddy 
viscosity  e/(UjS  *)  determined  from  the  r  "■  .  '  the 

3:1  elliptical  mBdel  are  shown  in  Figur.  <3.  The 
parameters  and  {p*  are  defined  as  the  potential 
flow  velocity  at  the  edge  of  the  boundary  layer 
and  the  planar  displacement  thickness,  respectively, 
for  the  displacement  body.  The  solid  curve  shown 
in  these  figures  is  the  Cebeci  and  Smith  [7]  thin 
boundary  layer  formula,  given  by 
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All  values  of  eddy  viscosity  for  the  3:1  elliptical 
model  are  smaller  than  the  experimentally-derived 
value  recommended  by  Cebeci  and  Smith  (7]  for  thin 
boundary  layers. 

The  experimentally-determined  distributions  of 
the  nondimensional  mixing  length,  L/5  ,  of  the 
3:1  elliptical  model  are  shown  in  Figure  14,  The 
solid  curve  in  these  figures  represents  the  thin 
boundary-layer  model  of  Bradshaw  et  al.  [13]. 
Agreement  between  theory  and  measurements  is,  at 
best,  fair  for  angular  locations  of  0  and  67  de¬ 
grees;  for  angular  locations  greater  than  67  de¬ 
grees, the  measured  values  of  mixing  length  are  much 
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smaller  than  the  predictions. 

For  an  axisymmetric  turbulent  boundary  layer, 
Huang  et  al.  [1,2]  proposed  a  turbulence  model  re¬ 
lating  the  mixing  length  to  the  square  root  of  the 
entire  turbulence  annulus  arae  between  the  body 
surface  and  the  edge  of  the  boundary  layer.  The 
values  of  measured  turbulence  intensity,  eddy  vis¬ 
cosity,  and  intermlttency  across  a  turbulent  bound¬ 
ary  layer  decrease  from  a  maximum  value  at  60  per¬ 
cent  of  the  boundary-layer  thickness  to  zero  at  the 
outside  edge  of  the  boundary  layer.  The  effective 
gross  turbulence  area  relevant  to  the  mixing  length 
parameter  is  [(a+0. 66a)  (b+0. 6Sb)  -(a+ea) (b+cb)  ] ; 
where  ea  and  tb  are  the  effective  thicknesses  of 
the  separation  bubble  (low  turbulence  mixing)  in 
the  direction  of  the  major  and  minor  axes,  a  and  b, 
respectively,  of  the  elliptical  cross-section  ,  and 
5a  and  5b  are  the  boundary-layer  thicknesses  along 
the  a  and  b  axes.  A  new  empirical  mixing  length 
model  is  assumed  to  apply  to  a  thick  three-dimen¬ 
sional  stern  boundary  layer.  The  schematic  repre¬ 
sentation  of  effective  turbulence  areas,  as  deter¬ 
mined  by  the  areas  between  the  body  surfaces  and 
the  contours  of  0.66r  are  shown  in  Figure  15.  The 
outside  edges  of  the  ef f ectivejmrbulence  areas  are 
very  close  to  the  contours  of/u^c  /UQ  ■  0.04. 

Further  outside  of  these  edges,  turbulence  intensi¬ 
ties  reduce  to  0.01  at  the  edge  of  the  boundary 
layer.  The  mixing  length  parameter  is  assumed  to 
be  proportional  to  the  square-root  of  these  effec¬ 
tive  turbulence  areas,  e.g., 


where  the  value  of  ea  is  assumed  to  be  small  and 
will  be  neglected  and  the  value  of  eb  is  zero  since 
no  separation  occurs  there.  The  values  of  ea  and 
eb  may  not  be  negligible  if  the  separation  region 
is  so  large  that  the  effective  turbulence  area  is 
reduced  significantly.  However,  in  the  inner 
region,  the  conventional  mixing  length  in  the  wall 
region.  Equation  (2),  is  assumed  to  apply.  The 
mixing  length  i  is  assumed  to  be  the  same  at  the 
intersection  of  the  inner  and  the  outer  region, 
y  =  yc  in  Equation  (6).  Figures  16a  through  16c 
show  the  normalized  mixing  length  distributions 
for  three  axisymmetric  bodies  studied  by  Huang  et 
al.  [1,2].  These  figures  show  that  the  measured 
values  for  the  three  axisymmetric  models  agree 
reasonably  well;  each  peaking  at  a  value  of  approxi¬ 
mately  0.05.  The  values  of  1/A  at  various  loca¬ 
tions  for  the  present  three-dimensional  models  are 
shown  in  Figures  I6d  through  161.  The  values  of 
the  nondimensional  mixing  length  remain  fairly  con¬ 
stant  over  the  stem  with  respect  to  both  angular 
and  axial  positions. 


Comprehensive  boundary  layer  measurements,  in¬ 
cluding  mean  and  turbulence  velocity  profiles  and 
static  pressure  distributions  are  given  in  detail. 

An  initial  attempt  has  been  made  to  implement 
Lighthill's  three-dimensional  displacement  body 
concept  [3]  to  treat  the  viscous- inviscid  stem 
flow  interaction.  The  results  of  this  initial  in¬ 
vestigation  indicate  that  the  use  of  the  displace¬ 
ment  model  method  significantly  improves  theoret¬ 
ical  predictions  of  the  measured  pressure  coeffi¬ 
cients  on  the  body  surface.  Theoretical  predic¬ 
tions  of  the  measured  mean  axial  velocity  profiles 
are  excellent  for  the  flat  portion  of  the  model 
surface,  but  are  generally  poor  for  the  corner 
region  over  the  major  axes  of  the  models,  where 
model  curvatures  are  relatively  small  and  undergo 
rapid  change. 

Measured  values  of  eddy  viscosity  and  mixing 
length  in  the  thick  stern  boundary  layer  were 
found  to  be  smaller  than  values  which  have  been 
proposed  for  thin  boundary  layers.  Because  eddy 
viscosity  and  mixing  length  models  play  an  impor¬ 
tant  role  in  boundary-layer  calculations,  a  new 
empirical  mixing  length  model  is  proposed  and  can 
be  incorporated  into  the  three-dimensional  boundary 
layer  computation. 

Further  work  in  this  area  is  needed.  Improve¬ 
ment  of  the  flow  computation  method  for  the  region 
where  the  curvatures  of  the  body  and  the  flow  under¬ 
go  rapid  change  are  essential.  A  larger  data  base 
of  experimental  results  on  a  variety  of  three- 
dimensional  geometries  will  aid  in  the  development 
of  improved  theoretical  models  to  predict  the 
viscous- inviscid  stern  flow  interaction.  The  pro¬ 
posed  new  empirical  mixing  length  formulation  must 
be  evaluated  further. 
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Figure  2a  -  The  2:1  Elliptical  Model 


Figure  2b  -  The  3:1  Elliptical  Model 


Figure  2  -  Model*  Mounted  in  Anechoie  Wind  Tunnel 
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Figure  3b  -  Schematic  of  Surface  Pressure  Taps  on  the  3:1  Elliptical  Model 
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Figure  6  -  Computed  Distributions  of  — /  d2dx  Over  Two  Transverse  Cross  Sections  of  the  3:1  Elliptical  Model 
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Figure  7  -  Computed  Ratio  of  the  Three-Dimensional  Displacement  Thickness  Associated  with  dl  to  that  of  dx  for  the 

3:1  Elliptical  Model 
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Figure  9  -  Computed  and  Measured  Stem  Pressure  Distributions  for  Five 
Angular  Locations  on  the  3:1  Elliptical  Model 


Figure  10  ■  Computed  and  Measured  Mean  Axial 
Velocity  Distribution  for  the  2: 1  Elliptical  Model 


Figure  1 1  -  Computed  and  Measured  Mean  Axial 
Velocity  Distribution  for  the  3:1  Elliptical  Model 
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(a)  Axisymmetric  Afterbody  1 


(b)  Axisymmetric  Afterbody  5' 

Figure  15  -  Representing  the  Mixing  Length  of  the  Stern  Flow  by  the 
Square-Root  of  Turbulence  Area 
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Figure  16a  -  Afterbody  1 


Figure  16c  -  Afterbody  5 
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Figure  I6d  -  The  3:1  Elliptical  Model,  0  Degree  Plane 


Figure  16e  -  The  3:1  Elliptical  Model,  83  Degree  Plane 


Figure  16  -  Proposed  Similarity  Concept  for  Mixing  Length 
of  Stern  Turbulent  Boundary  Layer 
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Abstract; 

Numerical  investigations  is  made  into  complex 
three-dimensional  boundary  layers  around  ship  hull 
forms. 

At  first,  simple  model  of  natural  transition 
for  boundary  layers  on  ship  fore-body  surface  is 
presented.  Transitional  boundary  layer  from 
laminar  to  turbulent  calculated  by  using  this  model 
agreed  very  well  with  experimental  results. 
Investigation  is  carried  out  about  influence  of  the 
change  of  laminar  boundary  layer  region  and 
Reynolds  number  on  the  flow  field  around  ship  fore- 
ocdy.  The  results  shows  that  unstable  flow  pattern 
at  bilge  part  is  varied  drastically  due  to  above 
influence  at  comparatively  low  Reynolds  number 
since  turbulence  intensity  is  smaller  than  that  at 
high  Reynolds  number. 

Investigation  about  calculation  method  of 
thick  boundary  layer  on  ship  aft-body  surface  are 
also  carried  out  by  comparing  measured  results  with 
calculated  results  by  using  a  thick  boundary  layer 
equation.  And  it  become  clear  that  calculated 
velocity  profile  can  be  improved  by  taking  account 
of  curvature  of  body  surface,  viscid-inviscid  flow 
interaction,  and  peculiar  magnitude  of  Reynolds 
stress  in  thick  boundary  layers. 

1.  Introduction 

Boundary  layers  around  ship  have  complex 
characteristics  since  the  ship  hull  surface  has 
three-dimensional  complex  curvature.  Namely,  flow 
transits  from  laminar  to  turbulent,  phenomena  like 
three-dimensional  separation  occasionally  occur  and 
boundary  layer  on  aft-body  surface  become  very 
thick  rapidly. 

In  case  of  actual  ship,  natural  transition  is 
estimated  to  occur  near  the  fore  end  of  ship.  But, 
in  case  of  model  ship  experiment  in  towing  water 
tank,  laminar  boundary  layer  exists  in  wide  range 
around  ship  fore-body  due  to  comparatively  low 
Reynolds  number  and  existance  of  favorable  pressure 
gradient.  Therefore  model  ship  is  generally 
provided  with  turbulence  stimulator  at  the  position 
of  about  5%  Lpp  from  fore  perpendicular  to  simulate 
the  flow  field  of  actual  ship  as  far  as  possible. 
Laminar  boundary  layer  still  remains  in  the  region 
of  about  St  of  ship  surface  in  the  case  of  most 
full  hull  form  ship  models.  In  such  case,  flow 
pattern  behind  turbulence  stimulator  should  be 
different  from  the  case  of  fore  end  transition 
although  turbulence  grew,  and  this  difference  may 
cause  some  difficulty  in  evaluation  of  resistance. 
Therefore  it  is  Important  to  investigate  the 
influence  of  existance  of  laminar  boundary  layer  on 
the  flow  field  around  ship  fore-body  in  order  to 
evaluate  ship  performance. 

Prediction  method  of  viscid  flow  field  around 
ship  hull  forms  has  been  developed  rapidly,  and 
thin  boundary  layers  on  the  most  part  of  ship  hull 
surface  became  possible  to  be  calculate  with  high 
accuracy  by  using  conventional  three-dimensional 
thin  boundary  layer  equation  as  shown  at  workshop 


on  ship  boundary  layers  in  SSPA,  1980  D .  Most 
calculation  methods  of  boundary  layer  on  ship 
surface  neglect  the  laminar  and  transitional  flow 
region  and  start  their  calculations  from  turbulent 
flow  region. 

Calculated  examples  of  laminar  and 
transitional  flow  region  around  ship  model  were 
reported  by  Soejima  and  Yaraazaki  2>  and  Hoekstra 
In  these  two  papers,  two  models  which  predict 
occurance  of  natural  transition  were  used,  however, 
examination  about  accuracy  of  these  models  was  not 
conducted  by  taking  account  of  Reynolds  number 
effect.  Soejima  4)  tried  comparative  study  about 
three  models  of  laminar  flow  stability  and  three 
models  of  transition  occurance  for  boundary  layers 
around  ship  fore-body  taking  account  of  effect  of 
Reynolds  number.  The  models  of  laminar  flow 
stability  indicate  quite  satisfactory  results 
qualitatively  in  spite  of  the  models  for  two- 
dimensional  flows,  and  neutral  stability  line  of 
laminar  flow  predicted  by  these  models  seemed  to  be 
actual  starting  line  of  transition.  On  the 
contrary,  the  three  models  of  transition  occurance 
did  not  indicate  satisfactory  results. 

In  second  chapter  of  this  paper,  simple 
natural  transition  model  for  ship  boundary  layers 
is  presented  and  accuracy  of  this  model  is  examined 
by  comparing  calculated  results  with  experimental 
results.  Then  variation  of  boundary  layer 
parameters  on  ship  fore-body  surface  due  to  the 
change  of  transition  starting  position  and  Reynolds 
number  is  also  investigated  by  boundary  layer 
calculation. 

It  is  very  important  to  estimate  viscid  flow 
field  around  ship  aft-body  for  prediction  of  ship 
performance.  It  is  because  viscous  pressure 
resistance  ammount  to  IS  ~  30»  of  all  viscous 
resistance  due  to  very  thick  boundary  layer  on  ship 
aft-body  surface  and  propulsor  is  located  in  this 
thick  boundary  layer  and  wake.  But,  such  viscid 
flow  field  cannot  be  calculated  accurately  by  using 
thin  boundary  layer  equations  because  many 
neglected  terms  in  thin  boundary  layer 
approximation  become  to  have  significant  influence 
on  this  viscid  flow  fields. 

Main  phenomenalistic  difference  between  thin 
and  thick  boundary  layers  can  be  summerized  as 
follows. 

(1)  Thickness  of  boundary  layer  become  same  order 
of  magnitude  with  radius  of  body  surface 
curvature. 

(2)  There  are  strong  interaction  between  inviscid 
and  viscid  flow. 

<3)  Distribution  and  magnitude  of  Reynolds  stress 
are  different  from  that  obtained  by  Reynolds 
stress  model  for  thin  boundary  layer. 

The  above  items  cause  some  problemes.  From  item 
(2),  for  example,  pressure  variation  across 
boundary  layer  cannot  be  neglected  and  then 
pressure  distribution  on  body  surface  is  different 
from  that  obtained  by  potential  flow  calculation 
alone.  Furthermore,  in  the  case  of  full  hull  form 
ship,  thick  boundary  layer  problem  becomes  more 
complex  due  to  the  existance  of  large  longitudinal 
vortex  which  is  caused  by  open  separation  occuring 
at  around  lOt  Lpp  from  aft  perpendicular. 


where  8  is  thickness  of  boundary  layer. 


In  third  chapter,  some  discussion  are  made 
about  numerical  calculation  method  for  thick 
boundary  layers  on  ship  aft-body  surface  by 
comparing  measured  data  and  calculated  results  by 
using  thick  boundary  layer  equations  which  include 
some  higher  order  terms. 

2.  Thin  Boundary  Layer  around  Ship  Fore-Body 
2-1  3-D  Thin  Boundary  Layer  Equation 

A  three-dimensional  curvilinear  orthogonal 
coordinate  system  (£,?>£)  Is  chosen  so  as  to  take 
f  and  e  axes  on  the  hull  surface,  and  f  axis  is 
normal  to  the  hull  surface  as  shown  in  Fig.  1.  The 
equations  governing  the  turbulent  thin  boundary 
layer  for  incompressible  three-dimensional  flow  are 
given  as  fellows: 


In  this  paper,  the  eddy-viscosity  concept  for 
Reynolds  stresses  is  used  as 
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According  to  Cebeci  and  Smith*, 6)  the  eddy- 
viscosity  of  three-dimensional  thin  boundary  layer 
is  expressed  as  follows: 
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In  these  equations,  u  and  v  are  velocity  components 
in  the  J  and  J  directions,  respectively,  at  the 
outer  edge  of  boundary  layer.  (u,  v,  w)  and  (u', 
v‘,  w')  are  the  components  of  time  mean  and 
fluctuating  velocity,  respectively,  h^  and  h2  are 
metric  coefficient  and  and  K21  are  defined  by 
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Here,  Us  is  velocity  along  a  streamline  at  f  *  S  , 
and  dS  is  a  line  element  of  this  streamline. 

Further  (  )w  indicates  a  value  at  the  wall,  i.e. 

?  •  0.  For  laminar  boundary  layer,  the  above  eddy- 
viscosity  is  zero. 
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Boundary  conditions  for  Eqs.  (2-1)  through  (2-3) 
are  given  as 


at 

at 
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The  govering  equations  are  solved  by  using  the 
method  based  on  Keller's  box  scheme  and  finite- 
difference  approximation2'*).  Calculation  is 
started  from  assumed  leading  edge  which  is 
positioned  near  the  stagnation  point  and  where  flow 
is  laminar  and  no  cross  flow  exists2) . 

2-2  Transition  Model 

Soejima*)  tried  to  examine  some  models  of 
natural  transition  for  boundary  layers  around  ship 
fore-body.  However  the  predicted  starting  position 
of  natural  transition  by  using  each  model  showed 
entirely  different  from  each  other  at  high  Reynolds 
number  and  also  seemed  to  be  different  from  actual 
one.  On  the  contrary,  neutral  stability  position 
of  laminar  flow  predicted  by  using  three 
models7  >8>9)  shown  in  Fig.  2  seemed  to  be  actual 
starting  position  of  transition.  Therefore,  in 
this  paper,  neutral  stability  position  predicted  by 
using  the  above  three  models  of  laminar  flow 
stability  is  used  as  the  starting  position  of 
natural  transition.  These  are  the  models  for  two- 
dimensional  flows,  and  parameters  in  Fig.  2  are 
defined  as  follows: 
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Fig.  4  .'.-Distribution  on  Ship  Side  Hull  Surface 


R5a  -  5  Us/v,  Rg  -  eus/v 

where  5*  is  displacement  thickness  and  0  is 
momentum  thickness.  When  the  three  models  are 
applied  for  three-dimensional  flows,  3*  and  0  are 
replaced  by  5]*  and  9ll.  respectively,  where  3j* 
and  0  n  are  streamwise  displacement  thickness  and 
streamwise  momentum  thickness  defined  by 


•  />s  -  -s^s 


Here,  A0  denotes  a  sectional  area  of  the  body  at 
each  section. 

2-3  Calculated  Results  and  Discussion 

Calculation  of  the  boundary  layer  around  fore¬ 
body  of  a  crude  oil  vessel  (Lpp/B  *  6.S2,  CB  * 
0.S25)  was  performed  in  order  to  examine  the 
accuracy  of  the  present  transition  model  and  also 
to  investigate  the  effect  of  transition  and 
Reynolds  number  on  the  flow  pattern. 


3U  *  /ou3(Us  -  Us)d(;/Us 

Region  of  transition  is  assumed  to  spread  like  a 
wedge  which  has  half  angle  of  5  degree  relative  to 
the  inviscid  streamline  even  if  each  point  in  the 
wedge  does  not  satisfy  the  above  natural  transition 
condition.  And  eddy  viscosity  model  i?  tr  in 
transition  region  is  modified  as  follows: 


-  V 

tr  tr  t 

where  V t  is  Cebeci  and  Smith's  eddy  viscosity  model 
defined  by  eq.  (2-8)  and  Ttr  13  Chen  and  Thyson's 
intermittency  factor10*  defined  by 


Pressure  distribution  on  the  hull  surface 
calculated  by  using  Hess  and  Smith  method11*  is 
shown  in  Fig.  3,  and  A -distribution  on  the  side 
hull  surface  obtained  by  laminar  boundary  layer 
calculation  is  shown  in  Fig.  4.  From  these 
figures,  it  is  understood  that  the  hull  form  of 
this  ship  has  strong  stable  laminar  boundary  layer 
region  on  the  lower  part  of  the  3ide  hull  in  front 
of  X/L  ■  0.05.  Such  region  where  strong  favourable 
pressure  gradient  and  comparatively  largeA-value 
exists  has  a  possibility  of  no  transition  or 
reverse  transition  even  if  turbulence  stimulator 
fitted  in  front  of  this  region,  as  reported  by 
Asano  et.  al12) . 

2-3-1  Comparison  with  Experiment 
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In  this  section,  accuracy  of  the  transition 
model  is  examined  by  comparing  calculated  results 
with  experimental  results. 
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Fig.  5-a  shows  a  bottom  view  photograph  of 
limiting  streamlines  observed  in  circulating  water 
channel  by  using  2.5  M  length  model  ship.  Reynolds 
number  was  Ri,pp  (•  Lpp-lW>>)  «  2  x  10*  and 
turbulence  stimulator  was  not  fitted.  Calculated 
limiting  streamlines  are  shown  in  Fig.  5-b  in  which 
calculated  starting  line  of  natural  transition  is 
also  shown  for  reference.  In  Fig.  6  comparison  of 
calculated  and  observed  results  is  made  about 
girthwise  distribution  of  angled*  between  X-axis 
and  limiting  streamline.  The  calculated  peak  of 
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(a)  Oil-Flow  Pattern  Observed  in 
Circulating  Water  Channel 


CALCULATED  STARTING  LINE  OF  TRANSITION 


X/L=0025 


(b)  Calculation 

Fig.  5  Limiting  Streamlines  on  Bottom  Surface 
of  Ship  Fore-Body 


Fig.  6  BWx  Distribution  on  Bottom 
Surface  of  Ship  Fore-Body 


|3Wjt  and  converged  line  of  limiting  streamlines  are 
positioned  a  little  towerds  the  side  hull  compared 
with  the  observed  results.  But  it  is  generally 
understood  that  the  converged  streamline  at  the 
bottom  of  bow  observed  by  oil  flow  method  is 
somewhat  closer  to  the  center  line  than  actual  one 
due  to  the  effect  of  the  outer  flow.  Therefore  it 
can  be  said  that  calculated  limiting  streamline 
agreed  very  well  with  actual  one. 

Calculated  limiting  streamlines  are  very 
similar  to  the  lee  side  surface  flow  pattern  on 
body  of  revolution  with  high  incidence  case  (oi  11  12 
)  reported  by  Wang13) ,  called  open  separation  or 
circumferential  reverse  flow.  Furthermore 
longitudinal  vortex  is  clearly  indicated  by  the 
calculated  tangential  velocity  distributions  at  X/L 
■  0.10  shown  in  Fig.  10-(b). 

As  another  experiment  to  examine  natural 
transition  model,  resistance  measurement  was  also 
carried  out  in  towing  water  tank  for  the  cases 
without  and  with  turbulence  stimulator  of  rows  of 
studs  at  X/L  ■  0.05.  Difference  of  resistance 
between  above  two  cases  includes  the 
difference  of  viscous  resistance  due  to  different 
starting  position  of  transition  and  the  own 


resistance  of  studs.  To  compare  calculation  with 
the  above  resistance  measurement,  additional 
boundary  layer  calculations  were  also  carried  out 
for  three  cases.  Two  are  the  cases  that  transition 
starts  compulsorily  at  X/L  »  0.05  under  the 
conditions  of  RLpp  *  1  x  1-0®  and  2  x  10®  and 
another  is  the  case  of  natural  transition  under  the 
condition  of  RLpp  ”  1  x  10®*  Frictional  resistance 
Rp  and  viscous  resistance  R y  of  the  fore-body 
were  calculated  for  each  case  by  using  following 
equations: 


RF  -  K/s  cf  (r>2rfs 

H  H  X  °° 


=  pU  G 


cf  =  VFus 
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Fig.  7  Calculated  Starting  Line  of  Natural 
Transition 
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Here  Sa  is  the  area  of  ship  hull  surface  before  X/L 
«  0.50,  {,  is  the  girth  length  at  X/L  *  0.5,  is 
model  ship  speed  or  uniform  flow  speed  at  infinity 
and  C«  is  a  X-component  of  local  shearing  stress 
Cf.  THe  equation  of  Ry  is  Squire  and  Young's 
relation  for  two-dimensional  flow  assuming  that  the 
flow  at  X/L  »  0.50  is  similar  to  two-dimensional 
flow.  Comparison  of  calculated  and  measured 
difference  of  resistance  is  made  in  Table  1,  in 
which  measured  ones  are  corrected  by  deducting  the 
own  resistance  of  studs  calculated  according  to 
Tagori's  study  results14 ) .  The  calculated  results 
agree  very  well  with  the  measured  results  at  two 
different  Reynolds  numbers. 

By  Considering  that  the  calculated  results  of 
above  two  examination  agree  very  well  with 
experimental  results,  it  can  be  said  that  the 
present  simple  model  of  natural  transition  estimate 
very  well  actual  transition  around  ship  fore-body. 
Therefore  present  model  is  considered  to  be 
sufficient  for  the  purpose  of  Investigation  about 
the  influence  of  laminar  boundary  layer  and  the 
Reynolds  effect  on  the  flow  pattern  around  ship 
fore-body. 

2-3-2  Influence  of  Starting  Point  of  Transition 
anc  Reynolds  Effect 

At  first,  calculated  variation  of  starting 
position  of  natural  transition  by  using  present 
method  due  to  the  change  of  Reynolds  Humber  is 
shown  in  Pig.  7.  This  figure  shows  that  starting 
line  of  transition  moves  forward  on  the  side  hull 
and  also  moves  gradually  upwards  from  the  bottom  as 
Reynolds  number  increases.  In  the  case  of  R^pp  * 
10°,  stable  laminar  boundary  layer  remains  at  the 
lower  part  of  the  side  hull  surface  in  front  of  X/L 
•  0.05,  which  coincides  with  the  region  of  strong 
favourable  pressure  gradient  and  large A-value  as 
shown  in  Pig.  3  and  4. 


-——--natural  transition 

- TRANSITION  at  X/L” 0.05 

- transition  at  fore  end 


GIRTH  LENGTH  girth  LENGTH 

(a)  RLpp  -  106  (b)  RLpp  -  107 

Fig.  8  Distribution  of  Boundary  Layer  Parameters 
at  X/L  -  0.10 


To  investigate  the  influence  of  the  change  of 
laminar  boundary  region  and  Reynolds  number  on  the 
flow  field  around  ship  fore-body,  boundary  layer 
calculations  were  carried  out  for  three  transition 
conditions,  namely,  natural  transition,  forced 
transition  at  X/L  •  0.05  and  at  the  fore  end  at 
five  Reynolds  numbers  (R^na  •  10s,  2  x  10®,  107, 
10®,  10»). 

Pig.  8  shows  the  calculated  results  of  the 


influence  of  starting  position  of  transition  on 
girthwise  distribution  of  boundary  layer  parameters 
at  X/L  •  0.10  for  Rt,pp  •  10®  and  107.  As  shown  in 
this  figure,  degree  of  influence  of  transition 
condition  on  flow  field  around  ship  fore-body 
changes  depending  on  Reynolds, number . 

In  the  case  of  R^pp  •  10  ,  variation  of 
boundary  layer  parameters  on  the  side  hull  surface 
between  mid  girth  and  LWL  due  to  different 


girth  length  girth  length  girth  length 

(a)  Natural  Transition  (b)  Transition  at  (c)  Transition  at 

X/L  -  0.05  Fore  End 

Fig.  9  Distribution  of  Boundary  Layer  Parameters  at  X/L  *  0.10 


transition  condition  is  almost  similar  to  flat 
plate  case.  On  the  bottom  surface  between  keel  to 
mid  girth,  variation  is  entirely  different  from  the 
case  of  side  hull.  Judging  from  the  distribution 
of  boundary  layer  parameters  in  the  case  of  natural 
transition,  phenomenon  called  open  separation  or 
circumferential  reverse  flow  occurs  at  mid  girth. 
This  tendency  is  gradually  weakend  as  starting 
position  of  transition  moves  forward,  and  almost 
disappears  at  the  case  of  fore  end  transition. 

Here,  we  have  to  pay  attention  to  the  fact  that 
even  if  transition  is  stimulated  at  X/L  »  0.05, 
flow  pattern  at  X/L  *  0.10  is  still  entirely 
different  from  the  one  of  fore  end  transition  case 
at  low  Reynolds  number  RLpp  *  10®  as  shown  in  Fig. 
a- (a) . 

At  the  case  of  RLpp  -  107,  on  the  other  hand, 
variation  of  boundary  parameters  due  to  different 
transition  condition  is  very  small  comparing  with 
the  case  of  RLpp  *  10® .  Namely,  the  variation  of 
0W  is  very  small.  And  similar  to  flat  plate  case, 
the  variations  of  other  parameters  means  only  that 
velocity  profile  becomes  the  one  of  turbulent 
boundary  layer  from  the  one  of  laminar  boundary 
layer  as  the  starting  position  of  transition  moves 
forward,  i.e.  turbulence  grows. 

Next,  calculated  results  about  influence  of 
Reynolds  number  variation  on  girthwise  distribution 
of  boundary  layer  parameters  at  X/L  *0.10  are 
shown  in  Fig.  9. 

In  the  case  of  natural  transition,  the 
variations  of  boundary  layer  parameters  for  range 
of  Reynolds  number  of  Rlpp  ■  10®  ~  107  are  shown  in 
Fig.  9- (a).  Zn  addition  to  Reynolds  number  effect. 
Influence  of  starting  position  of  natural 


transition  is  also  included  in  this  case. 

Therefore,  the  variations  of  boundary  layer 
parameters  at  mid  girth  where  phenomenon  called 
open  separation  occurs  at  low  Reynolds  number  are 
very  large  as  Reynolds  number  changes.  In  Fig. 

10,  calculated  tangential  velocity  distributions 
for  each  Reynolds  number  of  this  case  are  shown. 

For  reference,  velocity  profiles  of  streamwise, 
crosswise  and  normal  component  are  also  shown  in 
Figs.  11  and  12.  In  these  figures,  longitudinal 
vortex  is  clearly  shown  at  RLpp  “  10®,  and  with 
increase  of  Reynolds  number,  tangential  velocity 
component  decreases  rapidly  and  finally 
longitudinal  vortex  become  neglegibly  small  at  RLpp 
»  107. 

In  the  next  case  of  transition  at  X/L  »  0.05 
shown  in  Fig.  9-(b),  the  variations  of  boundary 
layer  parameters  are  smaller  than  the  case  of 
natural  transition.  But  tendency  of  phenomenon 
called  open  separation  still  remaines  at 
comparatively  low  Reynolds  number  of  RLpp  “  10®  and 
2  x  10®.  Therefore  it  is  clearly  understood  that 
flow  pattern  is  considerably  changed  by  Reynolds 
effect  even  if  transition  starts  at  same  position 
in  the  range  of  RLpp  *  10® ~  107. 

Boundary  layer  parameters  in  the  case  of  fore 
end  transition  shown  in  F*j.  9-(c)  show  systematic 
variation  entirely  different  from  the  above  two 
cases.  Especially  in  the  range  of  RLpp  *  107 ~ 

10®,  the  variations  of/3w  and  Sn  due  to  the  change 
of  Reynolds  number  are  in  proportion  to  the 
variations  of  Cj.  This  results  agrees  very  well 
with  Tanaka  and  Himeno's  conclusion^-®)  about  scale 
effect  which  was  derived  from  first  order 
approximation  to  three-dimensional  turbulent 
boundary  layer. 
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Fig.  10  Distribution  of  Tangential  Velocity  Component  at  X/L  =  0.10, 
Natural  Transition 
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Fig.  11  Streamwise  Velocity  Profile 

at  X/L  -  0.10,  Natural  Transition 
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Fig.  12  Crossise  and  Normal  Velocity  Profile 
at  X/L  -  0.10,  Natural  Transition 


/  On  the  other  hand,  in  the  range  of  RLpp  *  10° 

a*./  -200  ~  107,  a  different  relationship  is  found  between^* 

/  o  and  Cf.  This  reason  is  considered  as  follows: 

/  JE  Shear  stress  included  in  turbulent  boundary 

/  A  layer  equations  is  expressed  from  Eqs. (2-4)  and  (2- 

/  N  7)  as 


Fig.  13  Variation  of  vt/v  and  H 
Flat  Plate,  RXc  -  103 


Ti  ■  +  ^r>|?  <2-13: 

and  is  generally  propotional  to  R5*  (• 

Usf?/V).  It  means  that  with  decrease  of1Reynolds 
number,  »>t/V  and  Reynolds  stress  becomes  small  and 
solution  of  turbulent  boundary  layer  equation 
approaches  to  solution  of  laminar  boundary  layer 
equation  in  which  ^t/*7  Is  zero.  For  reference 
calculated  ratio  of  and  shape  factor  H  for 

flat  plate  case  are  shown  in  Fig.  13.  From  this 
figure,  we  can  understand  that  shape  factor  R 


Fig.  14  Frictional  Resistance  Coefficient 
for  Ship  Fore-Bodv 


increases  rapidly  below  Rx  *  10®  and  becomes  close 
to  the  value  of  laminar  boundary  layer  (H  *  2.6) . 
This  implies  that  the  tendency  of  unstable  flow 
pattern  still  remains  slightly  even  if  turbulence 
is  fully  stimulated  in  case  of  a  three-dimensional 
flow  field  which  has  very  unstable  flow  pattern 
under  laminar  flow  condition.  Namely,  the  increase 
rate  of  /3W  becomes  large  compared  with  that  of  Cp 
as  Reynolds  number  decreases  below  10®.  Therefore, 
it  can  be  concluded  that  scale  effect  derived  from 
first  order  approximation  to  three-dimensional 
turbulent  boundary  layer  can  not  be  applied  for 
unstable  flow  field  at  low  Reynolds  number. 

Frictional  resistance  of  fore-body  before  X/L 
*0.5  for  the  above  each  case  is  calculated  and  is 
plotted  in  Fig.  14  on  the  basis  of  Reynolds  number 
for  the  distance  from  fore  end  to  X/L  *  0.5.  For  a 
comparison  purpose,  Schoenherr's  and  calculated 
frictional  resistance  curves  for  flat  plate  are 
also  shown  in  this  figure.  Furthermore,  form 
factors  Kp  for  frictional  resistance  are  shown  in 
Table  2. 

In  the  case  of  natural  transition,  frictional 
resistance  of  the  fore-body  is  lower  than  that  of 
flat  plate  due  to  the  existance  of  wide  laminar 
boundary  layer  region,  and  gradually  approaches  to 
the  level  of  flat  plate  as  Reynolds  number 
increases.  On  the  other  hand,  in  the  case  of 
transition  at  X/L  *  0.05,  frictional  resistance  is 
nearly  equal  to  that  of  flat  plate  and  form  factor 
for  frictional  resistance  is  indicated  to  be  almost 
constant  for  each  Reynolds  number. 

In  the  case  of  fore  end  transition,  form 
factor  baaed  on  Schoenherr's  frictional  line  varies 
for  each  Reynolds  number,  but  form  factor  based  on 
the  calculated  frictional  resistance  of  flat  plate 
is  almost  constant  except  the  case  of  R^pp  *  10®. 
From  this  result,  form  factor  for  frictional 
resistance  seems  not  to  be  influenced  by  the 
difference  of  Reynolds  number  under  the  condition 
that  transition  starts  from  ship  fore  end  at 
sufficiently  large  Reynolds  number. 

2-4  Conclusion 

Simple  model  of  natural  trandition  for 
boundary  layer  calculation  was  presented  and 
calculated  results  by  using  this  model  agreed  very 
well  with  experiments.  And  effects  of  transition 


Table  2  Form  Factor  for  Frictional  Resistance 
1+kF,  *  cF^Cpo 

Cp  t  Frictional  Resistance  Coefficient 
°  of  Flat  Plate 

CpB  :  Prictional  Resistance  Coefficient 
of  Ship  Fore  Body 


starting  position  and  Reynolds  number  for  flow 

field  around  ship  fore-body  were  investigated. 

The  following  conclusions  are  derived. 

(1)  Present  simple  model  of  natural  transition  is 
considered  to  be  sufficient  for  a  purpose  of 
studying  the  influence  of  laminar  boundary 
layer  and  Reynolds  effect  on  viscous  flow 
field  around  3hip  fore-body. 

(2)  Flow  pattern  called  open  separation  or 
circumferential  reverse  flow  observed  on  bow 
bottom  surface  of  model  ship  is  generally 
caused  by  the  fact  that  turbulence  does  not 
sufficiently  grow.  And  in  the  case  of  actural 
ship,  such  flow  pattern  will  not  appear  or 
will  be  smaller  scale  even  if  appear  than  that 
on  model  ship. 

(3)  At  low  Reynolds  number,  the  influence  of 
transition  starting  position  on  flow  pattern 
is  considerably  large  and  there  is  a 
possibility  that  even  if  turbulence  is 
stimulated  at  X/L  «  0.05,  flow  pattern  is 
entirely  different  from  the  one  of  actual 
ship. 

(4)  At  high  Reynolds  number  greater  than  Ri,pp  * 
10?,  influence  of  transition  starting  position 
is  almost  similar  to  flat  plate  case,  and 
resistance  of  actual  ship  can  easily  be 
estimated  from  model  test  results.  Further 
study  is  necessary  to  investigate  whether  this 
can  be  applied  for  other  ship  hull  form  which 
has  larger  scale  unstable  flow  pattern  than 


the  one  of  the  hull  form  in  this  paper. 


where 


(5)  Scale  effect  derived  from  first  order 

approximation  co  three-dimensional  turbulent 
boundary  layer  is  applicable  to  boundary  layer 
around  ship  fore-body,  and  form  factor  for 
cr lotions 1  rnslstoooe  of  ship  fore-body  is 
considered  not  to  be  influenced  by  difference 
of  Reynolds  number  under  the  condition  that 
transition  starts  from  ship  fore  end  at 
sufficiently  large  Reynolds  number. 
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3.  Thick  Boundary  Layer  on  Ship  After-Body 
3.1  3-D  Thick  Boundary  Layer  Equations 

General  equations  governing  three-dimensional 
thick  boundary  layers  are  not  established  yet 
although  several  equations  has  been  presented  by 
many  researchers.  Here,  the  following  equations^®) 
which  take  account  of  curvature  of  body  surface  and 
pressure  variation  across  the  boundary  layer  are 
examined. 

fs(h2u)  +  f^(hlV)  +  fl(hlh2W)  "  °  (3_1) 


U_  in  +  V-  in.  +  ^  +(K,,u  -  K,.v)v  +  Knuw 
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C2  =  3.33(1.0  -  C3)C/6  +  C3 
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Here,  »>t.  and  are  expressed  in  Eq.  (2-8) .  The 
above  raoiel  is  derived  from  the  measured  Reynolds 
stress  distribution  across  axisymmetric  thick 
boundary  layer  ,  and  is  very  convenient  to 
investigate  the  effect  of  Reynolds  stress  intensity 
on  velocity  distribution  in  boundary  layer  although 
this  model  has  no  physical  explanation. 


The  governing  equations  can  be  solved  by  using 
the  same  method  with  thin  boundary  layer  equations. 
Boundary  layer  on  fore-body  surface  is  calculated 
by  using  thin  boundary  layer  equations  mentioned  in 
previous  chapter. 


3-2  Calculated  Results  and  Discussion 
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where 
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Here,  metric  coefficient  h^  and  h2  are  functions  of 
f,  1  and  5  because  curvature  of  body  surface  is 
considered.  Eq. (3-4)  express  existance  of  static 
pressure  gradient  across  boundary  layers.  In  the 
process  of  numerical  calculation,  straight  line 
distribution  of  static  pressure  across  the  layer  is 
adopted  instead  of  Eq. (3-4)  by  connecting  the 
static  pressure  value  on  body  surface  and  at 
boundary  layer's  outer  edge.  The  static  pressure 
at  each  point  la  obtained  by  potential  flow 
calculation. 

For  assumption  of  the  Reynolds  stress,  the 
eddy  viscosity  concept  is  used  as  in  previous 
chapter,  but  following  raodif ication1®)  is  made  from 
Cebeci  and  Smith's  eddy  viscosity  model. 

vt  for  inner  layer  (0<Ci4c) 

1  (3-6) 

C  ,C‘Vt'  for  outer  layer  (C£,<4<|5) 


In  this  section,  calculated  results  about  an 
axisymmetric  body  and  three  ship  models  are 
compared  with  measured  data  and  discussions  are 
made. 


3-2-1  Calculated  Results  for  An  Axisymmetric  Body 

Calculation  of  thick  boundary  layers  was 
performed  for  axisymmetric  body  which  is  named 
after  body-1  by  Huang  et.  al37) .  The  body  length  L 
is  3.066  m  and  the  maximum  radius  Rnax.  is  0.1397 
m.  In  this  case,  static  pressure  distribution  was 
corrected  by  taking  account  of  displacement  effect 
by  iteration  of  potential  flow  and  boundary  layer 
calculation. 

Calculated  results  of  velocity  profile  at  four 
sections  are  compared  with  the  measured  results  in 
Fig.  15.  Both  results  shows  very  good  agreement 
except  radial  velocity  component  near  outer  edge  of 
boundary  layer.  Calculated  eddy  viscosity 
distributions  at  X/L  *  0.934  and  0.964  are  also 
agree  very  well  with  the  measured  results  as  shown 
in  Fig.  16.  Fran  these  results,  it  can  be  said 
that  present  method  including  eddy  viscosity  model 
estimate  very  well  the  characteristic  of 
axisymmetric  thick  boundary  layer. 

Investigations  were  made  into  the  influences 
of  body  surface  curvature,  static  pressure  gradient 
across  the  layers,  and  eddy  viscosity  magnitude  on 
velocity  distribution  across  the  layer.  This  study 
was  carried  out  by  calculating  boundary  layer  by 
using  four  different  methods  as  shown  in  Table  3. 
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Fig.  15  Velocity  Profiles  across  Axisymmetric  Boundary  Layer 

Afterbody-1,  Measurements  Performed  by  Huang  et.al.1^* 
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:  THICK  B.L.Eq. 

Fig.  16  Eddy  Viscosity  Distribution 
across  Axisymmetr ic  Boundary 
Layer,  Afterbody-], 
Measurements  Performed  by 
Huang  et.al.17* 


In  these  calculations,  static  pressure  distribution 
on  the  body  surface  corrected  for  displacement 
effect  was  used  to  clarify  the  effects  of  the  above 
three  items.  Calculated  velocity  profiles  at  X/L  * 
0.977  are  shown  in  Fig.  17.  By  comparing  each 
velocity  profile,  influence  of  above  each  item  can 
be  summarized  as  follows. 

(1)  Curvature  of  body  surface  plays  an  important 
role  in  estimating  boundary  layer  thickness. 

(2)  Velocity  profile  near  wall  is  significantly 
influenced  by  the  magnitude  of  eddy  viscosity. 

(3)  By  taking  account  of  pressure  gradient  across 
the  layer,  we  can  match  the  boundary  layer 
with  inviscid  flow  at  the  outer  edge. 

It  is  to  be  noted  that  the  influence  of  viscid- 
inviscid  flow  interaction  other  than  static 
pressure  gradient  in  the  layer  are  included  in 
these  calculated  results. 

From  the  above  results,  it  is  clear  that 
curvature  of  body  surface,  viscid  and  inviscid  flow 
interaction,  and  peculiar  intensity  of  Reynolds 
stress  in  the  thick  boundary  layer  should  be  taken 
into  account  in  order  to  calculate  thick  boundary 
layer  accurately. 

3-2-2  Calculated  Results  for  Ship  Models 

Calculation  of  thick  boun-*  -v  layers  was  also 
performed  for  three  ship  models,  ramely,  Cargo  Ship 
Model18* ,  SSPA  Model  72019*  and  HSVA  Tanker 
Model20* .  Body  plans  of  these  ship  models  are 
shown  in  Fig.  18.  In  these  cases,  static  pressure 
distribution  obtained  from  potential  flow 
calculation  alone  was  used,  namely,  viscid  and 


Table  3  Calculation  Method 


’  - METHCO  1 
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Fig.  17  Calculated  Streamwise  Velocity 

Profiles  across  Axisymmetric  Bounday 
Layer  at  X/L  -  0.977,  Afterbody-1 


inviscid  flow  interaction  was  not  taken  into 
account. 

Calculated  streamwise  and  crosswise  velocity 
profiles  for  each  ship  models  are  compared  with  the 
measured  results  in  Fig.  19.  For  Cargo  Ship  Model 
shown  in  Fig.  19- (a),  the  calculated  results  by 
using  thin  boundary  layer  equations  (Method  1)  are 
also  plotted  only  at  X/L  »  0.90  since  the 
calculation  did  not  converge  at  X/L  *  0.95.  The 
location  of  profile  number  (P.N.)  in  Fig.  19  is 
indicated  in  Fig.  18  (Body  Plan) . 

From  Fig.  19- (a ) ,  it  is  noted  that  calculated 
results  by  using  Method  4  (i.e.,  thick  boundary 
layer  calculation)  are  improved  from  the  results  by 
using  Method  1  in  predicting  thickness  of  boundary 
layer  and  cross  flow  velocity  profile,  especially, 
in  predicting  reverse  cross  flow.  The  improvements 
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Fig.  19  Velocity  Profile  across  Stern  Boundav  Laver  of  Three  Ship  Models 


a  90 


Calculation  Measurement*) 


(b)  SSPA  Model  720,  X/L  »  0.95 


Calculation  Measurement** 

(c)  HSVA  Tanker  Model,  X/L  -  0.942 
Fig.  20  Wake  Contour  of  Three  Ship  Models 
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The  inability  of  ordinary  boundary  layer  methods 
to  compute  the  viscous  flow  close  to  the  aft  end  of 
fat  bodies,  like  ships,  has  been  clearly  demon¬ 
strated  in  several  recent  results,  published  in  the 
literature.  Such  methods  use  approximations  for  the 
pressure,  the  stresses  and  the  coordinate  system. 

It  is  claimed  in  the  paper  that  the  most  serious 
one  of  these  approximations  is  the  approximation 
for  the  coordinate  system,  which,  if  the  surface 
oS  the  body  has  a  large  curvature,  may  cause  con¬ 
siderable  errors,  particularly  in  the  continuity 
equation.  It  is  also  claimed  that,  while  the  press¬ 
ure  distribution  may  be  quite  important,  the  ap¬ 
proximation  for  the  stresses  may  not  be  too  criti¬ 
cal,  provided  the  solution  is  matched  to  a  wall 
function,  which  covers  the  region  of  high  shear 
near  the  surface.  The  latter  argument  is  based  on 
experimental  evidence . In  the  paper,  a  new  method  is 
described,  which  has  shown  results,  considerably 
better  than  those  obtained  by  ordinary  boundary 
layer  methods.  Its  most  important  feature  is  that 
the  continuity  is  maintained  exactly  (within  the 
numerical  approximation)  even  if  the  surface  has 
a  considerable  curvature.  The  equations  are  cast 
in  a  Cartesian  coordinate  system,  whose  x-axis  is 
directed  along  the  local  streamline  at  every  point 
in  the  thick  boundary  layer.  In  this  way  the  equa¬ 
tions  become  quite  simple,  tJRe  one  in  the  x-direc- 
tion  expressing  the  change  in\o tal  head  due  to 
shear  forces,  and  the  two  in  the  other  directions 
expressing  the  balance  between  fyie  centrifugal 
force  and  the  pressure  and  shear  l^tress  gradients. 
The  solution  is  obtained  by  stepping  streamlines 
downstream  from  an  initial  grid,  and,  apart  from 
the  momentum  equations,  the  continuity  equation 
is  used  for  locating  the  streamlines.  The  first 
results  of  the  method  were  presented  at  the  l^th 
Symposium  on  Naval  Hydrodynamics  in  August  1982. 

At  that  stage  the  computations  were  based  on 
measured  pressures.  This  restriction  has  now  been 
removed  and  the  pressure  variation  across  the 
viscous  region  is  considered. 

1.  Introduction 

As  a  result  of  the  rapidly  increasing  cost  of 
oil  it  has  become  more  and  more  important  to  de¬ 
sign  fuel-efficient  ships.  The  possibilities  of 
reducing  the  drag  are  therefore  of  great  interest 
to  ship  builders  and  owners  and  at  many  ship  re¬ 
search  organizations  considerable  efforts  are  made 
to  achieve  this  goal.  Clearly, improved  knowledge 
about  the  flow  field  might  enable  the  scientists 
to  develop  calculation  methods  which  could  be  used 
for  parametric  and  optimization  studies  at  the 
design  stage,  without  huge  expenses  for  model  tests. 
The  latter  could  then  be  used  for  the  fine  final 
tuning  of  the  design,  to  obtain  more  efficient 
ships. 

At  3SPA,  a  program  for  fundamental  ship  flow 
studies,  particularly  the  viscous  part,  has  been 
ir.  existence  since  the  early  seventies,  the  main 


sponsor  being  the  Swedish  Board  for  Technical  Devel¬ 
opment.  The  ultimate  goal  of  the  program  is  tc  de¬ 
velop  calculation  methods  for  the  viscous  flow 
around  the  hull  and  the  viscous  drag.  Such  theoreti¬ 
cal  work  must  be  supported  by  experimental  data, 
and  the  first  project  within  the  program  was  an 
experimental  investigation  of  the  turbulent  bound¬ 
ary  layer  on  a  ship  model,  reported  in  19"-  [!J. 

Based  on  this  information  a  three-dimensional  tur¬ 
bulent  boundary  layer  integral  method  was  developed 
[2].  This  method  seemed  to  work  well  for  the  major 
part  of  the  ship  hull,  but  in  the  after  region  the 
results  deteriorated  considerably.  The  reasons  dfcrthis 
were  investigated ^3]  and  in  1978  the  researcr.  program 
was  enlarged  to  include  several  different  projects 
judged  necessary  to  improve  the  prediction  accuracy 
close  to  the  stern.  Thus,  an  extensive  experimental 
investigation  of  the  Reynolds  stresses  in  the  stern 
boundary  layer  on  a  ship  model  was  initiated,  and 
the  development  of  calculation  methods  of  three 
different  kinds  was  outlined. 

The  first  result  of  the  enlarged  program  was  re¬ 
ported  in  I960  t U ]  when  one  of  the  new  calculation 
methods  was  presented.  It  represents  an  extension 
to  higher  order  of  the  original  boundary  layer 
integral  method  and  incorporates  such  features  as 
boundary  layer  -  free  surface  potential  flow  inter¬ 
action,  pressure  variation  across  the  boundary 
layer  and  a  coordinate  system  which  is  (at  least 
approximately)  fitted  to  the  hull  and  the  space 
occupied  by .the  viscous  region.  In  March  of  1982 
the  first  reports  on  the  Reynolds  stress  measure¬ 
ments  were  published  [5],  [6],  and  in  August  a 
first  version  of  the  second  calculation  method, 
called  the  streamline  curvature  method,  was  pre¬ 
sented  [7).  This  method  is  based  on  a  new  approach, 
especially  designed  for  thick  viscous  regions,  and 
does  not  necessarily  have  to  rely  on  any  boundary 
layer  assuprations.  The  third  method  of  the  program, 
developed  in  cooperation  between  Chalmers  University 
of  Technology  and  SSPA,  is  still  not  ready  for  pre¬ 
sentation,  but  it  includes  an  analytical  body  fitted 
coordinate  system  and  flow  equations  of  the  par¬ 
tially  parabolic  type.  In  the  present  paper  the  more 
recent  development  of  the  streamline  curvature 
method  will  be  described. 

2.  The  '.leak  Points  of  the  Boundary  Layer  Approxima¬ 
tion 

As  mentioned  in  the  introduction,  the  original 
boundary  layer  method  could  not  predict  the  flow- 
near  the  stern,  and  it  was  confirmed  at  the  inter¬ 
national  workshop  on  ship  boundary  layer  calculations, 
organized  by  SSPA  in  1980  [8],  that  this  is  typical 
for  all  first  order  boundary  layer  methods.  Gn  this 
occasion  17  different  calculation  methods,  some  of 
them  from  the  aircraft  industry,  participated  in 
comparative  calculations  for  two  different  hull  forms, 
and  the  results  were  quite  discouraging  near  the 
stern. 

There  seem  to  be  three  main  reasons  why  tcur.dary 
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layer  methods  cannot  accurately  predict  a  flow 
field  of  the  kind  found  on  the  afterbody  of  a  ship. 

A.  The  coordinate  systems  which  are  used  in 
boundary  layer  methods  are  assumed  curvilinear 
only  in  the  plane  of  the  surface.  The  normals  are 
thus  assumed  straight  and  parallel,  so  the  metrics 
are  not  considered  functions  of  the  coordinate  at 
right  angles  to  the  surface.  Since  in  reality  the 
normals  may  even  intersect,  see  [7  ]  ,  within  the 
boundary  layer,  this  approximation  is  too  crude. 

A  major  effect  of  this  is  that  the  continuity  of 
the  flow  is  not  maintained  downstream,  so  the  volume 
flux  may  be  quite  unrealistic  near  the  stern. 

B.  The  pressure  is  assumed  constant  through  the 
boundary  layer  and  equal  to  that  on  the  surface  in 
a  potential  flow,  without  boundary  layer  displace¬ 
ment  effects.  In  reality  the  boundary  layer  inter¬ 
acts  with  the  potential  flow,  and  the  pressure  may 
vary  significantly  across  the  layer.  Matching  be¬ 
tween  the  two  regions  should  be  carried  out  at 
some  surface  on,  or  outside,  the  boundary  layer 
edge. 

C.  Usually,  only  two  Reynolds  stresses  are  con¬ 
sidered  in  the  equations,  and  these  stresses  are 
computed  using  turbulence  models,  which  may  not  be 
applicable  in  ship  stern  flows,  mainly  due  to  the 
strong  effects  of  flow  convergence  and  normal  curva¬ 
ture. 

Of  these  three  approximations  the  first  one 
seems  to  be  least  serious.  Thus,  all  available  in¬ 
formation  on  Reynolds  stresses  close  to  the  stern 
of  ship  hulls  [5],  [6],  [9],  [10],  [11]  and  similar 
three-dimensional  [12]  and  axisymmetric  [13]  bodies 
indicates  that  the  magnitude  of  the  stresses  is 
very  much  reduced  as  compared  with  the  thin  bound¬ 
ary  layer  case.  Since  this  holds  also  for  the 
stress  gradients,  turbulence  seems  to  play  a  fair¬ 
ly  limited  role  in  the  flow  close  to  the  stern. 
Provided  the  stresses  close  to  the  surface  could 
be  handled  properly,  it  might  even  be  possible  to 
use  an  essentially  inv'iscid  method  in  the  stern  region. 
The  effects  of  the  stresses  would  then  be  included 
through  the  initial  velocity  profiles,  which  are 
a  result  of  stress  actions  further  upstream. 

3,  The  Basis  of  the  Streamline  Curvature  Method 

In  the  search  for  a  method,  in  which  the  weak 
points  of  the  boundary  layer  approximation  could 
be  removed,  or  at  least  reduced,  the  attention 
was  directed  towards  a  very  original  method  for 
two-dimensional  [ 1 U ]  and  axisymmetric  [ 1 5 ]  flows, 
developed  by  Dyne.  The  basic  feature  of  this  ap¬ 
proach  is  that  the  coordinate  system  is  aligned 
with  the  local  streamline,  which  is  traced  inside 
the  boundary  layer.  In  this  way,  the  governing 
equations  become  quite  simple,  the  longitudinal 
momentum  equation  being  the  Bernoulli  equation 
and  the  equation  in  the  normal  direction  repre¬ 
senting  the  balance  between  the  pressure  gradient 
and  the  centrifugal  force.  A  one-dimensional  form 
of  the  continuity  equation  is  used  to  compute  the 
distance  between  neighbouring  streamlines.  The 
simplicity  of  the  equations  are  of  course  obtained 
at  the  expense  of  having  to  trace  the  local  stream¬ 
lines. 

Quite  simple  governing  equations  are  ob¬ 
tained  also  if  Dyne's  method  is  extended  to 
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three-dimensional  flows.  In  principle  the  only  dif¬ 
ference  is  that  one  more  pressure  gradient  -  centri¬ 
fugal  force  equation  has  to  be  introduced  in  the 
lateral  direction.  The  one-dimensional  continuity 
equation  can  still  be  used,  but  for  individual 
stream  tubes,  which  are  formed  by  the  streamlines 
traced  downstream.  Unfortunately  the  additional 
freedom  for  the  streamlines  to  bend  laterally 
causes  huge  difficulties  in  the  streamline  tracing, 
odd  stream  tube  shapes,  instabilities,  etc,  which 
make  the  development  of  a  three-dimensional  ver¬ 
sion  of  the  approach  considerably  more  difficult 
than  the  two-dimensional  and  axisymmetric  ones. 
Nevertheless,  in  light  of  the  very  premising  results 
obtained  by  Dyne,  this  is  the  approach  chosen. 


The  governing  equations  may  be  derived  from 
the  Reynolds  equations,  cast  in  a  Cartesian  co¬ 
ordinate  system,  (x,  y,  z) 
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where  7  is  the  Laplace  operator,  (u,v,w)  the 
velocity  vector,  p  the  static  pressure,  U  the 
dynamic  viscosity,  p  the  density,  and  u'2,  u'v'  etc 
the  Reynolds  stresses. 

If  the  system  is  locally  oriented  in  such  a  way, 
that  x  is  along  the  mean  flow  streamline,  v  and  w 
are  zero,  although  their  gradients  are  not.  Leaving 
the  exact  form  of  the  stress  terms  for  later  dis¬ 
cussion  and  denoting  them  Sj,  S2,  S3,  the  equations 
may  be  written 
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Introducing  the  normal  curvature,  K12,  for  a 
streamline 
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Since  a  corresponding  relation  holds  for  the 
lateral  curvature,  Kx s ,  the  equations  may  be 
written 
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where  pQ  is  the  total  head 

p0  =  p  +  jpu2  (5) 

l*a  is  recognized  as  the  Bernoulli  equation  with 
total  head  losses  due  to  friction,  kb  and  c  are  the 
pressure  gradient  -  centrifugal  force  equations 
also  modified  by  friction.  These  are  to  be  solved 
in  connection  with  the  one-dimensional  continuity 
equation  applied  to  each  stream  tube. 

V  =  u  •  A  =  const  (6) 

m 

where  V  is  the  volume  flux,  un  the  average  velocity 
in  the  stream  tube  and  A  its  cross-sectional  area. 

3.2  Outline  of  the  S.lution  Procedure 

The  two  coordinate  systems  used  in  the  solution 
are  defined  in  Figs  1  and  2. (X,  Y,  Z) is  a  global 
system  with  X  backwards,  Y  to  starboard  and  Z  up¬ 
wards.  x,  y,  z  is  the  local,  also  Cartesian,  system 
with  x  along  the  streamline,  z  along  a  stream  sur¬ 
face  and  y  outwards. 


Figure  1.  The  global  coordinate  system  X,Y,Z 


Note  that  the  index  i  runs  in  the  X-direction,  j 
outwards  from  the  surface  and  k  in  the  circumferen¬ 
tial  direction.  A  stream  surface  is  formed  by  the 
streamlines  having  the  same  j . 

.  By  use  of  Fig  2  and  the  flow  chart  in  Fig  3  the 
solution  procedure  may  be  outlined  as  follows 


Figure  2.  The  local  coordinate  system  x,y,z 


Figure  3.  Schematic  flow  chart 


1.  Solve  the  integral  equation  for  the  soqrce 
strength  on  the  hull  in  a  potential  flow,  using 
the  Hess  ft  Smith  method.  Store  the  sources. 

2.  Define  the  starting  points  for  all  3treamlir.es 
in  a  grid  at  X*X15  generated  by  the  projections  in 
the  plane  X*X3  of  the  normals  to  the  surface,  and 

a  set  of  lines  at  constant  fractions  of  the  bound¬ 
ary  layer  thickness.  Give  initial  data  for  the 
velocity  vectors  at  all  grid  points.  Compute  the 


velocity  and  pressure  at  the  outermost  stream  surface, 
using  the  stored  sources  and  assume  (only  in  this 
plane)  that  the  pressure  is  constant  along  each 
normal.  Use  the  velocity  and  pressure  at  each  grid 
point  to  calculate  the  total  head  and  compute  the 
volume  flux  through  each  stream  tube,  defined  by  a 
mesh  in  the  grid,  using  the  average  velocity  of 
the  four  corner  streamlines.  See  Fig  k. 
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3.  Compute  the  shear  stresses  in  the  plane  X  =  X; 
using  the  given  velocity  distribution.  (Mixing 
length  theory  used  so  far.  )  Compute  necessary 
stress  gradients  neglecting  longitudinal  deriva¬ 
tives,  i  e  determine  si,  S2,  S3. 

I.  Compute  the  lateral  pressure  gradient  5c  /'3z 
knowing  the  pressure  at  the  grid  points  and  thl 
longitudinal  pressure  gradient  3cp/3x  (assumed 
zero  in  the  first  step).  Use  equation  ( Uc )  to  ob¬ 
tain  the  lateral  curvature  Kx  3  of  each  streamline. 

5.  Step  forward  each  streamline  to  X=X3+i, 
using  the  known  streamline  direction  at  X=Xi  and 
the  lateral  curvature  K13.  Assume,  as  a  first  ap¬ 
proximation,  that  the  pressure  can  be  obtained 
from  the  previous  step,  using  a  constant  longitudi¬ 
nal  pres-ure  gradient.  Compute  the  velocity,  using 
(4a). 

c.  Start  at  the  innermost  stream  surface  (i  e 
the  hull)  and  displace  the  streamlines  in  the  y- 
iirection  in  such  a  way  that  the  correct  volume 
flux  is  obtained  in  each  stream  tube.  (At  the  sur¬ 
face  of  the  hull  "limiting  streamlines"  are  ob¬ 
tained  from  the  projection  of  the  streamlines  next 
to  the  surface.)  The  first  approximation  for  the 
location  of  the  streamlines  at  X=X^+1  is  now 
obtained. 

7.  Use  the  stored  sources  to  compute  the  press¬ 
ure  at  the  outermost  two  stream  surfaces  at  X=X^+1 
and  obtain  the  normal  pressure  gradient  3cp/3y  at 
the  edge  of  the  viscous  region.  Use  ( Ub )  to  com¬ 
pute  the  normal  curvature  K12  at  the  edge. 

3.  Extrapolate  the  limiting  streamlines  to  the 
station  X=X^+2.  and  compute  the  coordinates  and 
the  direction  cosines  after  this  step.  Compute  the 
normal  curvature  of  the  surface  along  the  limiting 
streamlines,  using  the  change  in  direction  cosines 
compared  with  the  previous  step. 

9.  Assume  a  linear  variation  along  the  gridlines 
k  *  const  of  the  normal  curvature  of  the  stream¬ 
lines,  the  boundary  values  being  given  by  7.  and  8. 
Compute  the  normal  pressure  gradient  3ep/3y  at 
each  grid  point  at  X=X^+1  from  (4b). 

10.  Use  the  pressure  gradients  in  the  x,  y  and 

z  directionsto  compute  the  gradient  along  each  line 
k  =  const  and  integrate  from  the  known  pressure 
at  the  edge  to  get  the  local  pressure  everywhere 
in  the  grid.  Compute  new  velocities  from  ( Ua )  and 
return  to  6.  Iterate  until  Cp  changes  less  than 
0.004  between  two  iterations.  (Usually  2-3  iter¬ 
ations.  ) 

II.  Return  to  3.  and  step  to  the  next  X. 

Comparing  the  present  approach  with  an  ordinary 
boundary  layer  method  it  is  seen  that  the  most 
essential  weak  points  of  the  latter  have  been  re¬ 
moved.  Thu3,  continuity  is  maintained  exactly 
(within  the  numerical  approximation),  since  the 
viscous  region  is  correctly  covered  by  the  com¬ 
putational  grid.  Further,  the  pressure  variation 
across  the  viscous  region  is  considered,  albeit 
approximately. 

When  starting  the  development  of  the  method  the 
intention  was  to  compute  the  local  pressure  gradi¬ 
ent  across  the  boundary  layer  iteratively  from  the 


normal  streamline  curvature  obtained  in  a  previous 
iteration.  This  approach  turned  out  tc  be  highly 
unstable,  unfortunately.  Ever,  if  considerable  under- 
relaxation  was  applied  wrier,  introducing  tr.e  press¬ 
ure  change  due  to  streamline  curvature,  the  previous 
solution  was  disturbed  tc  such  an  extent  that  the 
procedure  became  divergent  in  some  regions.  There¬ 
fore,  the  present  approach  was  adopted.  The  press¬ 
ure  gradient  is  now  almost  independent  of  the  solu¬ 
tion,  since  at  the  outer  edge  the  curvature  is  ob¬ 
tained  from  the  potential  flow,  and  at  the  surface 
from  the  curvature  of  the  surface  itself.  Linear 
interpolation  between  these  limits  is  used  for  all 
intermediate  points.  The  direction  of  the  limi" ing 
streamline,  used  for  computing  the  normal  curvature, 
has,  however,  to  be  found  from  the  solution  at  a 
previous  step. 

As  appears  from  the  scheme  outlined,  no  viscous- 
inviscid  interaction  is  included  so  far.  This  is, 
admittedly,  a  serious  limitation  which  will  be 
removed  in  further  work. 


Although  a  considerable  part  of  the  present  com¬ 
puter  program  is  the  same  as  the  one  described  in 
[7]  its  logic  has  been  changed.  The  main  reason  for 
this  is  that  the  input  pressure  is  now  taken  from 
the  edge  of  the  viscous  region  (initially  unknown), 
while  in  the  previous  approach  a  surface  pressure 
distribution  was  used.  As  explained  in  [7]  good 
results  were  obtained  only  if  measured  pressures 
were  used  as  input.  The  objective  of  the  present 
work  is  to  enable  calculations  based  on  computed 
potential  flow  pressures. 


Figure  4.  A  stream  tube 

**,  Details  of  the  Streamline  Curvature  Method 

Since  a  number  of  details  in  the  present  version 
of  the  method  are  similar  to  the  ones  described  in 
[7]  this  description  can  be  made  relatively  short. 
There  is  not  much  point  in  repeating  all  equations, 
so  only  brief  descriptions  will  be  eiven  of  fea¬ 
tures  unchanged. 


4.1  The  Pressure  at  the  Edge  of  the  Viscous  Region 


The  hull  is  represented  by  a  large  number  of 
quadrilateral  panels  defined  by  the  three  space 
coordinates  of  a  set  of  points  cn  each  secticr.  cf 
the  hull.  On  each  panel  the  source  strength,  0,  is 
assumed  constant,  a  is  solved  by  Gauss-Seidel  iter- 
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at  ion  from.  a  set  of  ir.uitar.eeuj>  equations  cf  the 
fort 
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where  is  the  undisturbed  velocity  (usually  put 
equal  to  unity),  n.  is  the  unit  vector  in  the  nor- 
ral  direction  at  panel  i,  and  A^j  is  a  set  of  in¬ 
fluence  coefficients,  defined  by 

*io  •  II  T.  fej)  as  <a> 

S;  J 

■j 

r • •  is  the  distance  from  a  point  on  element  j  to 
the  centre  of  panel  i.  Different  numerical  evalu¬ 
ations  of  the  integral  are  used,  depending  on  the 
distance  between  pane’s  i  and  j. 

Having  solved  the  system  of  equations,  the  0^:s 
are  stored.  Once  the  oressure  is  needed  at  (or 
close  to)  the  edge  of  the  viscous  region,  a  sub¬ 
routine  is  called  for  computing  the  velocity  com¬ 
ponents,  using  the  following  formulae 

u  =  u  +  I  X.O,  (9) 

"  j  J  J 

V  =  I  Y.O. 

0  J 

W  =  E  z.o. 

J  J 

where  Xj  Yj ^represent  influence  coefficients  for 
the  three  velocity  components 


k_  =  '  1  — if-)  for  y  <  4  ;  k  =0  for  y  s  c  t  •  -  3 
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oc  and  3V  are  the  potential  and  viscous  cross¬ 
flows  resp.  at  the  wall,  and  u  is  the  velocity 
at  the  edge  of  the  viscous  region.  Ir.  general, 
non-cross-over  profiles  are  quite  well  represented 
in  this  way. 

1.3  Stresses 

Of  the  six  Reynolds  stresses  only  the  two  shear 
stresses  in  the  plane  of  the  stream  surface  are 
considered.  As  explained  in  (7]  these  are  computed 
using  the  mixing  length  model,  with  Michel's  et  al 
representation  of  the  mixing  length  across  cue 
viscous  region  and  van  Driest 's  damping  factor 
close  to  the  wall. 


The  turbulence  model  is  thus  of  the  common'  boundary 
layer  type.  This  is  not  a  very  good  approximation 
in  the  viscous  region  close  to  the  stern,  as  ap¬ 
pears  from  [5]  and  16].  In  a  more  complete  model 
all  six  Reynolds  stresses  should  be  considered,  ar.d 
the  effects  of  curvature  and  flow  convergence 
should  be  included.  The  main  effect  of  the  approxi¬ 
mation  is  that  the  two  stresses  computed  become  too 
large,  yielding  too  large  total  head  losses.  How¬ 
ever,  as  was  shown  in  [7]  viscid  and 
inviscid  calculations  using  the  present  method  are 
not  very  much  different,  indicating  that  convection 
in  this  case  is  far  more  important  than  diffusion. 

In  [7]  the  details  are  also  given  cn  the  computation 
of  the  necessary  distance  from  the  wall(which  is 
not  used  otherwise),  the  computation  of  a  shear 
velocity  from  the  innermost  streamlines  and  the 
evaluation  of  the  necessary  stress  gradients  from 
the  grid  points. 


v!!&(7:>s 
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Knowing  U,  V,  W  the  pressure  is  computed  from 
Bernoulli's  theorem. 

U.2  Initial  Values 

As  will  be  discussed  later,  the  method  is  vezy 
sensitive  to  the  initial  values,  so  a  good  repre¬ 
sentation  of  the  velocities  at  the  initial  plane 
is  needed.  For  the  longitudinal  velocity  uj, 

(along  the  streamline  at  the  boundary  layer  edge) 
either  the  wall  -  wake  law  or  the  power  law  with  a 
variable  exponent  is  used,  see  [7 ] . 

The  cross-flow,  uc,  is  assumed  composed  of  two 
parts,  one  due  to  the  potential  flow  variation 
across  the  region  occupied  by  the  viscous  flow  and 
the  other  due  to  the  viscous  cross-flow  itself. 

The  former  is  taken  to  be  linear  with  y,  while  the 
latter  is  computed  from  Mager's  formula,  specifying 
a  cross- flow  boundary  layer  thickness,  6  chosen 
so  as  to  obtain  a  good  fit  to  the  initial  data. 

u  u  , 

—  »  —  tan  [k,3  ♦  tan”  (k,tan8  )] 
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U.U  The  step 


The  computation  of  the  pressure  gradient  in  the 
z-direction  is  fairly  straightforward  and  this 
yields  the  lateral  curvature  K13  from  (Uc).  Knowing 
this,  the  step  may  be  taken  from  X  1  Xj  to  X  =  X-  1 
in  the  plan  x-z  (a  stream  surface),  see  Fig  2.  The 
starting  direction  is  then  defined  by  the  location 
of  the  streamline  at  X  =  Xi_3  and  X  =  X^,  and  the 
formula  for  computing  its  location  at  X  =  X^j, 
considering  K13,  is  obtained  by  series  expansion 
to  second  order  about  X  =  Xi  (x  *  0),  see  [7]. 


Continuity 


Once  a  layer  of  streamlines  (corresponding  to  a 
stream  surface,  j  say)  has  been  stepped  forward, 
the  continuity  is  checked.  Each  pair  of  streamlines, 
j,  k  and  j,  k+1,  form,  together  with  the  corre¬ 
sponding  lines  at  the  surface  j-1  (i  e  j  —  1 ,  k  and 
j-1,  k+1),  a  stream  tube,  in  which  the  continuity 
equation  (6)  should  hold.  Since  ’)  is  known  from  the 
entrance  conditions,  the  necessary  cross-sectional 
area  at  X  =  X^+1  may  be  computed,  taking  ua  as  the 
average  velocity  of  the  four  corner  streamlines. 

The  outer  edge  (between  j,  k  and  j,  k+1)  is  then 
adjusted  so  as  to  obtain  the  required  area. 


Kow,  since  the  stream  surfaces  should  be  con¬ 
tinuous,  the  outer  edges  of  the  stream  tubes  cannot 
be  moved  independently.  The  procedure  for  satisfying 
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both  the  smoothness  requirement  and  the  flow  con¬ 
tinuity  is  described  in  [7]. 


measured  data  were  used. 


U.o  Gene  4 -n  of  .'Jew  Grids 

It  was  found,  when  testing  the  first  version  of 
the  method,  that  the  streamlines  could  not  be 
traced  all  the  way  to  the  stern  without  diffi¬ 
culties.  There  are  two  main  reasons  for  this. 
Firstly,  in  regions  of  large  cross-flow, corre¬ 
sponding  streamlines  in  adjacent  stream  surfaces 
may  depart  considerably  from  one  another,  creating 
very  distorted  stream  tubes.  Secondly,  in  regions 
of  strong  convergence,  the  streamlines  tend  to 
merge  into  one  another,  which,  of  course,  makes 
the  procedure  blow  up.  It  was  therefore  found 
necessary  to  introduce  a  special  subroutine,  for 
generating  a  new  undistorted  grid,  whenever  necess¬ 
ary.  The  new  grid  is  generated  by  one-dimensional 
interpolation  along  the  lines  j  =  const  in  the 
plane  X  ■  X^  and  the  quantities  interpolated  are 
the  velocity  direction  cosines,  the  pressure  co¬ 
efficient  and  the  volume  flux  in  the  layer  of 
stream  tubes  between  the  stream  surfaces  j  and  j-1. 
To  avoid  large  local  peaks  in  very  convergent 
regions  there  are  also  two  possibilities  of  smooth¬ 
ing  the  grid.  Either  the  volume  fluxes  or  the  di¬ 
rection  cosines  of  the  streamlines  can  be  adjusted. 

Experience  has  shown  that  the  smoothing  parameters 
may  be  varied  within  fairly  wide  limits  without 
changing  the  results,  except  locally. 

k.7  Boundary  Conditions 

At  the  hull  surface  the  no-slip  condition  is 
applied,  and  in  the  innermost  layer  of  stream 
tubes  either  of  two  assumptions  is  made  for  the 
velocity  distribution.  When  computing  the  volume 
flux  a  linear  variation  is  assumed,  while  when 
computing  the  friction  velocity,  similarity  func¬ 
tions  are  used  [7]. 

Since  the  shear  stresses  cause  a  total  head  drop 
along  each  streamline,  there  will  be  a  discontinuity 
at  the  outer  edge  of  the  computed  region.  To  avoid 
this,  new  streamlines  should  be  included  as  the 
calculation  proceeds  downstream.  This  is  not  done 
at  present,  so  part  of  the  viscous  region  is  lost. 
Since,  however,  the  total  head  drop  is  quite  small, 
this  is  not  considered  a  serious  limitation.  Sym¬ 
metry  conditions  for  velocities  and  pressures  are 
applied  at  the  lateral  boundaries. 

5.  Results  and  Discussion 

The  two  test  cases  presented  in  [7]  have  been 
recomputed  using  the  new  version  of  the  method. 

The  first  one  is  the  SSPA  Model  720  experimentally 
investigated  by  Larsson  [1]  and  Lofdahl  [5],  [6] 
and  the  second  one  is  a  tanker  hull  for  which  data 
by  Hoffmann  [16]  and  Wiegharit  and  Kux  [17]  are 
available.  These  are  the  two  test  cases  used  at 
the  Ship  Boundary  Layer  Workshop  [8].  Comparisons 
will  be  made  with  some  Workshop  results. 

5. 1  The  SSPA  Model  720 

The  computations  were  started  at  X  *  0.5,  using 
input  profiles  according  to  section  h.2,  based  on 
measurements.  In  future  calculations  initial  values 
will  be  generated  by  a  boundary  layer  method,  but 
to  eliminate  possible  errors  from  this  source,  the 


5.1.1  Boundary  Layer  Parameters 

Results  from  the  present  calculations  at  Rn  = 
5'106  are  compared  with  three  other  methods  in 
Figs  5-10.  The  other  methods  are  chosen  to  re¬ 
present  one  typical  boundary  layer  integral  method 
(Larsson's  [ 1 8 ] ) ,  one  typical  boundary  layer  dif¬ 
ferential  method  (Johansson's  [19]).  and  the  best 
of  all  methods  participating  in  the  Ship  Boundary 
Layer  Workshop  (Muraoka’s  [2 0]).  Muraoka’s  method 
is  based  on  the  partially  parabolic  approach  by 
Spalding  and  his  co-workers  at  Imperial  College 
and  is  considerably  more  general  than  ordinary 
boundary  layer  methods. 

In  Fig  5  the  distribution  of  the  momentum  thick¬ 
ness,  9lx,  around  the  girth  at  X  =  0.7  from  keel  to 
water-line  is  shown.  Note  that  all  lengths  are 
normalized  by  the  model  half  length  according  to 
Fig  1 .  It  is  seen  that  the  present  method  and 
Muraoka's  yield  very  good  results,  while  the  bound¬ 
ary  layer  results  at  this  station  (15  J  of  the 
length  from  the  stern)  are  somewhat  fluctuating, 
although  the  level  is  correct. 


Figure  5-  Momentum  thickness.  X  =  0.7  (SSPA) 

The  velocity  profile  shape  factor,  Hl2,  at  X  = 
0.7  is  shown  in  Fig  6.  The  average  deviation  be¬ 
tween  the  present  results  and  the  measurements  is 
about  0.05,  which  must  be  considered  satisfactory. 
Also  in  this  case  reasonable,  but  fluctuating, 
boundary  layer  results  are  obtained.  Muraoka's 
method  fails,  probably  due  to  bad  grid  resolution. 

The  fluctuations  of  the  boundary  layer  methods 
are  found  also  in  the  computed  wall  cross-flow 
angle,  Bw.  Both  the  present  method  and  Muraoka's 
fail  to  predict  the  peak  around  mid-girth,  but 
otherwise  the  results,  at  least  for  the  present 
method,  are  quite  good. 

Turning  to  the  results  obtained  at  X  =  0.9 
(5  i  of  the  length  from  the  stern,  the  aftermost 
station  where  measurements  are  available)  it  is 
seen  in  Fig  8  that,  except  for  a  region  near  the 
keel,  the  present  method  and  Muraoka's  produce 
almost  identical  results.  These  are  smooth  and 
have  the  right  trend  but  are  about  25  %  too  low. 
Larsson's  boundary  layer  method  broke  down  (pre¬ 
dicted  separation)  at  X  *  0.88,  so  no  results  are 
available  at  X  =  0.9.  The  fluctuations  in 


Johansson's  method  are  excessive  at  this  station 
and  quite  unrealistic  results  are  obtained  in  the 
upper  region  (outside  the  figure). 


JOHANSSON  PRESENT 


Figure  8.  Momentum  thickness.  X  =  0.9  (SSPA) 


Figure  6.  Shape  factor.  X  *  0.7  (SSPA) 


Figure  9.  Shape  factor.  X  =  0.9  (SSPA) 

Summing  the  comparisons,  the  present  method 
and  Muraoka's  seem  to  be  equally  accurate  except 
in  the  prediction  of  the  shape  factor,  where 
Muraoka's  results  are  far  too  low.  The  boundary 
layer  methods  are  clearly  inferior  in  the  com¬ 
puted  region. 


Figure  7.  Wall  cross-flow  angle. 


0.7  (SSPA) 


The  shape  factor  prediction  by  the  present 
method  in  Fig  9  is  reasonable,  while  the  boundary 
layer  results  are  again  too  irregular.  Muraoka's 
shape  factor  is  far  too  low  at  this  station. 

From  Fig  10,  finally,  it  appears  that  the  wall 
cross-flow  angles  predicted  by  the  present  method 
are  too  low  in  the  central  region,  where  Muraoka ' s 
results  are  better.  The  opposite  is  true,  however, 
near  the  keel. 


Figure  10.  Wall  cross-flow  angle.  X  ■  0.9  (SSPA) 

5.1.2  Isovels 

Wake  contours  (isovels)  are  shown  in  Figs  11 
and  12.  The  upper  figure  represents  the  calcula¬ 
tions,  while  the  lower  one  is  obtained  from 
Larsson's  boundary  layer  measurements  [1]. 

Disregarding  the  fine  details  of  the  plots,  it 
is  seen  that  the  predictions  are  quite  good  at  X  = 
0.7.  The  thinning  of  the  viscous  region  near  the 
keel  is  realized,  as  is  the  concentration  of  mo¬ 
mentum  loss  near  midgirth. 

At  X  *  0.9,  Fig  12,  the  results  are  not  so  good. 
As  could  be  seen  in  Fig  8,  there  is  a  concentration 
of  momentum  loss  in  the  lower  part  of  the  vertical 
side.  This  effect  is  not  found  in  the  measurements. 
The  reason  for  this  is  the  pressure  distribution, 
as  will  be  discussed  in  the  next  paragraph. 

The  results  presented  in  [7]  were  considerably 
better  at  X  =  0.9.  This  is  essentially  due  to  the 
fact  that  the  measured  pressure  distribution  was 
used  as  input.  Another  reason  is  that  the  direc¬ 
tions  of  the  initial  velocity  vectors  have  been 
slightly  changed.  The  present  ones  should  be 
more  accurate,  but  they  seem  to  distribute  some¬ 
what  too  much  momentum  loss  to  the  region  near 
the  water-line.  Again  this  might  be  due  to  the 
neglect  of  viscid-inviscid  interaction  and  its 
effect  on  the  direction  of  the  velocity  vectors 
at  the  edge  of  the  viscous  region.  In  Fig  13  the 
results  of  the  previous  calculations  are  shown 
for  comparison. 

5.1.3  The  Pressure  Distribution 

Computed  surface  pressures  at  X  =  0.7  and  0.9 
are  compared  with  measurements  in  Figs  lU  and  15. 
Good  results  are  obtained  in  the  lower  half  of 
the  girth  at  X  =  0.7,  while  in  the  upper  region 
the  predictions  are  somewhat  too  high.  It  is 
interesting  to  note  that  the  present  predictions 
yield  results  very  similar  to  the  potential  flow 
pressures  on  the  surface.  The  same  pressure  vari¬ 
ation  (of  ".he  order  of  0.05)  is  thus  preiicted 
by  both  methods  across  the  region  occupied  by  the 


Figure  11.  Isovels  si  X  =  0.7.  (u/u  ■  0.6,  C.7, 
0.8,  C.9,  0.95,  1.0)  (SSPA) 
the  viscous  flow.  This  is  a  bit  surprising  since 
the  velocities  in  the  present  method  are  lower, 
which  would  yield  a  smaller  variation  across  the 
region. 

Also  at  X  =  0.9  the  two  methods  produce  similar 
results.  A  slightly  better  correspondence  with 
measurements  is  however  obtained  in  the  upper 
region  by  the  present  method. 

The  too  high  computed  pressures  will  push  the 
low  speed  viscous  flow  downwards  tc  the  pressure 
minimum.  This  is  the  reason  why  the  predicted  Isc- 
vels  exhibit  a  bump  in  the  lower  region.  Most  tr-t- 
ably  the  erroneous  pressures  are  caused  :  \  -  r.c 
neglect  of  the  viscid-inviscid  interaction. 
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B.  MEASURED 


Figure  IP.  Isovels  at  X  *  0.9.  (u/u  s  0.6.  0.7, 
0.8,  0.9)  (SSPA)  e 

5.2  The  HSVA  Tanker  Model 

While  the  first  test  ease  is  a  relatively  fine 
ship  with  a  block  coefficient  of  0.675,  the  HSVA 
tanker  is  very  bluff,  having  a  block  coefficient 
of  0.850.  It  might  therefore  be  suspected  that 
this  case  would  be  more  difficult  to  compute,  but 
this  has  turned  out  not  to  be  the  case.  After 
trimming  the  method  on  the  SSPA  model,  it  has  been 
quite  simple  to  apply  it  to  the  second  case. 

Initial  values  based  on  measurements  were 
specified  at  X  *  0.5  and  the  computations  were 
carried  out  at  a  Reynolds  number  of  6.8  «  10s. 
Boundary  layer  parameters  and  isovels  will  be 
presented. 


Figure  13.  Isovels  at  X  =  0.9.  (u/u  =  0.6,  0.7, 
0.8,  0.9,  0.95).  From  [7]:  (SSPA) 


Figure  lU.  Pressure  distribution  at  X  =  0.7  (SSPA) 
5.2.1  Boundary  Layer  Parameters 

Since  no  measurements  are  available  at  X  =  0.7, 
results  will  be  given  only  at  the  aftermost  station 
X  =  0.9.  (The  measured  boundary  layer  parameters 
were  however  obtained  at  X  =  0.88U.)  Unfortunately 
Johansson’s  method  has  not  yet  been  applied  to  this 
case,  so  the  comparisons  will  be  made  only  with 
Larsson's  and  Muraoka's  methods. 

In  Fig  15  the  momentum  thickness  is  given. 
Larsson's  method  could  be  used  only  in  the  lower 
half  of  the  hull  and  as  seen  in  the  figure  un¬ 
realistically  high  9  : s  are  predicted  near  mid- 


girth.  Muraoka's  results  are  quite  reasonable  but 
a  bit  too  high.  The  present  results  are  a  bit  too 
low  in  the  centra1  region  of  the  girth.  A  con¬ 
siderable  part  of  the  momentum  loss  has  been 
pushed  to  tne  water-line  and  there  is  also  a  some¬ 
what  too  large  loss  further  down.  The  tendencies 
are  thus  the  same  as  for  the  SSPA  model. 


WATERLINE 


Figure  15.  Pressure  distribution  at  X  =  0.9  (SSPA) 


keel  WATERLINE 


Figure  IT.  Shape  factor  X  =  0.9  (HSVA) 

The  final  boundary  layer  plot  is  the  wall  cross- 
flov  angle.  Fig  18.  The  best  results  sire  here  ob¬ 
tained  by  Muraoka's  method,  since  the  drop  near  the 
keel  is  well  predicted.  On  the  other  hand,  the 
large  angles  near  mid-girth  are  missed,  as  in  the 
present  method. 


0£l  WATERLINE 


Figure  16.  Momentum  thickness  X  =  0.9  (HSVA) 


Figure  18.  Wall  cross-flow  angle  X  =  0.9 


;.2.2  IsovelB 


The  shape  factor  in  Fig  17  is  quite  well  predicted 
by  the  present  method  except  at  one  location. 
Looking  at  the  measured  velocities,  there  is  ob¬ 
viously  a  vortex  at  this  position.  This  vortex  has 
not  been  predicted  by  any  of  the  methods.  As  in 
case  of  the  SSPA  model  Muraoka’s  shape  factors  are 
too  low. 


The  features  found  in  the  boundary  layer  para¬ 
meters  are  confirmed  in  the  wake  contours  of  Fig  19. 
Compared  with  measurements  the  momentum  loss  has 
been  spread  too  much.  For  coraparat i ve  purposes  the 
results  based  on  the  measured  pressure  distribution 
are  shown  in  Fig  20.  The  much  better  correspondence 


indicates  that  the  viscid-inviscid  interaction 
has  to  betaken  into  account  to  obtain  results  of 
high  quality. 


to  the  ones  from  the  first  case. 


Figure  19.  Xsovels  at  X  =  0.9-  (u/u  =  0.6,  0.7, 
0.8,  0.9)  (HSVA)  ~ 


6.  Conclusions 


Results  from  the  extended  streamline  curvature 
method  have  been  presented  for  two  ship  hulls. 
Quite  good  predictions  have  been  obtained  for  the 
first  test  case  at  a  station  15  %  of  the  length 
from  the  stern.  At  the  aftermost  station,  however, 
the  results  deteriorate,  most  probably  due  to 
the  fact  that  the  viscid-inviscid  interaction  is 
neglected  when  computing  the  pressures  at  the 
edge  of  the  viscous  region.  For  the  second  case 
comparisons  with  measurements  could  be  made  only 
at  the  after  station,  but  the  trends  are  similar 


Comparisons  have  also  been  made  with  results 
from  two  different  boundary  layer  methods  and  a 
more  general  method  for  viscous  flows  based  on 
Spalding's  partially  parabolic  approach.  It  turned 
out  that  the  latter  and  the  present  methods  were 
fairly  equal  in  accuracy,  both  superior  to  the 
boundary  layer  methods. 


Figure  20.  Xsovels  at  X  *  0.9.  (u/u_  =  0.6,  0.7, 

0r8 ,  0.9)  From  [7]  (HSVA) 
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